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Abstract. Linear complementary dual codes have become an interesting sub-
family of linear codes over finite fields since they can be practically applied
in various fields such as cryptography and quantum error-correction. Recently,
properties of complementary dual abelian codes were established in group al-
gebras of arbitrary finite abelian groups. However, the enumeration formulas
were given mostly based on number-theoretical characteristic functions. In this
article, complementary dual abelian codes determined by some finite abelian
groups are revisited. Specifically, the characterization of cyclotomic classes of
an abelian group and the enumeration of complementary dual abelian codes are
presented, where the group is a finite abelian p-group, a finite abelian 2-group,
and a product of a finite abelian p-group and a finite abelian 2-group for some
odd prime number p different from the characteristic of the alphabet filed. The
enumeration formula for such complementary dual codes is given explicitly in a
more precise form without characteristic functions. Some illustrative examples
are given as well.

1 Introduction

A linear complementary dual (LCD) code is defined to be a linear code that meets its dual
trivially. LCD codes have been first introduced together with their characterization and appli-
cations in [14]. A family of LCD codes has been shown to be good in [17] and asymptotically
good in [14]. Later, various applications of LCD codes have been presented such as in infor-
mation protection from hardware Trojan horses and side-channel attacks (see, for example,
[5], [8], and [10]) and in constructions of quantum codes with good parameters (see, for
example, [4] and [9]).

Cyclic codes over finite fields are algebraic structured codes that can be efficiently imple-
mented using shift registers. Cyclic codes with complementary duality have been character-
ized in [18]. An abelian code over finite fields is one of the generalizations of cyclic codes
defined as an ideal in a group algebra. Due to the theoretical and practical reasons, abelian
codes form another interesting family of linear codes. The family of abelian codes have ex-
tensively studied in various directions (see, for example, [3], [6], [7], [12], and [16]). In [3],
complementary dual abelian (CDA) codes were studied. The algebraic structures of such
codes were established together with their enumeration results. However, the enumeration
formulas were given mostly based on number-theoretical characteristic functions.
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In this article, CDA codes over a finite field F, are revisited for some specific abelian
groups, for all prime numbers ¢, and for all natural numbers v. Precisely, for an odd prime
number p different from g, we focus on CDA codes in a group algebra of an abelian group
B x A, where B is a finite 2-group and A is a finite p-group. The enumeration formulas for
such CDA codes are given in a more precise form without the characteristic functions.

Some basic definitions, concepts, notations, and general results on CDA codes in [3] are
recalled in Section 2. The key characterization and enumeration results in this article are
presented in Section 3 and Section 4. The enumeration and characterization of CDA codes
determined by a finite abelian p-group are presented in Section 3. Later, in Section 4, the
number of CDA codes determined by a finite abelian 2-group is given as well as applications
in the enumeration of CDA codes determined by a finite abelian group which is a product of
a p-group and a 2-group. In Section 5, discussion and summary are given together with some
open problems.

2 Preliminaries

Necessary notations and algebraic structures of group algebras of finite abelian groups over
finite fields are provided as well as general results on CDA codes. The reader may refer to
[3] and [12] for more information.

Throughout let v be a natural number and let ¢ be a prime number. Denote by F, the
finite field of ¢” elements. In this case, the characteristic of IF, is g.

2.1 Abelian Codes

For natural numbers i and j, we write i|j if i is a divisor of j, and i 1 j otherwise. The notation
27||j refers to the situation where 27| and 2**!  j. For integers a and b, we write a = b
(mod i) if i|(a — b). In the case where gcd(i, j) = 1, denote by ord;(i) the smallest natural
number k satisfying i* = 1 (mod j). For a natural number n, let G be an abelian group of
order n. For convenience, the operation in G is written additively and the order of an element
g € G is denote by ord(g). For a natural number d, let Ng(d) be the number of elements in
the group G whose order is d. We note that N (d) can be zero or a natural number.

Let F,»[G] be the group algebra of the finite abelian group G over F,». An element in the

group algebra F,»[G] is presented as the usual sum }; @,YY, where o, € F,. In the group
geG

algebra F,[G], the calculation can be done as in the ring F,[Y] of polynomials, where the
subscripts and superscripts are operated in G. An abelian code is a generalization of a cyclic
code over F, defined as an ideal in F,[G]. Equivalently, an abelian code in F,[G] can be
represented as a subspace of F’;V embedded as an ideal in F,[G] (see [12] and [13]).

The inner product between u = 3, u,Y? and v = 3 v,Y? in F,[G] is given to be the
9eG geG
form (u,v) := }, ugv,. The dual of an abelian code C in the group algebra F,[G] is given to
geG
be the set

Ct = {ve qu[G] | {c,v)y =0forall c € C}.

For an abelian code C in F,[G], we note that C + and C N C* are also abelian codes. In [3],
an abelian code C is called a CDA code if C N C* = {0}.

Let Q denote the Sylow g-subgroup of G. It follows that the abelian group G can be
viewed in the form of G = A x Q for some subgroup A of G with |A| = [G : Q] and ¢ 1 |A|.
Clearly, the group algebra R := F,[A] is semi-simple. In [2] and [12], the semi-simple
group algebra R := F,/[A] studied and its decomposition is given using the discrete Fourier
transform. For completeness, necessary results are recalled.
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The g”-cyclotomic class of the finite abelian group A containing a € A is given as
Sp@ :={qg" -ali=0,1,...}.

It is not difficult to see that S (@) = {¢*" - a | 0 < i < ordord(a)(g")}-

Each element e in R is called an idempotent if e is non-zero and ¢ = e. In addition, if
an idempotent e satisfies either ef = 0 or ef = e for every other idempotent in R, it is said
to be primitive From [7, Proposition I1.4], there are one-to-one correspondence between the
q"-cyclotomic classes of A and the primitive idempotents in R. Precisely, each ¢”-cyclotomic
class of A induces a primitive idempotent in R.

Let {S(a;) | i = 1,2,...,k} denote the set of all g”-cyclotomic classes of A. For each
ie€{l,2,...,k}, denote by ¢; the primitive idempotent in the group algebra R determined by
S p»(a;). In [3], the decomposition of R is given as follows

k k
R = @Rei = Dqu_ (1

where Re; = Fps: and s; = |S p(a;)] = ordora(a;)(q”). Consequently,

k

k
Fp[G1 = RIQ1 = P Re)0] = | | FpulOl. @)
i=1

i=1

2.2 Complementary Dual Abelian Codes

General results on CDA codes over finite field have been presented in [3] using a number-
theoretical characteristic function summarized.

Let a be an element in A. A g”-cyclotomic class S (a) is said to be of type I if
Sy(a) = Sy (—a) and it is said to be of type II otherwise. By rearranging the set {S ,(a;) |
i=1,2,...,k}, it can be assumed that {S ,(a;)|j = 1,2,...,r} is the set of all ¢g"-cyclotomic
classes of type Iand {S p(a,+) 1 1 = 1,2, ..., rdU{S g (@ypurpe) = Sp(—ars) | L =1,2,.. ., rg)
is the set of all g”-cyclotomic classes of type II. In this case, k = r; + 2ry.

By rearranging the terms in (2) (see [3]), it follows that

rr ry
FolAx Q] = (]_[ K,-[Q]] x [H(Lz[Q] x LI[Q])], 3)
j=1 I=1
where K; = Fyrs; and L; = IF‘pw,,H for all integers j = 1,2,...,rpand [ = 1,2,...,ry. Conse-

quently, each abelian code C in F[A X Q] is of the form

C = []—1[ cj)x(ﬁ (D,xD;)), @)

j=1 I=1

for some abelian codes C; € K;[Q], D; € I[Q], and D; € Ij[Q].
In [3], the characterization of CDA codes in F,[A X Q] has been given.

Proposition 1 ([3, Corollary 4]) Let g be a prime number and let v be a positive integer.
Let A be finite abelian group such that q 1 |A| and let Q be a finite abelian g-group. Then
an abelian code C in Fp[A X Q] decomposed as in (4) is CDA if and only if the following
statements hold.
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1) C; e {{0LK;[QN) forall 1 < j<ry.
2) (D, D) € {10}, L;[QD), (L[ Q1. (0D} for all 1 < I < ry.

Moreover, in [3, Corollary 5], the enumeration formula of CDA codes in F,[A x Q] has been
shown to be independent of the choices of Q.

Proposition 2 ([3, Corollary 5]) Let g be a prime number and let v be a natural number. Let
A be finite abelian group such that q 1 |A| and let Q be a finite abelian g-group. If F,[A X O]
decomposed as in (3), then the number of CDA codes in Fy[A X Q] is 2"

In [3], the numbers r; and ry have been presented via the characteristic function

&)

1 ifd|(¢" + 1) for some natural number i,
xd,q") =
0 otherwise

for all natural numbers d.

Proposition 3 ([3, Proposition 5]) Let g be a prime and let v be a natural number. Let A be
a finite abelian group of exponent M. If g ¥ M, then

Nald) ) Natd).
=S xid, )22 — and rp= 7y (1-x(d.q") -
%;‘ ordy(q") 2%; ordy(q")’

We note that N4(d) is given in [1].

In the following sections, we present the number of CDA codes in F,[A X O], where A is
a finite abelian group viewed as a product of a finite p-group and a finite 2-group for all odd
prime numbers g with p # g. Since this number is independent of the Sylow g-subgroup Q,
it is therefore enough to determined only 7; and ry for F,[A]. Precisely, the numbers r; and
ry will be given in a more precise from without the characteristic function y.

3 CDA Codes: p-Groups

Let p be an odd prime number different form g. Throughout let A denote a finite abelian
p-group of exponent p* and order p’ for some integers 1 < s < 7. It is not difficult to see that
A= H(Zp.‘)ti,whereti >0foralli=1,2,...,s—1,¢, > 1,and r = ) it;.

i=1

i=1

Lemma 1 ([1, Theorem 1]) Let s be a natural number and let A = H (Z,,,-)ti be a finite
i=1

abelian p-group with t; > 1 and t; > 0 for eachi = 1,2,...,5 — 1. Then, forall 1 <i < s, we

have

Na(ph) = p™ = p™,
s i-1
where N := Y t;, mg :=0,my ;= N, andm; :==iN+ ), (j—1i)forall2 <i<s.
i=1 j=1

From [15, Theorem 3.6], for a natural number i, we have

ord,(¢") ifi <p,

) 6
pPord,(q) ifp<i, ©)

ord,i(q") = {

where f3 is the largest integer such that p?| (q”’rdﬁ(‘fy) - 1).
In the rest of this subsection, some characterizations of an element in A and a ¢’-
cyclotomic class of A are presented. Subsequently, the enumeration of CDA codes in a group
algebra of A is presented. Theses are key to determine the numbers r; and ry in Proposition 5.
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Proposition 4 Let p be an odd prime number with p # q and let A be a finite abelian p-
group. Then TFAE.

1) ord,(q”) is even.

2) ord,i(q") is even for all natural numbers i.
3) x(p',q") = 1 for all integers i > 0.

4) Every q”-cyclotomic class of A is of type 1.

Proof. The statement “1) implies 2)” can be derived directly from (6).

Assume that ord,(g") is even for all natural numbers i. Clearly, x@% q)=1.Fori>1,
ord,(¢") = 2k for some natural number k. Precisely, g** = 1 (mod p’) and ¢"* # 1 (mod p')
which implies that p|(¢”* — 1)(¢"* + 1) and p’ 1 (¢"* = 1). Consequently, we have p|(¢"* + 1),
and hence, y(p', ¢") = 1. This proves “2) implies 3)”.

Assume that y(p’,¢") = 1 for all integers i > 0. Clearly, the g”-cyclotomic class {0} is
of type I. Leta € A\ {0}. It follows that ord(a) = p’ for some integer 1 < j < 5. As
x(p’,q”") = 1, we have p/|(¢"* + 1) for some integer k > 1. Consequently, g = =1 (mod p/)
and qVka = —a,ie., —a € Sp(a). Then Sy (a) = §p(—a). The statement “3) implies 4)” is
completed.

Assume that every ¢”-cyclotomic class of the group A is of type I. Let a € A be an
elemnent of order p. Since S ;(a) is of type 1, we have —a € S ,(a). Consequently, ¢"* = —
(mod p) for some natural number k. Denote by ¢ the smallest natural number satisfying
¢"* = =1 (mod p). Then ¢** = 1 (mod p) and ¢** # 1 (mod p). It can be deduced that
ord,(g”) = 2¢ is even. This proves “4) implies 1)”. [ |

In the following corollary, we present the dual statement of Proposition 4.

Corollary 1 Let p be an odd prime number with p # q and let A be a finite abelian p-group.
Then TFAE.

1) ord,(g") is odd.

2) ord,i(q") is odd for all natural numbers i.
3) x(p',q") = 0 for all natural numbers i.

4) {0} is the only q”-cyclotomic class of type 1.

For a finite abelian p-group A, it can be concluded that either every g”-cyclotomic class
of A is of type [ or {0} is the unique ¢”-cyclotomic class of type I. The numbers r; and ry are
given as follows.

Proposition 5 Let p be an odd prime with p # q and let A be a finite abelian p-group of
exponent p°.

1) Iford,(q") is even, then

N Na(ph)

and rg = 0.
i ord,i(q") !

r1=1+

2) If ord,(q") is odd, then

S Na(ph)
=landry= —_—.
rr=1andrg ; Zord,y (@)
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Proof. First, we note that the orders of elements in A are of the form p’ for some integer i

such that 0 < i < s and the set of all elements in A of order p’ can be viewed as a disjoint

union of g"-cyclotomic classes of A of the same cardinality ord,(¢"). Then the statements 1)

and 2) follow from Proposition 4 and Corollary 1, respectively. ]
Using (6), the simplification of the formulas in Proposition 5 is derived.

Corollary 2 Let p be an odd prime number with p #+ q and let A be a finite abelian p-group
of exponent p*. Let 3 be the largest integer such that pP| (q""rdﬂ(qv) - 1).

1) Iford,(q") is even, then

B s i
I S N
MMJ;MW+ZPW

i=p+1

rr=1+

) and rg = 0.

2) Iford,(q") is odd, then

S

ﬁ .
_ _ 1 i Na(p')
rr=1landry = 200, @) [; Na(ph) + Z P ]

i=p+1

In the case where B > s, the empty sum will be referred to as zero.
Proof. From (6), we have

ord,(¢") ifi <p,

ord,i(¢g") =4 .
) {p"f” ord,(¢") ifB<i.

The results can be derived directly from Proposition 5. [

Example 1 Let g =7, v = 3, and let A := Z,12 X Z11. Then A has exponent 11% and order
113. Since ord;(73) = 10 is even, by Proposition 5, we have ry = 0 and

2

LN M) N N
! £ ord,y(q") ord;(73) " ord;2(73)

By Lemma 1, we have NA(11Y = 120 and N4(11%) = 1210. Since ord;2(7°) = 110, it
follows that

120 1210
=l —+——=1+12+11=24.
ry + 10 + 110 + +

Then r; + ry = 24 and the number of CDA codes in the group algebra Fp[Z, > X Z,1] is 224,

4 CDA Codes: Products of 2-Groups and p-Groups

The enumeration of CDA codes is given in a more general setup. Precisely, we focus on a
group algebra whose underlying abelian group is a product of a finite 2-group and a finite
p-group.
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4.1 CDA Codes: 2-Groups

We focus on CDA codes in a group algebra of a finite abelian 2-group. The characterization
of such codes is presented together with their enumeration.

Proposition 6 Let g be an odd prime number and let m be a natural number. Let B be a finite
abelian 2-group of exponent 2™. Let y be the largest positive integer satisfying 2|(q” + 1)
and let b € B. Then TFAE.

1) ord(b) = 2/ for some 0 <i < y.
2) S p(b) is a q"-cyclotomic class of type I.
3) x(ord(b),q") = 1.

In this case, ord(b) € {1,2} or ordea)(q”) = 2.

Proof. Assume that ord(b) = 2/ for some 0 < i < . Since 2|27 and 27|(¢"” + 1), it follows that
ord(b)|(g" + 1). Equivalently, —b = ¢"b which implies that S ,»(b) = S ;»(=b) is of type I. This
proves “1) implies 2)”.

Assume that S ,(b) is a ¢”’-cyclotomic class of A of type 1. It follows that —b = ¢"*b for
some natural number k. Consequently, we have ord(b)|(g”* + 1). The statement *“2) implies
3)” is proved.

Next, we prove the statement “3) implies 1)”. Assume that y(ord(b),q”) = 1. Then
0rd(b)|(q"k + 1) for some natural number k. We write ord(b) = 2/ for some integer i > 0. If
i € {0, 1}, then i < y. Assume that i > 2. Then 2%|(¢”* + 1) which implies that k is odd. Since
g +1=(+ 1)k21(—qv)j and kzl(—q")j is odd, 2/|(¢” + 1). From the maximality of vy, we

=0 =0
have i <. ' '

Finally, assume that ord(b) = 2 for some 0 < i < y. If i € {0, 1}, then ord(b) € {1, 2}.
Assume that ord(b) = 2/ for some 2 < i < . Then 2%|(¢” + 1) which implies that 2> § (¢" - 1).
Hence, 2 = ordx(g") < ord,i(g*) < ordy(g”) = 2. As desired, ord,i(g") = 2. [ |

In the following corollary, we present the dual statement of Proposition 6.

Corollary 3 Let g be an odd prime number and let m be a natural number. Let B be a finite
abelian 2-group of exponent 2™. Let y be the largest positive integer such that 2¥|(q” + 1) and
let b € B. Then TFAE.

1) ord(b) = 2/ for somey < i < m.
2) S p(b) is a q"-cyclotomic class of type II.
3) x(ord(d),q") = 0.

Using Proposition 6 and Corollary 3, the numbers 7; and ry for a group algebra F,[B] are
presented.

Proposition 7 Let g be an odd prime number and let m be a natural number. Let y be the
largest natural number satisfying 2"|(q" + 1) and let B be a finite abelian 2-group of exponent
2™, Then

Y i Y i
_ Np(2") ) N3p(2")
rI—;—Ordzi(qv)—l+NB(2)+; 5
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and
B Z Ng(2)
20rd2, @)
In the case where m < vy, the empty sum will be regarded as zero.

Example 2 Let g = 7, v = 3, and let B := Zy: X Zy.. Then B has exponent 2* and order 2°.
Since 22||(73 + 1), we have y = 3. By Proposition 7 and Lemma 1, it follows that

3

Np(2) 3 12 16
! ;ordzf(ﬁ) T I T
and
_ Z Np(2) - ﬁ -8
Qordy(73) 2.2

Then we have r; + ry = 26. Consequently, the number of CDA codes in the group algebra
Fy3 [Zos X Zy2] is 2%,

4.2 CDA Codes: Products of 2-Groups and p-Groups

We focus on CDA codes in F[B x A] for all finite abelian p-groups A and for some finite
abelian 2-group B of exponent 2™. Precisely, the numbers r; and ry are presented for m < vy,
where v is the largest natural number satisfying 27|(¢” + 1).

Proposition 8 Let p be an odd prime number with p # q and let m and s be natural numbers.
Let y be the largest natural number satisfying 27|(q" + 1). Let A be a finite abelian p-group of
exponent p* and let B be a finite abelian 2-group of exponent 2™. If m < vy, then the following
statements hold.

1) If2llord,(q"), then
N Na@p)

ry= ————and ry = 0.

= ordap(q)

2) If 4lord,(q"), then

Na(p) . Nap') _ Na@2/p')
= Z (ord i(q”) ordzpi(qv)) and ry Z Z 20rd,),1(q")’

j=2 i=0

3) Iford,(q”) is odd, then
o Ns(2) S NAQ27ph
Z ord,i(g*) and ry = Z Z 20rd,i (")

Proof. Using Proposition 6, Proposition 7, and the number-theoretic property in [11, Propo-
sition 2.3], the results are obtained. ]
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5 Conclusion and Remarks

In this article, CDA codes in group algebras have been revisited for some specific finite
abelian groups. Additional algebraic properties of a group algebra of a finite abelian p-group
and a group algebra of a finite abelian 2-group have been presented together the enumeration
formula for their CDA codes. As applications, these results have been applied for the enu-
meration of CDA codes in a group algebra of an abelian group A which is a product of a finite
p-group and a finite 2-group of exponent 2 with m < vy, where y is the largest natural num-
ber satisfying 2”7|(¢” + 1). The enumeration formula for such CDA codes has been presented
in a more precise form without any characteristic functions.

In general, it is of natural interest to extend the ideas in this article to cover the case where
m > 7, or where the underlying abelian group is A XA, for some finite p;-group A; and finite
pa-group A, where p; and p, are distinct odd prime numbers different from g.
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