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Abstract. Nonlinear Principal Component Analysis (PRINCALS) is an
extension of Principal Component Analysis (Linear), which can reduce the
variables of mixed scale multivariable data (nominal, ordinal, interval, and
ratio) simultaneously. This study investigated variance the estimation eigen
value of Principal Component Analysis Linear and Nonlinear. The result
showed that variance the estimation eigen value of Principal Component

Analysis is Var( is )= H'SVS H s and variance the estimation eigen value

of Nonlinear Principal Component Analysis is Var(}’\\,R) = H'RVRHR.
Variance the estimation eigen value of Nonlinear Principal Component
Analysis better (efficient) than variance the estimation eigen value of
Principal Component Analysis.

1 Introduction

Principal Component Analysis has been discussed, among others, by Joliffe, Bolton, and
Vichi is an analysis to reduce variables, where the variables formed do not correlate with
each other [1]. [2] discuss Principal Component Analysis in ordinal scale data, while
Nonlinear Principal Component Analysis is a method for reducing variables from
multivariable mixed scale data simultaneously.

Speaking of Principal Component Analysis, it will be faced with a determination of the
eigen value (A ) which is the basis of determining the main components of the Principal
Component Analysis. The eigen value obtained later is the eigen value of the samples because
to study the population will be faced with limitations such as problems of time, cost, energy,
etc.

Because the eigen value (A ) obtained is the eigen value of the samples that are expected
to represent the population, then of course the eigen value is only an estimator of the true
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eigen value (/{ ). An estimator is said to be good if it meets the criteria of being unbiased,
efficient, and consistent.

This research is to determine variance the estimation eigen value (Var (2: )) of Linear
and Nonlinear Principal Component Analysis with Delta Method.

1.1 Principal Component Analysis

Principal Component Analysis (Linear Principal Component Analysis) is an analysis to
reduce variables, where the variables formed do not correlate with each other ([1] and [3]).
For more details the application of Principal Component Analysis can be seen in [4] and [5].

For example X = [X; X, ..., X, ..., Xus] population random vector with mean vector u,
variance covariance matrix X, and correlation matrix p. Eigen value dan eigen vector of Z
are (A1, e1), (A2, €2), ..., (Aj, €), ..., (Am, €n), then principal component to j:

Yj = 6] X =eXiteyXet ... tegXit ... tewXn; j=1,2,...,m )

with Var (Y;)= €;Z€; = 1; and @
For example )~(1, )22, cees )~(i Y eens )~(n is a random sample of size n and dimension m.

This sample has an average vector X , variance-covariance matrix S and correlation matrix
R. If S is variance-covariance matrix order of m x m with a pair of the estimation eigen value
and eigen vector, namely:

(ﬁl,él), (ﬁz,éz), e (ij,éj), ..»(4,,8,)» then the estimation principal component to ; is:
Y, =6 X=6,X +6 X, +L+& X, , =12, ...m @

where 4, >4, >.. >4 >..>1 > 0,and A is the estimation eigen value of matrix S and
2 ] m J g

of being unbiased: E (/ij )= /11- )

1.2 Nonlinear Principal Component Analysis (PRINCALS)

PRINCALS (Principal Component Analysis by means of Alternating Least Squares) or
Principal Component Analysis using the alternative least squares approach commonly called
Nonlinear Principal Component Analysis is a development of Principal Component Analysis
[6].

PRINCALS is a method that analyzes mixed scale data simultaneously by grouping
variables whose linear correlations are aligned into one principal [7].

If R is the matrix correlation sample order of m x m with the pair variance the estimation

eigen value and eigen vector is (4,8), (4,,6,), - (,{_ é_), vees (4,,6,),and Z- (21, Z>,

17
..., Zn ] observations are standardized with R correlation matrix, then the estimation principal
component to-j is:



ITM Web of Conferences 58, 04001 (2024) https://doi.org/10.1051/itmconf/20245804001
The 6™ IICMA 2023

Y, =87=6,Z,+6,Z,+L+6,Z,; j=1.2...m )

where ﬂA,l > /iz 2.2 /ij >...2A, 20, and /ij is the estimation eigen value of R matrix
and has an unbiased property:
E (ﬂA, i) = A j is the estimation eigen value. ©)
PRINCALS here is based on the Meet Loss Theory, with the loss function homogeneity
is:

Um(XlY)zm_1i(X_GiY1)'(X_GjY1) "

j=1
If multivariable data without missing data, the estimation eigen value can be searched
by PRINCALS from the formula [6]:

m'R(Q) ®

R(Q) = matrix the correlation matrix between the combined linear scores (The linear
composite scores) of all sets of Q matrix on all dimensions.

1.3 Multivariate Normal Distribution

Several theorems on the Multivariate Normal distribution ([8] dan [9]).

Theorem 1:
If X5 Xy ooes Xiseees X, ~Nu (M, Z), then
X NNm(/;, %2) ©)

Theorema 2:

If ;(l , X P )~(n a random sample of population with finite mean vector

M variance-covariance matrix X finite, then:

N (X = i)~ N,y (0, %), for n—> o0 (10)

1.4 Delta Method

Delta method is a method for estimating the expected value and variance of random variables
[10]. In this study, the Delta Method will be used variance the estimation eigen.
By looking at the equation:

E(y)=f, + X f+XBX, an
X=(X,, Xpre o X ) B=(B Bores B)1
Pu $Pn - %fim
B_|3P2 Bz o 3P
1w 3Pom e P

If H is a dimensionless matrix [m(m+1)/2] x m, then:
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Vec'((2d,d,) —diag(d,d,))
Vec'((2d,d, ) - diag(d,d,))

H = 12)
Vec'((2d,d ) —diag(d_d.))
where
a i j =1 2, ..., m is the eigen vector of matrix B whose eigen value is
A =[A4 Ay -0y A4l

Estimator Bis B obtained from the Maximum Likelihood Estimation method and ~ Vec(
B ) with a Multivariate Normal distribution [11].

Estimator of Ais A=[4, 4,, ..., 4,], then \/ﬁ(/l —-2) with n to infinitely the
asymptotic distribution of m-variate is normal with the mean vector zero and the variance-

covariance matrix is #7H VH where H as mentioned above and V is the matrix obtained
from submatrix with dimension [m(m+1)/2] x [m(m+1)/2] at the bottom of the matrix V* by
multiplying the elements by the corresponding numbers 1/4 and 1/2, so that:

E(1)=4 andVar(1)=H VH a3

2 Research Methods

Broadly speaking, this study was conducted by determining of variance-covariance matrix S
samples, the estimation eigen value and eigen vector from the S, matrix H, matrix V", matrix

s? and determine estimation confidence interval of the estimation eigen value A ). From the

results of the steps above, we will get a variety of feature root estimators (Var (ﬂ: )) from
Principal Component Analysis (Linear) and Nonlinear Principal Component Analysis.

3 Results and Discussion

Research in everyday life often cannot be done on populations for various reasons, such as
time problems, cost issues, and others. This is where the foresight of researchers to determine
the "good" parameter estimator that represents the population, namely the unbiased estimator,
consistent, and efficient [9].

Principal Component Analysis (Linear) and Nonlinear Principal Component Analysis
which is an analysis to reduce variables, the application can be seen in the research of [12].
This analysis can also be used for data derived from multivariate data (see [13]), especially
those that do not have outliers. In the case of data in multivariate linear models [9], it is
necessary to detect whether the model has an outlier or not as in [14], [15], [16], and in the
research of [17].

For example, a population has eigen value A. If a sample is taken from that population,

then the estimation eigen value can be searched A. To check that it A is a "good" estimator
for A. Next, the expectation, variance and distribution of the estimation eigen value will be
searched.



ITM Web of Conferences 58, 04001 (2024) https://doi.org/10.1051/itmconf/20245804001
The 6™ IICMA 2023

3.1 Variance the Estimation Eigen Value of Principal Component Analysis
(Linear)

A sample that comes from a multivariate normal distribution population with n objects and
m variables, it can be written in the form of a matrix as follows:

Table 1. The Form of a Matrix.

Variable
Object 1 2 J m
X1 X Xy Xim
2 Xy X X, X
1 Xn X2 X i Xim
n xn] XH2 Xr;r' e Ko

IFX=[X, X, oo X; oo X1 ~ N(X)

J
=1y oo Jyeee M
= vector average for the population
X=[XX,... X . X1
= vector average for the sample
¥ = variance-covariance matrix for the population.

For example )~(l, ;(2, cen Xiv ey )H(n, where )Zi ~N,(Z), then vector average for
the sample the i th from # objects and m buah variables:

X=X, + X, oot X 4t X, ]
Y T Sy _Z L ~ 3
E(X)=x, Var(X)==,s0to: X ~ N (x,+)
n

Estimator X is S, or £ = S, = variance-covariance matrix of sample. Estimator X is S, if
each element is multiplied by _1 .
n-1
For variance-covariance matrix S,:
E(S,) = “T*l >, where S, is a biased estimator for X.

In order not to be biased, a correction was made with factor C, so that:

S=CS,
E(S)=C(%1)%; where C= %, then:
E(S)=%

So the unbiased estimator of X is S, with elements:

Si :ﬁé[(xij _XJ)(XU —7])]; i=L2, .., 0, ..,m j=1,2, 000, ), ..., m

Variance the estimation eigen value of Principal Component Analysis with the Delta
Method are:
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Var(s,)  Cov(s,,Sy) ... Cov(Sy,S;,)
Var[Vec(S)] =| COV(Sy,8,)  Var(s,) ... Cov(sy,S,,)
Cov(sy,S;,) Cov(s,,S,,) ... Var(s,,)

E(S)=ZXZ and E[Vec(S)] = Vec[E(S)] = Vec(Z)
Because S is symmetrical (s; = s;;; i, j =1, 2, ..., m), so:
Var[Vec(S)] = Var[Vec(S")] = -2M,, (E®X) = Vs
Therefore: Vee(S) ~ N .1, 2[VeC(Z), Vs ]
Also found: )

Vec ((2d,40;6)-diag(d,d;,))
Vec ((2,d,5)-diag(dsds))

M
| Vec ((25mséidlms)-0”619(;j msélms))_

d,.d
HL - d,.d

and /is = [/i(l) i(z) ﬂt(m)] ' is the estimation eigen value of S.

From equation (13), it can be concluded that variance the estimation eigen value of Linear
and Nonlinear Principal Component Analysis is:

Var(4s)= HyV Hy.

3.2 Variance the Estimation Eigen Value of Nonlinear Principal Component
Analysis

Place the figure as close as possible after the point where it is first referenced in the text. If
there is a large number of figures and tables it might be necessary to place some before their

text citation.
A sample coming from a multivariate normal distribution population with n objects and

m variable.
IfX=[X, X, ... X; ... X,] ~ N (LX)

For example )~(1, )~(2, D ST )N(n where:

XI -~ N m(;l, Z),
then vector average for the sample the i th from # objects and m buah variables:

X=1[X,+X, +..+X;+..+X,]
EX)=fi. Var(X)== .
X)=p, Var(X):H,sothat.

5-( ~ Nm(ﬁr%)

Estimator X is S, or:
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A

Y. =S, = variance the estimation eigen value of sample and estimator X is S, if each

element is multiplied by

n-1
For the variance matrix S,, where E(S,) = ”742, S, is a biased estimator for X. In order
not to be biased, a correction is made with a factor of in order not to be biased, a correction
is made with a factor of C, so that: S = C S, and E(S) = C(*2) £; where C = ., then
E(S) = %, so the unbiased estimator of ¥ is S, with elements:

S ==L LK = X)Xy = XD i=12, ey iy ey 3 =12, 00y ey m

] n-1 «

I
[N

For standardized variables Z:[Z1 Z, .. Z; .. Zm]',write:

s K)o Komp). o, _GoH)
l — b 2 — b b J o m
Oy o) Vi Omm
Matrix can be notated:
Z=D21/2(X—ﬁ)
E(Z)=0 and Cov(Z)=Ds" 3 Ds"?=p

So for the population Medium for samples:
3y = DZ]/Z p DE]/Z : S = DSI/Z R DSI/Z :
p = DZ_I/Z 3 DZ-I/Z’ R= DS-I/Z S DS-1/2

When 21 ,22 vees Zi oo Zy3i=1,2, ..., nis a standardized observation:

no»

Z=[2, Z, .. Z; .. Z,]3j=1,2, .cm Z; =D (X, = X), where i=1,2, ...

3.3 Variance the estimation eigen value with the Delta Method of Nonlinear
Principal Component Analysis

Variance the estimation eigen value with the delta method of nonlinear principal component
analysis [13] are:

Var(r,)  Cov(r,r,) ... Cov(ry,r,)
Var[Vee(2)] = Cov(r,,r,) Var(ry,) ... Cov(r,,r,)
Cov(r,,r,) Cov(r,,r,) ... Var(r,)

E(Vec(R)) = Vec(E(R)) = Vec(p)
Var[Vec(R)] = Var[Vec(R )]
=E5M_ (p®p) = Vi

Therefore: Vec(2)~ N .1y ,[Vec( L), Vil
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Vec ((2dye05q) - diag(diedie))
Also found: H_ = Vec ((2d,5dzq) — diag(d,edae))

Ve ((20,0,s) — diag(ds b))
and:

A A A

Ag = [ﬂ:(l) Ay - ﬂ(m)]' is a root estimator of - R.
From equation (13) it can be concluded that variance the estimation eigen value of
nonlinear principal component analysis Var(ig) = H'R V:H;.
Next compare ”Ts” with ||TR ||, where:
Var(ig)=Ts= H{V H,,  Var(iy)=Te= HV H,
and obtained HTSH > ||TR ||
Because HTSH > ||TR ”, then variance the estimation eigen value [var (ﬂtR )] is better

(efficient) than variance the estimation eigen value [var (/15 )]

This research is in line with [10, 13, and 18].

3.4 Conclusion and further research

With the Delta Method, variance the estimation eigen value of principal component analysis

(Linear) areVar(ﬂ:s): H,V,H, and variance the estimation eigen value of nonlinear

A

principal component analysis are Var(lg)= H'RVRHR. It was also found that variance the

estimation eigen value of nonlinear principal component analysis [var ( /iR )] is better
(efficient) than variance the estimation eigen value of principal component analysis

[var (Ag)]-

Presumably this research can be continued by comparing variance the estimation eigen value of
principal component analysis (Linear) and variance the estimation eigen value of nonlinear principal
component analysis (Nonlinear) by applying them to real cases in daily life.
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