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Abstract. Examination of repairable 𝑘𝑘-out-of-𝑛𝑛 system which has an 
important place in systems is an important application area of reliability 
theory. In general, the reliability analysis of a repairable system is based on 
the distribution of the lifetimes of the components in the system.  In this 
paper, the reliability analysis of the repairable 𝑘𝑘-out-of-𝑛𝑛 system is made 
through the inter-arrival failure times of the components in the system.        

1 Introduction 
A working system is defined as a dynamic structure. When the system is observed the time 
of observation forms the section of the working system. In systems with dynamic structure, 
the most important problem is the moment when the system should be examined. This 
problem can be solved with the help of stochastic processes with continuous parameters. In 
general, a dynamic system is observed at a time when it changes its states. Since the system 
which is examined is a repairable system, it needs to be considered at failure times of the 
components. 
As the system is examined at failure times of the components, the random variable that is 
important to us is the number of failed components in the repair. Let 𝑋𝑋(𝑡𝑡) denotes the number 
of failed components in the repair at time 𝑡𝑡, 𝑡𝑡 ≥ 0. Note that, the distribution of the time 
between successive failures of the components may be different from the exponential 
distribution. Therefore, 𝑋𝑋(𝑡𝑡) is not a Markov or semi-Markov process. However, a semi-
Markov process can be obtained with the help of the 𝑋𝑋(𝑡𝑡), which represents the times of 
failure of the system. Let 𝑡𝑡𝑘𝑘 represents the moment that the 𝑘𝑘-th failure takes place. At the 
end of the 𝑡𝑡𝑘𝑘, let 𝑋𝑋(𝑡𝑡𝑘𝑘 − 0) = 𝑋𝑋𝑘𝑘 denotes the number of failed components in the repair, 
excluding the last failed component. Then, the process {𝜉𝜉(𝑡𝑡), 𝑡𝑡 ≥ 0} with 𝜉𝜉(𝑡𝑡) = 𝑋𝑋𝑘𝑘, 𝑡𝑡𝑘𝑘 ≤
𝑡𝑡 < 𝑡𝑡𝑘𝑘+1 becomes a semi-Markov process. The state space of this process becomes 
{0,1,2, … , 𝑘𝑘} in the repairable 𝑘𝑘-out-of-𝑛𝑛 system. Also, 𝑡𝑡1𝑘𝑘, 𝑡𝑡2𝑘𝑘, … are the times of arrival to 
the case of 𝑘𝑘.  
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Thus, in the process 𝜉𝜉(𝑡𝑡), the first failure time of the repairable 𝑘𝑘-out-of-𝑛𝑛 system and the 
elapsed time between successive failure times are reduced to the finding the distributions of 
the first arrival time and return time to the case of 𝑘𝑘. Note that, after the first failure of the 
system, it is being repaired and starting to work.  
Assume that the repair time in the system is random variable with exponential distribution 
with parameter 𝜇𝜇. Let, 𝐹𝐹 be the cumulative distribution function of the times between 
successive failure times of the components. The function 𝑎𝑎𝑟𝑟(𝑠𝑠), 𝑟𝑟 = 0,1, … 𝑠𝑠 ≥ 0 is defined 
by 
 

𝑎𝑎𝑟𝑟(𝑠𝑠) = ∫
(𝜇𝜇𝜇𝜇)𝑟𝑟

𝑟𝑟!

∞

0

𝑒𝑒−(𝑠𝑠+𝜇𝜇)𝑡𝑡𝑑𝑑𝑑𝑑(𝑡𝑡). 

 
Let 𝑓𝑓(𝑠𝑠) be the Laplace transformation of 𝐹𝐹(𝑥𝑥). Determination 𝑑𝑑𝑘𝑘 is defined as 
 

𝑑𝑑𝑘𝑘 = det

[
 
 
 
 1 −𝑎𝑎0
1 1 − 𝑎𝑎1 −𝑎𝑎0
⋮ ⋮ ⋮
1 −𝑎𝑎𝑘𝑘−2 −𝑎𝑎𝑘𝑘−3 ⋯ 1 − 𝑎𝑎1 −𝑎𝑎0
1 −𝑎𝑎𝑘𝑘−1 −𝑎𝑎𝑘𝑘−2 ⋯ −𝑎𝑎2 1 − 𝑎𝑎1]

 
 
 
 
 

 
where  
 

𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑟𝑟(0) = ∫
(𝜇𝜇𝜇𝜇)𝑟𝑟

𝑟𝑟!

∞

0

𝑒𝑒−𝜇𝜇𝜇𝜇𝑑𝑑𝑑𝑑(𝑡𝑡). 

 
Let 𝑇𝑇0𝑘𝑘 be the first failure time of the system and 𝑇𝑇𝑘𝑘𝑘𝑘 be the time between successive failures. 
Then we have 
   

𝐸𝐸𝐸𝐸0𝑘𝑘 = 𝑑𝑑𝑘𝑘
𝛼𝛼𝑘𝑘 𝑚𝑚 

 

𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 = (𝑑𝑑𝑘𝑘
𝛼𝛼𝑘𝑘 − 𝑑𝑑𝑘𝑘−1

𝛼𝛼𝑘𝑘−1)𝑚𝑚 , 
 
where 
 

𝑚𝑚 = −𝑓𝑓′(0) 
 
and 
 

𝛼𝛼 = 𝑓𝑓(𝜇𝜇) = ∫ 𝑒𝑒−𝜇𝜇𝜇𝜇𝑑𝑑𝑑𝑑(𝑡𝑡)
∞

0

. 

 
Here, 𝑚𝑚 is the average time between failures of the components and 𝛼𝛼 is the probability that 
the repair time is greatest among the failures.     
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2 Illustrative Example 

As an illustration, consider a repairable 10-out-of-𝑛𝑛 system. Assume that the distribution of 
components is exponential distribution with the parameter 𝜇𝜇 = 0.025. The distribution of the 
times between successive failures of the system is given in Table 1. 

Table 1. The distribution of the times  
between successive failures of the system 

No 𝑡𝑡𝑘𝑘+1 − 𝑡𝑡𝑘𝑘 𝐹𝐹(𝑡𝑡) 
1 12 0.01 
2 20 0.085 
3 35 0.21 
4 45 0.27 
5 50 0.42 
6 55 0.57 
7 60 0.78 
8 65 0.905 
9 72 1 

 From the above table we can get the following results: 

1. The mean of the times between successive failures is 𝑚𝑚 = 50.21. 

2. 𝑑𝑑10 = 0.0188, 𝑑𝑑9 = 0.0358 and 𝛼𝛼 = 0.2876. 

3. The mean time to first failure of the system is 𝐸𝐸𝐸𝐸0𝑘𝑘 = 2.4 × 105.  

4. The mean time between successive failures is 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 = 1.1 × 105.  

Conclusions 

Studies related to the reliability of the systems are carried out using the distribution of the 
life time of the components. In this paper, we have studied repairable 𝑘𝑘-out-of-𝑛𝑛 system 
under the assumption that elapsed time between components is known. We have obtained 
two important results. In the first of the results, the mean time until the moment of failure can 
be calculated. In the second result, it is possible to calculate the mean running time between 
successive failures. These results are very important for preventive maintenance of the 
repairable 𝑘𝑘-out-of-𝑛𝑛 system. Also, the number of the components in the system has no 
importance since the distribution of the lifetime of the components are not consideration in 
the examination. 
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