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Some Properties of Hyperbolic k~-Narayana Quaternions

Tanupat Petpanwong'-* and Narawadee Phudolsitthiphat!-**
' Department of Mathematics, Faculty of Science, Chiang Mai University, Chiang Mai 50200, Thailand

Abstract. In this paper, we introduced the hyperbolic k-Narayana quaternions.
Several properties of these quaternions are investigated, including the Binet for-
mulas, generating functions, and summation formulas. Moreover, some iden-
tities such as Catalan, Cassini, and d’Ocagne are obtained. Our results extend
and generalize well-known theorems.

1 Introduction

Researchers have been studying number sequences for a considerable amount of time. Specif-
ically, the Fibonacci numbers are regarded as the most significant and noteworthy among
these numbers. Over the years, extensive research has been conducted on Fibonacci num-
bers, leading to numerous generalizations. Examples of these generalizations include the
k-Fibonacci, (p, g)-Fibonacci, and Jacobsthal numbers.

There exists a sequence of numbers that defines a recursive relationship similar to the
Fibonacci numbers, known as the Narayana numbers. In the 14th century, Tadepalli Venkata
Narayana introduced them as follows:

sﬁn = 9?,,_1 + gtn_3, n>3 (1)

with 0,1,1,1 initial condition.
That is, the Narayana sequence is {0, 1, 1, 1,2, 3,4, 6,9, 13, 19, 28, 41, 60, ... }.

Narayana numbers provide a powerful tool for counting and analyzing combinatorial
structures, and their applications extend to diverse areas within mathematics and computer
science (see [1, 3, 15]).

To generalize the definition of the Narayana numbers, the k-Narayana numbers were in-
troduced in 2015 by Ramirez and Sirvent [14].

Definition 1.1. For a non-zero integer number &, the k-Narayana sequence is given by
Rin = kNgpo1 + N3, n =3 (2)
with 0, 1, k, k2 initial condition.

The equation x* +kx>—1 = 0 corresponds to the characteristic equation of the recurrence rela-
tion (2), with roots denoted as ¢, @y, ;. The following equation represents Binet’s formula
for the k-Narayana numbers [14]:

n+1 n+1 +1
P @y Sk

Nin = + + s
T m)ek = s (k- o) (@ —sk) (Sk— @)k — D)

n>0 (3
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Ozkan [12] has illustrated the summation formulas for k-Narayana numbers as follows:

n

N1+ Ny + N1 + Nipa2
Z gtk’,‘ = k

= N 4
i=0

Mathematician Sir William Rowan Hamilton introduced quaternions [8] for the first time
in 1843. Hamilton developed quaternions as a way to extend complex numbers to higher di-
mensions, particularly to three-dimensional space. He was inspired by the complex numbers,
which can be thought of as points on a plane, and sought a similar system for representing
points in three-dimensional space. This led him to the invention of quaternions, which have
applications in various fields, including computer graphics, robotics, and signal processing
(see [2, 4]). Quaternions with specific integer components have been the subject of numer-
ous investigations. The Fibonacci and Lucas quaternions were first introduced and some
properties were provided by Horadam [9] in 1963. Later, Cimen and Ipek [5] studied Pell
quaternions and Pell-Lucas quaternions and provided insights into their properties, applica-
tions, and implications in various mathematical fields.

In 1902, Macfarlane [11] introduced the hyperbolic quaternions which, unlike real quater-
nions, do not exhibit commutativity, and conducted a study on their properties. Hyperbolic
quaternions find applications in various fields, including physics, computer graphics, and
geometric algebra (see [6, 16]). A set of hyperbolic quaternions are represented as

H=lh=o0o+pj1i+xj2+yjs: o,p,x,y €eR}
where ji, j2 and j3 are hyperbolic quaternion units satisfying the conditions
Ji =0y = 03 = Judads = 1 vz = Ja = —jadvs jajs = Ji = —jaja dsit = 2 = —jijs.
Let hy = o1 + p1j1 + x1j2 + y1j3 and hy = 0, + paj1 + x2j2 + yoj3 denote two hyperbolic

quaternions. Equality, addition, subtraction, and scalar multiplication and multiplication can
be defined as follows:

hy =hy onlyif 0y =02, p1 = p2, x1 = X2, 41 = Y23
h; +hy = (01 +02) + (p1 + p2)j1 + (X1 + X2)j2 + (Y1 + y2)J3;
h; —hy = (01 —02) + (p1 — p2)j1 + (x1 — x2)j2 + (y1 — y2)j3;
Ahy = Aoy + Apij1 + Ax1j2 + Ay jz, AER.
hihy = (0102 + p1p2 + X122 + Y1y2) + (01p2 + P102 + X1Y2 — Y1 X2)J1
+ (01X2 = p1ya + X102 + y1p2)ja + (01y2 + p1X2 — X1p2 + Y102)J3.

Then, the set H of all hyperbolic quaternions is a vector space over a field R. Moreover, the
conjugate of h = 0 + pj1 + xj» + yJj3 is established by
h=o0-pj—xj2-yj3.

Many researchers have defined and studied various types of hyperbolic quaternions, in-
cluding hyperbolic k-Fibonacci, hyperbolic k-Fibonacci-Lucas, hyperbolic k-Jacobsthal, and
hyperbolic k-Jacobsthal-Lucas quaternions (see [7, 10, 13]).

Several authors worked on the Catalan, Cassini, and d’Ocagne identities because they are
useful in various mathematical contexts, including combinatorics, probability theory, matrix
theory, coding theory, and linear algebra.

The objective of this study is to present the hyperbolic k-Narayana quaternions, including
their generating function, exponential generating function, and Binet’s formula. Addition-
ally, we derive the Catalan, Cassini, and d’Ocagne identities for the hyperbolic k-Narayana
quaternions using Binet’s formula.
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2 Main Results

In this part, we will initially provide the definition of the hyperbolic k-Narayana quaternions.
Subsequently, we will explore various properties associated with these quaternions.

Definition 2.1. Assume n > 0. The nth k—Narayana hyperbolic quaternions, H%, ,, are
defined by

HYy = Wiy + Wi g1 + Miniaga + Ninisda ©)

where ji, j2, j3 satisfy equalities
J'i = J'; = j; = Juj2jz = Lz = J3 = —j2jr. J2j3 = J1 = —J3j2. J3J = j2 = —jjs-
The first few terms of hyperbolic k-Narayana quaternions are given by
H% o = j, + kj, + K2j5,
H%y g = 1+ kj, + K2j, + (K + 1)js,
HWyo = k+ K2, + (K + 1)j, + (K* + 2k)j5,
H%y3 = K+ (B + 1)j, + (& + 20)j, + (1 + 3k j;,
HWy = (3 + 1)+ (K* +20)j, + (K +3K%)j, + (kK8 + 4k + 1)j5,

Next, we present the recurrence relations of k-Narayana hyperbolic quaternions.

Lemma 2.2. Assume n > 3, then
Hmk,n = kak,n—l + Hmk,n—S- (6)
Proof. Using (5) and (2), we obtain

HWyp = Niw + N pi1J1 + Rinsafa + Nicnrafa

= (kM1 + Nip3) + KN + Ny p-2)j1 + (a1 + Npn-1) 2
+ (KNens2 + M)

= (kM1 + kN g1 + kR pe1J2 + KNy pr2jz)
+ W3 + Nen-2J1 + Nin-1J2 + NicpnJ3)

= kM1 + N1 + Rins1d2 + Nensads)
+ MNins + Nin2jt + Nin-tjz + Ninfz)

=kHWy -1 + HN 3.

O

The next theorem shows the relationship between hyperbolic quaternions and their conju-
gates.

Lemma 2.3. Assume n > 0, the following equalities are valid:

Hmk,n + Hmk,n = 25Rk,m (7)
HYy o — HNpy = 2 (Mpner + Nz + Ninss) (®)
HmkﬂHmk»” = gtI%,n - gti,n+l - sﬁi,n-ﬂ - gtl%,n+3' (9)

3
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Proof. 1t is evident that equations (7)-(8) hold. Next, we will demonstrate the validity of
equation (9). By (5), we have

HWy , HNy
= Nen + NensrJ1 + Ninvagz + Ricns3J3) Nin — Nicpi1J1 — Rinsafz — Ninrafs)
= WenNin — MenMinr1d1 — MenNensogz — NenNinss s

+ RN 1J1 = Rt M 17171 = Rions 1 Minr2d1d2 — Nins 1 Ricns3ngs

+ N nRinr2d2 = Rins2Minr1d21 — Rine2Nensodagz — Nen2Nine3fo s

+ N Mient3J3 = N3N 1351 — Rine3Neniodzgz — NinesNin3fzss

—_,m2 g2 g2 52
- 9’tk,n iRk,n+l iRk,n-*—2 9’tk,n+3'

O

Theorem 2.4. (Binet formula for k-Narayana hyperbolic quaternions) Let ¢y, @, Sk be the
roots of X +kx2=1=0. Assume n > 0, then

+1 ~ +1 ~ +1A
@ b @y YA

H%y,, = + + ,
T Tk — s (@ o) @ — k) (S~ @Sk — @)

(10)

where o = 1+@j | +@La+ ¢ 3, Bk = 1+ @ij | + @1 jo+@3 J3, and S = 1461+ 2 +67 I
Proof. By using (5) and (3) , we have

HNWy = Ny + N1 g1 + Ninsagz + Nins s

‘pz+l w.z-H g.Z+l
= + +

(r — @) —s1) (@ — )@k — 1) (Sk — ei)(Sk — @)

.\ ‘plrct+2 .\ ’ZD'Z+2 .\ §'Z+2 jl
(or — TNk —s1) (@ — ) @r — k) (Sk — @)k — @)

. ‘plr(L+3 . ’ZD'2+3 .\ §'Z+3 j2
(or — Tk —s1) (@ — @) @r — k) (Sk — @)k — @)

. (pz+4 . wz+4 .\ g.Ir€1+4 j3
(or — Tk —s1) (@ — @) @r —sk)  (Sk — @)k — @)

n+1

n+2 »

n+3 »

n+4 »

_ ( br Y "1 Y J2 b I3 )
(o — T )k —s1) (o — TNk —s1) (P — @) — k) (Yx — D) (Pr — Sk)
. ( wZJrl . wZJijl wz+3j2 w.;(l+4j3 ]
(@ — )@ — 1) (@ — o) @k — 1) (@ — ) @r — 1) (@ — p)(@r — k)
. ( §Z+l §Z+2j1 §‘Z+3j2 gzl+4j3 )
Sk =)k —@) Sk —e)Sk —@r)  (Sk— sk —@r)  (Sk — )k — @)
= 7 (1 + @it + Pz + 903j3) + o (1 + @i+ @+ W3j3)
(x — D) — Sk) , T (@ - )@ - s1) k K
n+1
el (1 + S1j1 + Stz +S‘;§J'3)
(Sx — er)(sk — @x)
(pz+1¢k wz+1ﬁk g,21+15':k

- (o =) ex — k) (T — )@k — Sk) " (sk — o5k — @x)
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Theorem 2.5. The summation for the k—Narayana hyperbolic quaternions is

= —J2—(k+1j3. (1D

- HYWy o + HWy gy + HR o — kHRy iy + 1+ j1+ j2 + J3
S g = Bt s+ e~k
m=0

Proof. By using (5) and (4), we have

n
Z H‘ﬁk,m = H‘th,o + H“th,l + Hﬂtk,Q + ...+ H‘ﬁk,n

m=0
= Mo + Ne g1 + Nyaga + Nicsgz) + M + Niojn + Nizjz + Nieajs)

+ oo+ Opn + N1 + Nz + Nicnea )
= Mo+ Mpt +Mpo + oo + Np) + Oy + 2 + Mz + oo + i1

+ M2+ Wiz + Mg + oo+ N pi2)jz + Mz + Mg + Nis + o+ Ny yaa) 3

n n+l n+2 n+3
=ka,m+jlzmk,m+j2(zmk,m_1 +j3(zmk,m_k_1]
m=0 m=0 m=0

m=0
B (mk,l + Rien + Niner + Nicpan — k‘ﬁk,nﬂ)

k
(93/{,1 + Nt + N + Rppaz — kmk,nw) .
+ il
k
(‘ﬁm + Nipa2 + Nz + Ripaa — kmk,n+3) .
+ J2—J2
k
Nit + Nz + Nipaea + Nicpes — kNppaa . .
+ 3 J3—(k+1)j3
1+ ji+j2+ s N Nin + N1 + Ripaagz + Ninasfa
k k
. Nine1 + Nt + Ricnezfz + Nipaads
k
. Ninsz + Nenesf1 + Rinvadz + Rinss iz
k
“k (mk,nu + N s +k‘ﬁk,n+3j2 + ‘ﬁk,n+4j3) = (et s
HVWyp + HYy it + HR o = kHW iy + 1+ 1+ 2+ j3 .
= : —J2—(k+ Djs.
o
Theorem 2.6. The generating function for k—Narayana hyperbolic quaternions is
= HWpo + x(HRy | — kHR o) + x2(HRyp — KHR
Z HR " = k0 + XCHIY 10) 3X (HNy 2 k,l). (12)
o 1—kx—x

Proof. Suppose that the generating function of the k—Narayana hyperbolic quaternions HJ%y,
has the form f(x) = Y,7> ) H9 ,x". Then

f(x) = HRo + HRyx + HRyox? + HRax + o+ HR ) + ..
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Multiply f(x) on both side by kx and then x* we have

kxf(x) = kHRyox + kHRy % + kHW o2 + oo+ kHRy o X+ KHR ™
X f(x) = H¥yox® + HRy 1t + HRyox + .+ HRyp 1 77 4 HRy X 4

By Lemma 2.2,

(1 —kx = ) f(x) = (HRy0 + HR 1 x + HRox + HNy3 X + o+ HRy X + .20
— (kHRyox + kHRy 1 X% + kHRy2 X + o+ kKHRy 2 + KHY 0 + )
— (HRy x> + HRy X + HRo X + o+ HR X7+ HR 0™+ L)
= HNyo + x(HR | — kHNy ) + X2 (HR o — kHR ) + X (HR 3 — (kHRy + HNy )
+ x“(HSTEkA — (kH%3 + HNy 1)) + oo + X" (HRyyy — (KRHY oy + HRyppo3)) + ...
= HW o + X(HR | — kHNy ) + x> (HWyo — kKHRy 1) + X (HR 3 — HN 3)
+ XN HWR ey — HRyy) + oo+ X"(HRy, — HR )
= HN o + X(HR | — kHN o) + x> (HRy2 — kKHRY ).

Therefore,

H‘th,o + X(Hgﬁk,] - kak,O) + xz(HiRk,z - kak,l)
(1 —kx-x3) ’

fx) =

Theorem 2.7. For the k—Narayana hyperbolic quaternions, the exponential generating func-

tion is
e n 0 kX A WX & SkX
Z Hmk,nx_ _ Prpre + wiwie + SkSke . a3)
— nt (o=@ = sk) (@ = e @k = sk) Sk = @Sk — @k)

Proof. By (10), we have

o n 00 n+1 ~ w.n-#l{b. g.n+le; n
ZH‘Jik,nx—=Z( L + p_E + k2K )x_
s nl (o=@ = s1) (@ =)@ = 61) (S = )G — @) ) n!

00

wz+1ﬁkxn i S.Ir€1+15':kxn

_ Z ‘PZH@kx" + N
(o — w)pr —sn! - L (@ — g)(@i —sn! - = (k= @)k — n!

_ Ok P i (or )" . @y, i ()"
(pr — @) pr — 6u) 4 n! (@ — )@ —s1) 4 n!
N Sk i (§kx)"_
(k= i)k — @) &4 n!

By the exponential generating function ;- % = e, we have

N X! Prpret et Sksre™
D HY, = = .
oy nt (o=@ =s1) (@ = e)(@e =) Sk~ @Sk — @x)
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Theorem 2.8. (Catalan’s identity) Given two integers, m and n, such that m > n > 0. Then,

2 GiSk(sk — o)’ " Vs Gty — o) * "D (i)t
Hmk.n—mHmk,n+m - Hmk,n -
(ox — T )@k = k) (Sx — )@k — k)
@ Si(sk — @) " (wrg) !
(ox — T(Sk — Pr)

Proof. By using (10), we have

Hmk,n—mHmk,n+m - Hm]%,n

3 AR @} " Sy
- ((gok " @@k - 50 | (@ — @ - 50 (s — pe)sk - wk)]
90n+m+1¢k wz+m+1 A &y s,n+m+1
((‘Pk — @) (pr — s‘k) (@ — )@y — S‘k) (Sx — o)(sk — wk)]
) ( alo  wtee gl )2
(o — @)k — ) (@ — )@ — s1)  (Sk — Pi)(Sk — @)
901%n+290l% (’DZ m+1 n+m+l(pkwk
(sok = @)k = si)px — @) (Pr — §k) (or — Tk — S (@ — Pi) (@ — Sk)
(pz —m+1 n+m+190k§'k w.z m+l(;0z+m+lwk‘ﬁk
(SOk = @)k — SISk — wr)(sk — wk) (@ — @)@ — i)k — D) Px — Sk)
2n+2 A 2 n—m+1 _n+m+1 2

" + wk gk wkgk
(@ — )@ — s @k — )@ — k) (@ — )@k — S (Sk — @ik — D)
n—-m+1 n+m+l A ~ S.n—m+1 n+m+1 A

Sy e Sk Sk
((s‘k = )(sk — T (r — TPk — §k) (Sk = wi)(sk — wk)(wk - )@ — i)

g]%n+2§.lz (pirHZ‘p%
(Ck — o5k — (st — o)k —R)  (r — D)@ — SO Pk — T @r — %)
‘pn+l n+1$0kwk (PIHI n+1 ongk
k k
(o1 — TPk — SN @ — @)@k — 1) (Pr — TP — SISk — @)k — D)
~ wz+1¢n+lwk‘pk ~ win-%—Z{\D.]%
(@ — o )@k — S ex — Tk —s1) (@ — )@k — S (@ — PR (@ — Sk)
_ n+1g]r<z+1wkgk ~ n+1‘pz+1gk¢k
(@ — )@ — s)(Sk — sk — @) ((Sk — e (s — T(@x — TPk — k)
S.n+1 n+l A kmk gI%nJrZé:]%
(Sk — er)(sk — wk)(wk — )@ — k) (Sk — o)k — TSk — Pu)(Sk — @)
—p )2 A A )2
@S, PrSk (i‘;kggﬁi-l ) O T PRk (%)

- (o1 — Tk — S5k — sk — @) (x — TR)(@r — S(@ — @)@y — k)

A A (=T
wkgkwkg}( < (sxa)"! )

(Wk — o) @k — i)k — ei)(Sk — @)
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~ @8i(sk — @)X ks grt(mr — o) D (o) !
N (@ = o)(sk — @) (Sk — pi)(@k — S%)
@ Si(s — @) " (wig) !
(or — )(Sk — @r)

If we set m = 1 in Catalan’s identity, we have Cassini’s identity:
Theorem 2.9. Assume n > 1, the following equality is valid:

O T Py . ST PrSi . WS WSk ‘
Sk =)@k —s1) (o — @)@k —Sk) (@ — TSk — ¢k)
The following theorem, we present d’Ocagne’s identity:

HWy 1 HNy i1 — H %]%n =

Theorem 2.10. Given two integers, m and n, such that m > n > 0. Then,

(g]r(erl +1)§k‘pk(5m n _ 90m n ((anrl +1)¢Jkﬁk(¢z1fn _ wz1—n)
Sk =Sk =T — @) (r = D) @r = SN @k = Sk)
(@} Sy — )

(@x — )@k — SISk — 1)

Hmk,mHmk,nH - Hmk,mﬂ Hmk n =

Proof. By (10), we obtain
HWoyn HNR it — HN st HN

o o @yt SIgy
((‘Pk — @)@k — S‘k) (T — )@y — S‘k) (sk — @)k — wk)]
[ VAR .\ @}t Sy )
(o — TRk — k) (T — o) @y — S‘k) (Sk — wi)(sk — @)
( AR ot Sy )
(o — w)(@x — §k) (@ — pi)(@ — S‘k) (Sk — o) sk — @x)
o o @}y A"
((‘Pk — @)k — s‘k) (@ — )@y — S‘k) (Sx — )k — Wk))
I A A S R A et G2y — @I gy
(o — ek — )@k — )@k — §%) ’ (or — TPk — SK)(Sk — i) (S, — @)
m+l‘Pn+2wk‘Pk _ wm+2‘pn+]w ‘Pk m+] n+290k§ _ m+2§n+]wk§k
(svk = @)k — S (@i — ‘Pk)(wk - Sk) " (@ — )@k — Sk — Pi)(Sk — Ty)
Gl oy — I G2 dy — e Sy

(ox — T (@ — Sk — <Pk)(§‘1< - wk) " (@ — i) (@ — 1Sk — Pi)(Sk — D)
(s~ eSSBS — P (@ — TP (P T — T
sk — oSk — Tk — ek — s1) (o — @k — S)(@k — )@k — %)

(siwi — )@@} — sl'wy)

(@ — )@k — S1)(Sk — i)(Sk — @)
(s‘"”@Z“)s‘k‘Pk(S'm -l (G e ot (el - @
sk — 05k — T — ) (ox — Tk — SN @k — k)
N (@ Y@y ™ — )

(@ — o) @k = SK)(Sk — @)
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