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Abstract. Classical probability of informed trading (PIN) models assume that,
given the information scenario, the number of buy and sell order flows are inde-
pendently Poisson distributed, which imposes an assumption on the probability
of no-trades. However, empirical data shows that the implied probabilities of
no-trades do not match the aforementioned Poisson and independent assump-
tions. Therefore, we propose a new PIN model that better fits the data by us-
ing zero-inflated Poisson distributions and copula functions, which allow us to
match the probability of no-trades. The expectation conditional maximization
(ECM) is further proposed to tackle the parameter fittings, which is verified by
simulation studies. The empirical studies show that this model outperforms the
original PIN models, with significant parameters on the zero-inflations as well
as copulas. In particular, we find that it is possible for an information to simul-
taneously increase the probability of no trade and boost up the average number
of transactions, which contradicts the intuition.

1 Introduction

In finance literature, the probability of informed trading (PIN) models provide frameworks
to study the flow of buys and sells in the market. In its simplest form, PIN models assume
that, for each time period, given the type of information in the market, the number of buys
and sells in that period follows a joint independent Poisson distribution, independent to the
flows in other time periods. For example, [1] consider a market with good, bad, or no private
information, and assume that the joint order flows follow the aforementioned distributions
with different parameters. For more complicated PIN models, see [2] for instance.

However, the independence assumption used in these existing models is questionable, as
it basically assumes that, given the market information, there is no interaction between the
buys and sells, which is quite unrealistic. Indeed, [3] has verified this concern using empirical
data, showing that the independence assumption is violated in the real world.

To show this violation more clearly, we give a simple example to illustrate the correlation
between the buy and the sell in the data. Figure 1 shows the record of buy and sell transaction
counts at 5-minute intervals for the stock AAPL on January 2nd, 2002. It is clear that the
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Figure 1: Times series of buys and sells (AAPL, 2002-01-02). Each point is the record of buy
and sell transaction counts at 5-minute intervals. The buys and sells patterns are correlated.

Figure 2: The scatter plot for buys and sells (AAPL, 2002-01-02). Left panel: original data.
Right panel: pseudo-observation. The data points in the upper left and lower right corners
are relatively sparse, so the data is positively correlated.

patterns for both processes are similar, indicating that the buy and sell counts may have a
correlation structure. We can also make some observations from the two-dimensional graphs.
From figure 2, the left panel is the scatter plot for the number of buy and sell transactions,
which shows a positive correlation between the counts. The right panel is the scatter plot
obtained by normalizing and ranking the original data, that is, pseudo-observation. Here the
transformation was performed by the empirical cumulative distribution function (cdf). From
this figure, we can see that the data points in the upper left and lower right corners of the

figure are relatively sparse, while the data points are concentrated on the main diagonal line
Buy = Sell, which also tells us that the data is positively correlated.

These observations indicate that a PIN model with dependency is needed. The first con-
tribution of this paper is to provide such a PIN model by implementing copula functions in
the PIN model. This allows us to extend the classical PIN models to have more complicated
interactions between buys and sells, which is closer to the real world as indicated by the
empirical data.

This generalization, however, comes with a price that the model is much harder to fit
statistically due to the existence of copula functions. Therefore, the second contribution of
this paper is to provide an easy-to-implement algorithm for fitting this model. In particular,
the expectation conditional maximization (ECM) method, an advanced version of the clas-
sical expectation maximum method (EM), is introduced for this statistical problem. Further
numerical studies verify the capability of the proposed algorithm.

The model and the algorithm are put to the test through empirical data, which fits well
for larger firms. However, for smaller firms, due to the high possibility of having no trades
in a time period, both classical and proposed PIN models fail to fit the data as the Poisson
distribution limits the range of probabilities for no trades. Thus, the third contribution of
this paper is to introduce the zero-inflated Poisson distribution into the model, which allows
the model to better capture the data when there is a considerably large proportion of no trade
period in the data. The fitting capability of this zero-inflated generalization is verified through
empirical data, especially for small firms. Interestingly, the empirical studies show that it is
possible that a given type of information can simultaneously increase the probability of no
trade as well as the number of buys and sells, which is contrary to the “good news increases
buys and bad news increases sells” concept used in past literature such as [1].

The remainder of this paper is structured as follows. Section 2 presents the proposed PIN
model. Section 3 discusses the corresponding estimating algorithm for the proposed model,
and presents related numerical studies. Section 4 puts the model to the test through empirical
studies, and discusses related observations. Section 5 concludes. Technical contents are
deferred to the Appendix.

2 Proposed PIN Models

We will introduce the proposed model in three parts. First, we will briefly review the classical
PIN model and copula function in Sections 2.1 and 2.2, respectively. Then, in Section 2.3,
we will show how our proposed model integrates the copula function into the existing PIN
model. Finally, we will introduce the zero-inflated Poisson distribution, and discuss how it is
integrated into the proposed model in Section 2.4.

2.1 Review of Classical PIN Models

[1] first developed the PIN model, which is a commonly used financial model to measure
information asymmetry. Figure 3 shows the structure of the PIN model in its simplest form.
In short, under this model, for each trading period, the model first assumes a 1−α probability
for the market to have news; if there is news, the model further assumes a 1−δ probability for
it to be good news and a δ probability for it to be bad news. Finally, given there is no news,
good news, or bad news in the i-th period, the model assumes that the number of buys, Bi,
and the number of sells, S i, is a joint independent Poisson random variables with parameters
depending on the news scenario.

Mathematically speaking, the PIN model above essentially assumes that the pair (B, S )
follows a mixture distribution with three components, each representing “bad news”, ”good
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Figure 3: Structure of the PIN model in [1]

news” and ”no news” market. To be more specific, the model assumes that the likelihood
function of (B, S ) is

f (B, S |θ) = αe−εb
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where θ = (α, δ, µ, εb, εs). By such, given the data (B1, S 1), · · · , (Bn, S n), we can estimate θ
by its maximum likelihood estimator (MLE)

θ̂MLE = arg max
Θ

n∑
i=1

L(θ|Bi, S i), (2)

which can be done through the Expectation-Maximization (EM) algorithm; see [4]. We will
get back to this issue in Section 3.

It is worth noticing that more advanced PIN models have been proposed in the literature.
To name a few, [2] provides a PIN model with six mixture components to handle the sym-
metric order flow shock; [5] develops a PIN model with time-varying parameters, and [6]
proposes a data-driven PIN model with an adaptive number of mixture components. Though
having different convexity, all of them assume that B and S are independent given the news
scenario, so all of them face the issue discussed in the introduction. For simplicity, in this pa-
per, we will only demonstrate the implementation of the copula function into the PIN model
by [1], but all other PIN models mentioned above can be improved by a similar implementa-
tion. For other recent developments in PIN, see [7, 8] for computational researches, as well as
[9, 10] for empirical studies. See also [11] for an interesting study on the PIN in COVID-19
era.

2.2 Review of Copula

One of the main purposes of this paper is to capture the dependent structure between buys
and sells through copula. To do so, let us first briefly review the concept of copula and the

copula functions used in this paper. For generality, here we present copula models with p
random variables; we will set p = 2 when applying the copulas on the joint model of buy and
sell order flows.

In short, copula is a way to allow us to model marginal distribution and joint relationships
separately. To be more precise, say we have p random variables X1, X2, · · · , Xp, for which
the cdf of Xi is Fi(·; γi) with parameter γi for i = 1, 2, · · · , p. Now let the “copula” be a
multivariate cdf C of the p-dimensional random variables (F1(X1; γ1), · · · , Fp(Xp; γp)) with
parameter θ; in other words, for u = (u1, · · · , up),

Cθ(u1, · · · , up) � P

F1(X1; γ1) ≤ u1, · · · , Fp(Xp; γp) ≤ up


.

Note two facts:

(a) Since Fi(·; γi) is the cdf of Xi, Fi(Xi; γi) ∽ U(0, 1), the uniform distribution which is in-
dependent to all γi. In other words, Cθ is no more than a multivariate cdf of (U1, · · · ,Up)
with Ui ∽ U(0, 1);

(b) Since Fi are monotone functions, for x = (x1, · · · , xp),

P

X1 ≤ x1, · · · , Xp ≤ xp


= P

X1 ≤ x1, · · · , Xp ≤ xp



= P

F(X1; γ1) ≤ F(x1; γ1), · · · , F(Xp; γp) ≤ F(xp; γp)



= Cθ(F(x1; γ1), · · · , F(Xp; γp))
� H(x; θ, γ)

in which γ = (γ1, · · · , γp). This means that the marginal distributions Fi(·; γi) and the
copula Cθ uniquely determined the distribution of (X1, · · · , Xp).

Combining (a) and (b), we can characterize the relationship between multiple random vari-
ables through copula “independent” to their marginal distributions.

By such, the copula provides a flexible way to construct random variables with different
dependencies. Below are some common copula functions:

1. Normal copula

C(N)
θ (u1, · · · , up) = Φθ


Φ−1(u1), · · · ,Φ−1(up)


, (3)

where θ is a correlation matrix, and Φθ denotes the p-dimensional normal distribution
with mean 0 and covariance matrix θ.

2. Gumbel copula

C(G)
θ (u1, · · · , up) = exp

−



i

(− log ui)θ


1/θ , θ ∈ [1,∞) (4)

3. Clayton copula

C(C)
θ (u1, · · · , up) =

max




i

(u−θi − 1) + 1, 0



−1/θ

, θ ∈ [−1,∞)\{0} (5)

4. Independent copula
C(I)(u1, · · · , up) = u1 · · · up (6)
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Figure 4. The rank plot of
different copulas. The rank
plot of a copula is the
density plot when assuming
all marginal distributions as
uniform distribution.

The dependency corresponding to these copulas is presented in Figure 4 through rank plots.
For more information on copulas, see [12] for an introduction to copulas in general, as well
as [13, 14] for the implementation of copulas in financial data.

Finally, when cθ(u1, · · · , up) � ∂pCθ(u1,··· ,up)
∂u1···∂up

and fi(xi; γi) := ∂
∂x Fi(x; γi) exist, the proba-

bility density function (pdf) of (X1, · · · , Xp) is given by

h(x; θ, γ) = cθ(F1(x1; γ1), · · · , Fp(xp; γp))
p∏

j=1

f j(x j; γ j). (7)

On the other hand, when the marginals are discrete, we can express the joint probability mass
function (pmf) of (X1, · · · , Xp) as

h(x; θ, γ) =
1∑

i1=0

· · ·
1∑

ip=0

(−1)i1+···+ipCθ(F1(x1 − i1; γ1), · · · , Fp(xp − ip; γp)). (8)

2.3 Proposed PIN Model: The co-PIN

We are now ready to state our proposed modified PIN model, which we named “co-PIN” to
indicate the use of the copula. This modification can actually be implemented in any existing
PIN model; however, for easy presentation, we will focus on the modification based on the
original PIN model in [1] as presented in Figure 3.

The modification is simple: For each information scenario in the original model, we
change the joint distribution of (Bi, S i) from a bivariate independent Poisson distribution to
a bivariate Poisson distribution combined with a sort of copula. More precisely, for the “bad
news”, ”good news” and ”no news” scenario, we assume that:

• Bi marginally follows a Poisson distribution Fλ with parameter λ = λ−B, λ+B and λ0
B, respec-

tively;

• S i marginally follows a Poisson distribution Fλ with parameter λ = λ−S , λ+S and λ0
S , respec-

tively;

• the copula of (Bi, S i) is C−θ , C+θ and C0
θ , respectively.

See Figure 5 for a graphical illustration. The resulting joint distribution function is therefore

P {Bi ≤ b, S i ≤ s} =(1 − α)δC−θ
(
Fλ−B (b), Fλ−S (s)

)
+ (1 − α)(1 − δ)C+θ

(
Fλ+B (b), Fλ+S (s)

)

+ αC0
θ

(
Fλ0

B
(b), Fλ0

S
(s)
)
, (9)

in which Fλ denotes the Poisson distribution with parameter λ.

Figure 5: Structure of Proposed co-PIN Model

Note that the core concept of co-PIN is still the same as the original PIN model: the
distribution of the order flows is distinct under different information scenarios. However, the
original PIN model assumes that Bi and S i are independent, or equivalently follow an inde-
pendent copula, in each of the scenarios. The co-PIN, however, allows them to be dependent
through a copula and even allows the copula to have different forms and parameters under
different scenarios.

The proposed PIN model does require the user to choose a combination of copulas C−θ , C+θ
and C0

θ , which means that we need a way to “compare” different copulas in order to “select”
a suitable combination. As different copulas have different ranges of parameter θ, so directly
comparing θ across different copula functions is not suitable. Therefore, a common way for
the comparison across different copulas is through the association measure of Kendall’s tau,
which is defined as

τ(X1, X2) = 4
�

[0,1]2
C(u, v) dC(u, v) − 1. (10)

This measure will be used when we discuss the comparison between copulas in the later
sections.

2.4 Zero-Inflated Poisson Distribution

So far, we follow the majority PIN models which assume that the order flows to be marginally
Poisson distributed, under which the probability of no trade is determined by the Poisson
distribution. However, as our empirical studies in Section 4 show, in some data, especially
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We are now ready to state our proposed modified PIN model, which we named “co-PIN” to
indicate the use of the copula. This modification can actually be implemented in any existing
PIN model; however, for easy presentation, we will focus on the modification based on the
original PIN model in [1] as presented in Figure 3.

The modification is simple: For each information scenario in the original model, we
change the joint distribution of (Bi, S i) from a bivariate independent Poisson distribution to
a bivariate Poisson distribution combined with a sort of copula. More precisely, for the “bad
news”, ”good news” and ”no news” scenario, we assume that:

• Bi marginally follows a Poisson distribution Fλ with parameter λ = λ−B, λ+B and λ0
B, respec-

tively;

• S i marginally follows a Poisson distribution Fλ with parameter λ = λ−S , λ+S and λ0
S , respec-

tively;

• the copula of (Bi, S i) is C−θ , C+θ and C0
θ , respectively.

See Figure 5 for a graphical illustration. The resulting joint distribution function is therefore

P {Bi ≤ b, S i ≤ s} =(1 − α)δC−θ
(
Fλ−B (b), Fλ−S (s)

)
+ (1 − α)(1 − δ)C+θ

(
Fλ+B (b), Fλ+S (s)

)

+ αC0
θ

(
Fλ0

B
(b), Fλ0

S
(s)
)
, (9)

in which Fλ denotes the Poisson distribution with parameter λ.

Figure 5: Structure of Proposed co-PIN Model

Note that the core concept of co-PIN is still the same as the original PIN model: the
distribution of the order flows is distinct under different information scenarios. However, the
original PIN model assumes that Bi and S i are independent, or equivalently follow an inde-
pendent copula, in each of the scenarios. The co-PIN, however, allows them to be dependent
through a copula and even allows the copula to have different forms and parameters under
different scenarios.

The proposed PIN model does require the user to choose a combination of copulas C−θ , C+θ
and C0

θ , which means that we need a way to “compare” different copulas in order to “select”
a suitable combination. As different copulas have different ranges of parameter θ, so directly
comparing θ across different copula functions is not suitable. Therefore, a common way for
the comparison across different copulas is through the association measure of Kendall’s tau,
which is defined as

τ(X1, X2) = 4
�

[0,1]2
C(u, v) dC(u, v) − 1. (10)

This measure will be used when we discuss the comparison between copulas in the later
sections.

2.4 Zero-Inflated Poisson Distribution

So far, we follow the majority PIN models which assume that the order flows to be marginally
Poisson distributed, under which the probability of no trade is determined by the Poisson
distribution. However, as our empirical studies in Section 4 show, in some data, especially
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for one of the small firms or with a short time span, the number of data points with no trade
is considerably larger than the number predicted by the Poisson distribution. In other words,
there exists data with considerably many no-trade data points such that a Poisson distribution
is not a suitable choice.

Therefore, we introduce the zero-inflated Poisson (ZIP), which is essentially a Poisson
distribution with its probability of zero being “inflated”. More precisely, the pmf of a ZIP is
given by

P {X = x} =

ϕ + (1 − ϕ)e−λ, x = 0,
(1 − ϕ) λxe−λ

x! , x ≥ 1,
(11)

where ϕ is the zero-inflated parameter. It is easy to see that ZIP is equal to a Poisson dis-
tribution with parameter λ if ϕ = 0. In addition, for any ϕ > 0, the ZIP will have a larger
probability P {X = 0} compared to the Poisson distribution with the same λ. For similar fi-
nancial applications regarding ZIP and copulas, see [15, 16].

By such, if we find a data with considerably many no-trade data points, we can replace the
Poisson distributions with ZIP. We will demonstrate the capability of this model in Section 4.

3 Estimation Algorithm

3.1 The ECM Algorithm

To apply the co-PIN to the real data, we will need a way to estimate the parameters through
the data. Traditionally, the classical PIN model has been treated as a mixture model, of which
the parameters are estimated through the Expectation-Maximization (EM) algorithm. See [4]
for details. Theoretically, we can treat the co-PIN as a mixture model and do the parame-
ter estimation through the EM algorithm as well. However, due to the fact that we need to
estimate both of the parameters for copula and marginals simultaneously, the corresponding
EM algorithm is much harder than the one for the original PIN. Therefore, we will use an
advanced EM algorithm specifically designed for a mixture model with copulas. More pre-
cisely, we will use the Expectation-Condition-Maximization (ECM) algorithm proposed by
[17] to fit the mixture model with copulas as in [18].

To understand the ECM algorithm, we first review how the classical EM algorithm han-
dles mixture models. Loosely speaking, the EM algorithm is a looping algorithm that repeats
an E-step and an M-step. We first have an initial guess on the parameter θ and use E-step
to compute the expected log-likelihood under θ. Then we get an updated θ by maximizing
the expected log-likelihood computed in the E-step, and then go back to the E-step with this
updated parameter. The EM algorithm repeats this procedure until the process converges, at
which it guarantees to obtain a local maximum for the likelihood function. See [19] for more
details.

The ECM basically follows the same structure as the EM algorithm: compute the expec-
tation in E-step, and then optimize the parameter in M-step. What’s different for ECM is that
the M-step of ECM is further divided into several CM-steps, with each CM-step only optimiz-
ing some parameters “conditioning” on the other given parameters. Note that, the M-step in
the EM algorithm requires optimizing “all” parameters simultaneously, while each CM-step
in the ECM algorithm only deals with “some” parameters. By such, the ECM greatly reduces
the computational complexity for likelihood functions with a large number of parameters.

To be more precise, consider a mixture model with m components and pdf

g(x; π, θ, γ) =
m

j=1

π jh j(x; θ j, γ j),

for π = (π1, · · · , πm), θ = (θ1, · · · , θm) and γ = (γ1, · · · , γm), where π j, θ j and γ j are the
parameters for the weight, the copula, and the marginals of the j-th component, respectively.
By such, given data (x1, · · · , xn), the corresponding likelihood function is

L(π, θ, γ, π) =
n

i=1

g(xi; π, θ, γ) =
n

i=1


m

j=1

π jh j(xi; θ j, γ j)

 . (12)

By such, given a guess of parameters (π(l), θ(l), γ(l)) at the beginning of the iteration, the ECM
updates the parameters through the following:

1. (E-step): Calculate w(l+1)
i j =

π(l)
j h j(xi; θ

(l)
j , γ

(l)
j )

m
j=1
π(l)

j h j(xi; θ
(l)
j , γ

(l)
j )

(i = 1, · · · , n, j = 1, · · · ,m)

2. (CM-step1, maximize w.r.t. π): Set π(l+1)
j =

1
n

n
i=1

w(l+1)
i j ( j = 1, · · · ,m)

3. (CM-step2, maximize w.r.t. γ) : γ(l+1) = arg max
γ

m
j=1

n
i=1

w(l+1)
i j log h j(xi; θ

(l)
j , γ j)

4. (CM-step3, maximize w.r.t. θ) : θ(l+1) = arg max
θ

m
j=1

n
i=1

w(l+1)
i j log h j(xi; θ j, γ

(l+1)
j )

See Appendix A for the pseudo-code of ECM.
We will therefore use this ECM algorithm to fit the parameters of our new PIN model. In

this case, for (12), m would be 3, γ would be all the λ’s for the Poisson distribution, and hj is
determined by (8) with Fi being the cdf of a Poisson random variable.

3.2 Simulation Studies

Before we apply empirical data, we will need to check whether the ECM algorithm performs
well in the circumstances we propose. More precisely, we need to check two things: first,
the ECM can help us identify the correct number of mixture components and their copula
combination (as the copula types for each of the mixture components are unknown before-
hand), and second, the ECM can help us estimate the parameters accurately. We will do these
through two different simulation studies provided below.

3.2.1 A Case of Normal Copulas

We first show that by combining ECM and Akaike information criterion (AIC), we can iden-
tify the correct number of mixture components, as well as the correct combination of the
copula across the mixture components. Here, we present one of the simulation results for
a mixture model with three components of normal copulas; results for different numbers of
mixture components and different copula combinations are generally the same.

For this simulation study, we first simulate data with 450 points. The data is gen-
erated from bivariate normal copula C(N)

θ with Poisson marginal Fλ(x). The first 150
points were generated from C(N)

−0.4(F8(x), F12(y)), next 150 points were generated from
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there exists data with considerably many no-trade data points such that a Poisson distribution
is not a suitable choice.
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estimate both of the parameters for copula and marginals simultaneously, the corresponding
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advanced EM algorithm specifically designed for a mixture model with copulas. More pre-
cisely, we will use the Expectation-Condition-Maximization (ECM) algorithm proposed by
[17] to fit the mixture model with copulas as in [18].

To understand the ECM algorithm, we first review how the classical EM algorithm han-
dles mixture models. Loosely speaking, the EM algorithm is a looping algorithm that repeats
an E-step and an M-step. We first have an initial guess on the parameter θ and use E-step
to compute the expected log-likelihood under θ. Then we get an updated θ by maximizing
the expected log-likelihood computed in the E-step, and then go back to the E-step with this
updated parameter. The EM algorithm repeats this procedure until the process converges, at
which it guarantees to obtain a local maximum for the likelihood function. See [19] for more
details.

The ECM basically follows the same structure as the EM algorithm: compute the expec-
tation in E-step, and then optimize the parameter in M-step. What’s different for ECM is that
the M-step of ECM is further divided into several CM-steps, with each CM-step only optimiz-
ing some parameters “conditioning” on the other given parameters. Note that, the M-step in
the EM algorithm requires optimizing “all” parameters simultaneously, while each CM-step
in the ECM algorithm only deals with “some” parameters. By such, the ECM greatly reduces
the computational complexity for likelihood functions with a large number of parameters.

To be more precise, consider a mixture model with m components and pdf

g(x; π, θ, γ) =
m

j=1

π jh j(x; θ j, γ j),

for π = (π1, · · · , πm), θ = (θ1, · · · , θm) and γ = (γ1, · · · , γm), where π j, θ j and γ j are the
parameters for the weight, the copula, and the marginals of the j-th component, respectively.
By such, given data (x1, · · · , xn), the corresponding likelihood function is

L(π, θ, γ, π) =
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i=1

g(xi; π, θ, γ) =
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i=1
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By such, given a guess of parameters (π(l), θ(l), γ(l)) at the beginning of the iteration, the ECM
updates the parameters through the following:

1. (E-step): Calculate w(l+1)
i j =

π(l)
j h j(xi; θ
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m
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4. (CM-step3, maximize w.r.t. θ) : θ(l+1) = arg max
θ

m
j=1

n
i=1

w(l+1)
i j log h j(xi; θ j, γ
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See Appendix A for the pseudo-code of ECM.
We will therefore use this ECM algorithm to fit the parameters of our new PIN model. In

this case, for (12), m would be 3, γ would be all the λ’s for the Poisson distribution, and hj is
determined by (8) with Fi being the cdf of a Poisson random variable.

3.2 Simulation Studies

Before we apply empirical data, we will need to check whether the ECM algorithm performs
well in the circumstances we propose. More precisely, we need to check two things: first,
the ECM can help us identify the correct number of mixture components and their copula
combination (as the copula types for each of the mixture components are unknown before-
hand), and second, the ECM can help us estimate the parameters accurately. We will do these
through two different simulation studies provided below.

3.2.1 A Case of Normal Copulas

We first show that by combining ECM and Akaike information criterion (AIC), we can iden-
tify the correct number of mixture components, as well as the correct combination of the
copula across the mixture components. Here, we present one of the simulation results for
a mixture model with three components of normal copulas; results for different numbers of
mixture components and different copula combinations are generally the same.

For this simulation study, we first simulate data with 450 points. The data is gen-
erated from bivariate normal copula C(N)

θ with Poisson marginal Fλ(x). The first 150
points were generated from C(N)

−0.4(F8(x), F12(y)), next 150 points were generated from
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Figure 6. Scatter plot of the
clustering result of the
NNN data. Left panel:
original data. Right panel:
clustering result of model 8
(3 clusters with Poisson
marginal and normal
copula). The different
groups are presented in
different colors.

C(N)
0.3 (F17(x), F19(y)), and the last 150 points were generated from C(N)

0.6 (F32(x), F30(y)). Here-
after, we will refer to this data as NNN data. The left panel in Figure 6 shows the scatter plot
of the NNN data.

After the simulation, we fit the data and do the parameter estimation through ECM under
various numbers of mixture components and different copula combinations. 1 Table 1 sum-
marizes the AIC computed when fitting various models with different copula combinations
to the simulated data; for detailed results of the model fitting and parameter estimations, see
Appendix B. From Table 1, we can observe that the independent models (model 7, 14, 18)
have the higher AIC values when we fix the number of clusters to fit, which means that the
independent model has the worst fits. Meanwhile, we also notice that no matter which cop-
ula combination was chosen, the marginal estimation result does not have much difference.
Moreover, if the model and the number of clusters are correct, the marginal parameters are
relatively close to the true parameters. This is also the reason why we first separate the data
based on one of the marginals in the fitting procedure. From the AIC value, we conclude that
model 8 is the best, and its model setting is the same as the data generation setting. This jus-
tifies the capability of ECM in conjunction with AIC to find the correct number of mixtures
as well as their copula combinations.

After the parameters are estimated, we can calculate the model marginal cdf using the
following model:

G(x;ψ, π) =
m∑

j=1

π jH(x; θ, γ) =
m∑

j=1

π jCθ j (F1 j(x1; γ1 j), · · · , Fp j(xp; γp j)) (13)

=⇒ G(xi;ψ, π) =
m∑

j=1

π jFi j(xi; γi j) i = 1, · · · , p. (14)

Figure 7 shows the empirical marginal cdf (black) and the model marginal cdf (red). The two
cdf lines look similar.

Model 8 correctly identifies not only the number of mixture components and their cop-
ulas but also the corresponding components for each of the data points. Figure 6 shows the
true clustering of the simulated data and the clustering based on Model 8.2 In general, the
clustering result has perfectly identified the 3 clusters in the NNN data.

To check whether Model 8 also obtains the marginal distribution right, we plot the em-
pirical marginal cdf and the model marginal cdf of each cluster. Figure 8 shows the result.

1For the initial value of the ECM, we use one of the marginal data, fit a one-dimensional Poisson mixture model
on this marginal, and use the estimated parameters as our initial parameters for ECM.

2Since cluster 2 has more overlap with other clusters, it has more points with incorrect labels.

Panel A. Models with Two Mixture Components
normal Gumbel Clayton

normal (1) 6009 (2) 6022 (3) 6058
Gumbel (4) 6012 (5) 6037
Clayton (6) 6084
All Independent: (7) 6189

Panel B. Models with Three Mixture Components
in which the first component is normal copula

normal Gumbel Clayton
normal (8) 5855 (9) 5858 (10) 5868

Gumbel (11) 5858 (12) 5869
Clayton (13) 5869
All Independent: (14) 5916

Panel C. Models with Four Mixture Components
in which the first two components are normal copulas

normal Gumbel Clayton
normal (15) 5863 (16) 5861 (17) 5859

All Independent: (18) 5922

Table 1: The fitting result for the simulation study

This table summarizes the AIC computed when fitting various models
to the simulated data in Section 3.2.1. The number in the brackets are
the model label, following by the computed AIC of that model. Each
panel corresponds to models with different numbers of mixture compo-
nents, while the rows and columns indicate the copula for the last two
components. For example, Model #12 in Panel B corresponds to the
model with three mixture components, of which the copulas are nor-
mal/Gumbel/Clayton respectively. For comparison, we also present the
AIC corresponds to the models with all components being independent
copulas. See Table 4 in Appendix B for more details.

Cluster 3 fits well. Note that there are more points of mislabeling in cluster 2, so the two cdf
lines have a slight difference.

To sum up, in this case study, the ECM in conjunction with AIC can identify the number
of mixture components, the corresponding copulas, the corresponding mixture components
for each data point, and the marginal distributions reasonably well.

Figure 7. Comparison of
the marginal cdf in NNN
data. Black real line:
empirical marginal cdf.
Red dash line: mixture
marginal cdf of model 8.
The empirical marginal cdf
line and the model marginal
cdf line look similar.
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ula combination was chosen, the marginal estimation result does not have much difference.
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Figure 8. cdf of the NNN
data in each group. Black
real line: empirical
marginal cdf. Red dash
line: marginal cdf of the
model 8.

3.2.2 Large scale experiment

To verify that the fitting method is reasonable in general, not just for a particular set-
ting, we repeatedly generate 1000 datasets with 500 two-dimensional data points with 2
clusters and then fit the models. We construct the data from specified marginals (Pois-
son) and copulas (normal, Gumbel, Clayton), then fit the simulation data using the pro-
cedure introduced in Section 3.2.1 with the same model setting. Finally, we use his-
togram to check the difference. Here we set the marginal parameter in the first cluster
from λ1B ∼ U(25, 75), λ1S ∼ U(25, 75), and marginal parameters in second cluster from
λ2B ∼ λ1B + U(−25, 25), λ2S ∼ λ2S + U(−25, 25). The ranges for the normal copula is
θ ∈ (−0.8, 0.8), and for the Gumbel and Clayton copula are θ ∈ (1.1, 10). The range of weight
is w ∈ (0.1, 0.9).

Figure 9 shows the histogram of the absolute difference of the parameters. We can observe
that the differences between the estimated parameters and the true parameters are small. A
few differences are relatively large due to very extreme combinations of copula parameters
and weights.

Figure 10, on the other hand, shows a scatter plot of error rates and distances between
two clusters in 1000 simulated datasets. Here the distances were defined by the parameters
Euclidean distance between two clusters. It can be observed that as the distance increases,
the classification performance improves. And even when the distance is relatively small, the
classification error rate is only about 30%. This is due to the distinct structure of the copula,
which provides additional information for clustering. Based on the simulation results, the
copula-based clustering via ECM algorithm is an effective method.

4 Empirical Studies

For the empirical data, we use the daily trading records of AAPL (large) and NTE (small)
stocks in 2008, which were collected every 5 minutes. There are 249 days in total. Since
there may be odd-lot trades outside of regular trading hours, we only use data within U.S.
stock market trading hours (9:30 a.m. to 4:00 p.m.), resulting in about 78 data points per day.
We will implement the proposed model in Section 2 on these two models, both with Poisson

Figure 9: Histogram of absolute error of parameters. The upper-left and upper-right show the
marginal absolute error. The bottom-left shows the weight absolute error. The bottom-right
shows the absolute error of the Kendall’s tau defined in (10).

Figure 10. Scatter plot of
classification error rate vs. cluster
distance. Each point represents a
dataset and the corresponding fitted
result. The blue line is the generalized
additive model (GAM) fit to these
points.

marginals as well as ZIP marginals proposed in Section 2.4. The parameter estimations, on
the other hand, are all executed through the ECM algorithm in Section 3.

4.1 Stock AAPL in 2008

4.1.1 Poisson marginal

First, we fit 3 clusters with Poisson marginal distribution and normal copulas. Figure 11a
shows the fitting result of the stock AAPL in 2008. Each point represents the (λB, λS ) of each
cluster, and all lines connect 3 points of the fit in one day. We noticed that the data points
are mostly concentrated on the 45-degree line. Intuitively, this suggests that when there is no
news in the market, the trading volume tends to be relatively low. And when there is news in
the market, whether it’s good news or bad news, trading volume tends to increase.
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Figure 8. cdf of the NNN
data in each group. Black
real line: empirical
marginal cdf. Red dash
line: marginal cdf of the
model 8.

3.2.2 Large scale experiment

To verify that the fitting method is reasonable in general, not just for a particular set-
ting, we repeatedly generate 1000 datasets with 500 two-dimensional data points with 2
clusters and then fit the models. We construct the data from specified marginals (Pois-
son) and copulas (normal, Gumbel, Clayton), then fit the simulation data using the pro-
cedure introduced in Section 3.2.1 with the same model setting. Finally, we use his-
togram to check the difference. Here we set the marginal parameter in the first cluster
from λ1B ∼ U(25, 75), λ1S ∼ U(25, 75), and marginal parameters in second cluster from
λ2B ∼ λ1B + U(−25, 25), λ2S ∼ λ2S + U(−25, 25). The ranges for the normal copula is
θ ∈ (−0.8, 0.8), and for the Gumbel and Clayton copula are θ ∈ (1.1, 10). The range of weight
is w ∈ (0.1, 0.9).

Figure 9 shows the histogram of the absolute difference of the parameters. We can observe
that the differences between the estimated parameters and the true parameters are small. A
few differences are relatively large due to very extreme combinations of copula parameters
and weights.

Figure 10, on the other hand, shows a scatter plot of error rates and distances between
two clusters in 1000 simulated datasets. Here the distances were defined by the parameters
Euclidean distance between two clusters. It can be observed that as the distance increases,
the classification performance improves. And even when the distance is relatively small, the
classification error rate is only about 30%. This is due to the distinct structure of the copula,
which provides additional information for clustering. Based on the simulation results, the
copula-based clustering via ECM algorithm is an effective method.

4 Empirical Studies

For the empirical data, we use the daily trading records of AAPL (large) and NTE (small)
stocks in 2008, which were collected every 5 minutes. There are 249 days in total. Since
there may be odd-lot trades outside of regular trading hours, we only use data within U.S.
stock market trading hours (9:30 a.m. to 4:00 p.m.), resulting in about 78 data points per day.
We will implement the proposed model in Section 2 on these two models, both with Poisson

Figure 9: Histogram of absolute error of parameters. The upper-left and upper-right show the
marginal absolute error. The bottom-left shows the weight absolute error. The bottom-right
shows the absolute error of the Kendall’s tau defined in (10).

Figure 10. Scatter plot of
classification error rate vs. cluster
distance. Each point represents a
dataset and the corresponding fitted
result. The blue line is the generalized
additive model (GAM) fit to these
points.

marginals as well as ZIP marginals proposed in Section 2.4. The parameter estimations, on
the other hand, are all executed through the ECM algorithm in Section 3.

4.1 Stock AAPL in 2008

4.1.1 Poisson marginal

First, we fit 3 clusters with Poisson marginal distribution and normal copulas. Figure 11a
shows the fitting result of the stock AAPL in 2008. Each point represents the (λB, λS ) of each
cluster, and all lines connect 3 points of the fit in one day. We noticed that the data points
are mostly concentrated on the 45-degree line. Intuitively, this suggests that when there is no
news in the market, the trading volume tends to be relatively low. And when there is news in
the market, whether it’s good news or bad news, trading volume tends to increase.
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(a) 3 Normal Copulas (b) 1 Gumbel + 2 Normal Copulas

Figure 11: Poisson rate of the AAPL stock in 2008 under different coupla combinations. All
lines connect 3 points of the fit in one day.

(a) 3 Normal Copulas

(b) 1 Gumbel + 2 Normal Copulas

Figure 12: Scatter plot of Kendall’s tau and the weights of the AAPL stock in 2008 under
different copula combinations. 3 clusters have a similar copula structure.

Next, we observe the relation between Kendall’s tau and the weights of each cluster from
the scatter plot (Figure 12a). We can see that the weights are not very different between the
3 clusters. Most of the Kendall’s tau values are between 0.5 and -0.5. Cluster 3 has a higher
correlation than the other clusters, but the weights are relatively low. In conclusion, the 3
clusters seem to have a similar copula structure.

Now we change the combination of copula settings, fitting 3 clusters with Poisson
marginal distribution and 1 Gumbel copula, 2 normal copulas. Figure 11b shows the Pois-
son rate of the fit. Compared to Figure 11a, we can see that there is not much difference
in the marginal parameters. Changing the copula combination does not affect the marginal
parameters.

Figure 12b shows the scatter plot of Kendall’s tau and the weights. We can observe that
for cluster 2 and cluster 3, Kendall’s tau values are similar to the 3 normal copulas setting.
However, Kendall’s tau values in cluster 1 are all positive, since Gumbel copula can only
describe the positive correlation.

(a) 3 Normal Copulas

(b) 1 Gumbel + 2 Normal Copulas

Figure 13: Histogram of zero-inflated parameters of the AAPL stock in 2008
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Next, we observe the relation between Kendall’s tau and the weights of each cluster from
the scatter plot (Figure 12a). We can see that the weights are not very different between the
3 clusters. Most of the Kendall’s tau values are between 0.5 and -0.5. Cluster 3 has a higher
correlation than the other clusters, but the weights are relatively low. In conclusion, the 3
clusters seem to have a similar copula structure.

Now we change the combination of copula settings, fitting 3 clusters with Poisson
marginal distribution and 1 Gumbel copula, 2 normal copulas. Figure 11b shows the Pois-
son rate of the fit. Compared to Figure 11a, we can see that there is not much difference
in the marginal parameters. Changing the copula combination does not affect the marginal
parameters.

Figure 12b shows the scatter plot of Kendall’s tau and the weights. We can observe that
for cluster 2 and cluster 3, Kendall’s tau values are similar to the 3 normal copulas setting.
However, Kendall’s tau values in cluster 1 are all positive, since Gumbel copula can only
describe the positive correlation.
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(b) 1 Gumbel + 2 Normal Copulas

Figure 13: Histogram of zero-inflated parameters of the AAPL stock in 2008
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4.1.2 Zero-inflated Poisson marginal

We then repeat the procedure with Poisson marginals replaced by zero-inflated Poisson
marginals. The resulting Poisson rate and Kendall’s tau are almost identical to the case with
Poisson marginals in Figures 11 and 12, and therefore are omitted.

The results on the zero-inflated parameter ϕ in (11), on the other hand, are presented
in Figure 13. Figure 13a shows the histogram of zero-inflated parameters (3 clusters with
normal copula), we observed that most of the zero-inflated parameters are zero. And Fig-
ure 13b shows the histogram of zero-inflated parameters (3 clusters with 1 Gumbel copula, 2
normal copula). We also observed that most of the zero-inflated parameters are 0, different
combinations of copula do not affect the zero-inflated parameters.

To compare the Poisson and zero-inflated Poisson, we select one day (2008/05/29) of the
stock AAPL and then check the estimated parameters, which were shown in Table 2. We can
see that the mean numbers of buys (governed by λB) and sells (governed by λS ) are the almost
same in three mixture components, and the zero-inflated parameters ϕB and ϕS are both close
to 0. Hence, zero-inflated Poisson didn’t improve the fitting for large firms. This can also be
verified by the AIC values.

Marginal Copula λB λS θ j τ j π j AIC

Poisson
normal 475.4278 490.2999 0.0908 0.0579 0.3889

5450.984normal 766.1322 790.2893 −0.0231 −0.0147 0.3761
normal 1310.7000 1172.6000 0.5074 0.3388 0.2351

ZIP
normal 472.1086 491.2782 0.2196 0.1409 0.4395

5526.589normal 782.1377 790.0577 −0.0580 −0.0369 0.4150
normal 1310.0882 1171.5819 0.5480 0.3692 0.1455

ϕB ϕS

ZIP
normal 0.0169 0.0739
normal 0.0000 0.0032
normal 0.0000 0.0000

Table 2: The fitting result of the stock AAPL (2008/05/29)

4.2 Stock NTE in 2008

So far, we have presented the capability of our model and algorithm through the stock AAPL,
which is a stock with relatively high liquidity. However, not all stocks have such large trading
volumes. Hence, we use stock NTE to see if the conclusion is the same for small firms.

4.2.1 Poisson marginal

Figure 14a shows the Poisson rates of the stock NTE in 2008, which was fitted with 3 clusters
of Poisson marginal distribution and normal copulas. We can also see that the data points
are mostly concentrated on the 45-degree line. However, since the transaction counts are
relatively small, most of the estimated rates are lower than 10.

Next, we observe the relation between Kendall’s tau and the weights of each cluster from
the scatter plot (Figure 15a). We can also see that the weights are not very different between
the 3 clusters. However, for the cluster with higher transaction rates (cluster 3), the weights
are lower than the other clusters, and Kendall’s tau value was greater than 0.5 or less than
-0.5, concluding that the data have a stronger correlation.

For the Poisson rates fit with 1 Gumbel copula and 2 normal copulas, the results are shown
in Figures 14b and 15b. Note the results are highly similar to the case with 3 normal copulas.

(a) 3 Normal Copulas (b) 1 Gumbel + 2 Normal Copulas

Figure 14: Poisson rate of the NTE stock in 2008 under different copula combinations. All
lines connect 3 points of the fit in one day.

(a) Poisson marginal

(b) Poisson marginal

Figure 15: Scatter plot of Kendall’s tau and the weights of the NTE stock in 2008 under
different copula combinations.
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marginals. The resulting Poisson rate and Kendall’s tau are almost identical to the case with
Poisson marginals in Figures 11 and 12, and therefore are omitted.

The results on the zero-inflated parameter ϕ in (11), on the other hand, are presented
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combinations of copula do not affect the zero-inflated parameters.
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stock AAPL and then check the estimated parameters, which were shown in Table 2. We can
see that the mean numbers of buys (governed by λB) and sells (governed by λS ) are the almost
same in three mixture components, and the zero-inflated parameters ϕB and ϕS are both close
to 0. Hence, zero-inflated Poisson didn’t improve the fitting for large firms. This can also be
verified by the AIC values.

Marginal Copula λB λS θ j τ j π j AIC

Poisson
normal 475.4278 490.2999 0.0908 0.0579 0.3889

5450.984normal 766.1322 790.2893 −0.0231 −0.0147 0.3761
normal 1310.7000 1172.6000 0.5074 0.3388 0.2351
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normal 472.1086 491.2782 0.2196 0.1409 0.4395

5526.589normal 782.1377 790.0577 −0.0580 −0.0369 0.4150
normal 1310.0882 1171.5819 0.5480 0.3692 0.1455

ϕB ϕS

ZIP
normal 0.0169 0.0739
normal 0.0000 0.0032
normal 0.0000 0.0000

Table 2: The fitting result of the stock AAPL (2008/05/29)

4.2 Stock NTE in 2008

So far, we have presented the capability of our model and algorithm through the stock AAPL,
which is a stock with relatively high liquidity. However, not all stocks have such large trading
volumes. Hence, we use stock NTE to see if the conclusion is the same for small firms.

4.2.1 Poisson marginal

Figure 14a shows the Poisson rates of the stock NTE in 2008, which was fitted with 3 clusters
of Poisson marginal distribution and normal copulas. We can also see that the data points
are mostly concentrated on the 45-degree line. However, since the transaction counts are
relatively small, most of the estimated rates are lower than 10.

Next, we observe the relation between Kendall’s tau and the weights of each cluster from
the scatter plot (Figure 15a). We can also see that the weights are not very different between
the 3 clusters. However, for the cluster with higher transaction rates (cluster 3), the weights
are lower than the other clusters, and Kendall’s tau value was greater than 0.5 or less than
-0.5, concluding that the data have a stronger correlation.

For the Poisson rates fit with 1 Gumbel copula and 2 normal copulas, the results are shown
in Figures 14b and 15b. Note the results are highly similar to the case with 3 normal copulas.

(a) 3 Normal Copulas (b) 1 Gumbel + 2 Normal Copulas

Figure 14: Poisson rate of the NTE stock in 2008 under different copula combinations. All
lines connect 3 points of the fit in one day.

(a) Poisson marginal

(b) Poisson marginal

Figure 15: Scatter plot of Kendall’s tau and the weights of the NTE stock in 2008 under
different copula combinations.
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(a) 3 normal

(b) 1 Gumbel, 2 normal

Figure 16: Histogram of zero-inflated parameters of the NTE stock in 2008.

4.2.2 Zero-inflated Poisson marginal

As discussed in Section 2.4, the ill-fit of the model with Poisson marginals is mainly due to
the fact of a large amount of no trades in the data. In order to overcome the fact that most
of the data are concentrated at 0, leading to under-estimate the transaction rates, we fit the
stock NTE in 2008 with zero-inflated Poisson marginal introduced in Section 2.4 instead.
Similar to the case of AAPL in Section 4.1.2, the results in Poisson rate and Kendell’s tau are
highly similar to the Poisson marginal cases presented in Figures 14 and 15, and therefore are
omitted. However, for the zero-inflated parameter ϕ in (11), Figure 16 shows that there are
some zero-inflated parameters greater than 0.1, proving that there are more zeros in the data
than expected by the models with Poisson marginals. To demonstrate that the zero-inflated
Poisson has a better fit, we select one day (2008/05/29) of the stock NTE and then check the
cluster result and the marginal cdf. The estimated parameters are shown in Table 3.

Marginal Copula λB λS θ j τ j π j AIC

Poisson
normal 1.9244 1.6620 −0.1563 −0.0999 0.5250

925.6160normal 5.9193 12.3169 0.0196 0.0125 0.2777
normal 12.8452 4.2603 −0.0846 −0.0540 0.1973

ZIP
normal 2.5152 3.4065 0.0623 0.0397 0.5315

883.4752normal 7.9531 13.7816 −0.2545 −0.1638 0.2346
normal 12.8518 3.7130 −0.1769 −0.1132 0.2339

ϕB ϕS

ZIP
normal 0.0607 0.3849
normal 0.0690 0.0010
normal 0.2777 0.0353

Table 3: The fitting result of the stock NTE (2008/05/29)

Figure 17 shows the different clustering results. The left panel is the result of the Poisson
marginal, and the right panel is the result of the zero-inflated Poisson marginal. We can
see that for zero-inflated Poisson marginal, some zeros have been clustered into cluster 3,
indicating that some traders tend not to trade when the market has news.

It is worth noticing that in Table 3, the third normal component has the highest λB, but
also the highest ϕB among all three mixture components. This means that, for the good news
state, the probability of no buy (governed by ϕB) increases, but given there is a buy, the
mean number of buys (governed by λB) also increases. On the other hand, the second normal
component has the highest λS , but not the lowest ϕS . In other words, for the bad news state,
the probability of no sell is the smallest, and the mean number of sells is the largest. This
observation is different from the common belief that [1] and others have assumed, and the
asymmetric phenomenon might have some relationship with the perspective theory, under
which people have asymmetric behavior under good and bad news.

(a) Poisson marginal (b) Zero-inflated Poisson marginal

Figure 17: Clustering result of the stock NTE in 2008/05/29 (3 normal)
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(a) 3 normal

(b) 1 Gumbel, 2 normal

Figure 16: Histogram of zero-inflated parameters of the NTE stock in 2008.
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highly similar to the Poisson marginal cases presented in Figures 14 and 15, and therefore are
omitted. However, for the zero-inflated parameter ϕ in (11), Figure 16 shows that there are
some zero-inflated parameters greater than 0.1, proving that there are more zeros in the data
than expected by the models with Poisson marginals. To demonstrate that the zero-inflated
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Table 3: The fitting result of the stock NTE (2008/05/29)

Figure 17 shows the different clustering results. The left panel is the result of the Poisson
marginal, and the right panel is the result of the zero-inflated Poisson marginal. We can
see that for zero-inflated Poisson marginal, some zeros have been clustered into cluster 3,
indicating that some traders tend not to trade when the market has news.

It is worth noticing that in Table 3, the third normal component has the highest λB, but
also the highest ϕB among all three mixture components. This means that, for the good news
state, the probability of no buy (governed by ϕB) increases, but given there is a buy, the
mean number of buys (governed by λB) also increases. On the other hand, the second normal
component has the highest λS , but not the lowest ϕS . In other words, for the bad news state,
the probability of no sell is the smallest, and the mean number of sells is the largest. This
observation is different from the common belief that [1] and others have assumed, and the
asymmetric phenomenon might have some relationship with the perspective theory, under
which people have asymmetric behavior under good and bad news.

(a) Poisson marginal (b) Zero-inflated Poisson marginal

Figure 17: Clustering result of the stock NTE in 2008/05/29 (3 normal)
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Figure 18: Marginal cdf of the NTE stock in 2008/05/29 (Poisson, 3 normal)

Figure 19: Marginal cdf of the NTE stock in 2008/05/29 (ZIP, 3 normal)

Finally, we check the marginal cdf. Figure 18 shows the mixture marginal cdf of the
Poisson. We observe that the fitted and empirical cdfs have a relatively large difference
near x = 0, which is because there are more zeros in the data than expected by a Poisson
distribution. And we observe in Figure 19 that the mixture marginal cdf of zero-inflated
Poisson overcomes this bias.

We can also check the marginal cdf in each cluster. Figure 20 shows the marginal cdf of
the Poisson marginal in each cluster. We find that the marginal fits have a difference close
to 0 with the empirical cdf in cluster 1. And for clusters 2 and 3, there are no zeros in these
clusters. However, in Figure 21, which shows the marginal cdf of the zero-inflated Poisson in
each cluster, the fitted cdf appears to have a better fit than the Poisson marginal. In addition,
there are some zeros in cluster 3, which also tells us that some traders tend not to trade even
when there is news in the market.

Figure 20: Marginal cdf of each cluster of the NTE stock in 2008/05/29 (Poisson, 3 normal)

Figure 21: Marginal cdf of each cluster of the NTE stock in 2008/05/29 (ZIP, 3 normal)

5 Conclusion

In our paper, we have proposed a method to evaluate the PIN model with the correlation
structure by using the copula function and the ECM algorithm. From the simulation result
in Section 3.2, we can conclude that the ECM algorithm is effective and reliable. From the
real data analysis, we observed that there is a correlation in the PIN model, proving that
the independent assumption was too strict. Moreover, no matter what copula combination is
used, the marginal fitting result does not have much difference.

From Section 4.1 we observe that for a large company, no matter which marginal distri-
bution to use, the fitting result is not much different. Therefore, we only need to determine
which combination of copula functions to use. Another observation from Section 4.2 is that
as the frequency of counts increases, the correlation also tends to increase. Note that for the
stocks with relatively small counts, negative correlation may occur, making the selection of
an appropriate copula model an important issue.

In future work, we aim to modify the code to fit the rotate copula and find a suitable
method to obtain initial parameters. From the empirical studies results, the issue of misspec-
ification in the mixture copula model is also an interesting topic for further research.
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In our paper, we have proposed a method to evaluate the PIN model with the correlation
structure by using the copula function and the ECM algorithm. From the simulation result
in Section 3.2, we can conclude that the ECM algorithm is effective and reliable. From the
real data analysis, we observed that there is a correlation in the PIN model, proving that
the independent assumption was too strict. Moreover, no matter what copula combination is
used, the marginal fitting result does not have much difference.

From Section 4.1 we observe that for a large company, no matter which marginal distri-
bution to use, the fitting result is not much different. Therefore, we only need to determine
which combination of copula functions to use. Another observation from Section 4.2 is that
as the frequency of counts increases, the correlation also tends to increase. Note that for the
stocks with relatively small counts, negative correlation may occur, making the selection of
an appropriate copula model an important issue.

In future work, we aim to modify the code to fit the rotate copula and find a suitable
method to obtain initial parameters. From the empirical studies results, the issue of misspec-
ification in the mixture copula model is also an interesting topic for further research.
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Appendix

A Pseudo-code for ECM Algorithm

The ECM algorithm is presented in Section 3. For readers interested in coding this algorithm,
please see the following pseudo-code.

Algorithm 1 Pseudo-code for copula-based clustering via ECM algorithm

function coECM(x, γ, θ, π, ε)
γ(0)

j ← γ j; θ
(0)
j ← θ j; ψ

(0)
j ← (γ(0)

j , θ
(0)
j ); π(0)

j ← π j; l← 0 ▷ Initial parameters
while True do

w(l+1)
i j ←

π(l)
j h j(xi;ψ

(l)
j )

m∑
j=1
π(l)

j h j(xi;ψ
(l)
j )

(i = 1, · · · , n, j = 1, · · · ,m) ▷ E-Step

π(l+1)
j ←

n∑
i=1

w(l+1)
i j /n ▷ CM-Step1: update weight

for j = 1 to m do ▷ CM-Step2: update marginal parameters

γ(l+1)
j ← arg max

Γ j
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i j log h j(xi; θ

(l)
j , γ j)
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for j = 1 to m do ▷ CM-Step3: update copula parameters
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j ); l← l + 1
end while

end function

B Detailed Results for Simulation Studies

Table 4 presents the detailed results of model fitting in Section 3.2.1, in which Model 1
through model 7 are fitted with 2 clusters, model 8 through model 14 are fitted with 3 clusters,
and model 15 through model 18 are fitted with 4 clusters.
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Model Copula λx λy θ j τ j π j AIC

True
normal 8 12 −0.4 −0.2619 0.333

-normal 17 19 0.3 0.1939 0.333
normal 32 30 0.6 0.4096 0.333

1 normal 10.1223 14.0114 0.1879 0.1203 0.5156 6008.637normal 29.0878 27.9923 0.6242 0.4291 0.4844
2 normal 10.1830 14.0045 0.1893 0.1213 0.5188 6022.347Gumbel 29.1556 27.8980 1.6590 0.3972 0.4812
3 normal 10.5814 14.4619 0.2559 0.1648 0.5469 6057.732Clayton 30.3954 28.8821 0.9658 0.3257 0.4531

4 Gumbel 10.1492 14.0151 1.1550 0.1342 0.5245 6012.114Gumbel 29.2956 27.9583 1.6698 0.4011 0.4755
5 Gumbel 10.3507 14.4271 1.2114 0.1745 0.5474 6037.019Clayton 30.5241 28.7020 1.0485 0.3439 0.4526
6 Clayton 10.1273 14.0352 0.0187 0.0092 0.5165 6084.490Clayton 29.6483 28.6612 0.8515 0.2986 0.4835
7 indep. 10.5578 14.1797 NA 0 0.5420 6189.083indep. 29.6430 28.5575 NA 0 0.4580

8
normal 8.2238 12.4010 −0.3765 −0.2457 0.3641

5855.479normal 17.3862 19.2626 0.1838 0.1177 0.2767
normal 32.0187 30.4074 0.5985 0.4085 0.3592

9
normal 8.2271 12.4065 −0.3745 −0.2443 0.3647

5858.008normal 17.5481 19.3168 0.1972 0.1264 0.2836
Gumbel 32.2825 30.6532 1.6180 0.3819 0.3517

10
normal 8.2465 12.4083 −0.3700 −0.2413 0.3664

5868.304normal 17.5760 19.4678 0.1913 0.1225 0.2798
Clayton 32.2950 30.4486 1.0951 0.3538 0.3539

11
normal 8.2580 12.4140 −0.3672 −0.2393 0.3683

5858.247Gumbel 17.7265 19.4556 1.1354 0.1193 0.2821
Gumbel 32.3173 30.6598 1.6162 0.3813 0.3496

12
normal 8.2787 12.4144 −0.3627 −0.2363 0.3699

5868.690Gumbel 17.6962 19.6300 1.1259 0.1118 0.2780
Clayton 32.3474 30.4274 1.0899 0.3527 0.3522

13
normal 8.3976 12.4765 −0.3092 −0.2001 0.3783

5868.935Clayton 17.7777 19.6418 0.1634 0.0755 0.2679
Clayton 32.2777 30.4718 1.1023 0.3553 0.3538

14
indep. 8.6049 12.6481 NA 0 0.3972

5916.117indep. 18.6791 20.0633 NA 0 0.2747
indep. 32.7723 31.1807 NA 0 0.3280

15
normal 8.2235 12.4009 −0.3766 −0.2458 0.3641

5863.480normal 17.3780 19.2650 0.1821 0.1165 0.1384
normal 32.0171 30.4076 0.5985 0.4085 0.3592
normal 17.3941 19.2575 0.1857 0.1189 0.1383

16
normal 8.2169 12.3859 −0.3807 −0.2486 0.3620

5861.210normal 16.4980 19.6859 0.2162 0.1387 0.2107
normal 32.2636 30.7156 0.5801 0.3940 0.3429
Gumbel 21.1989 18.9677 1.9877 0.0843 0.0843

17
normal 8.2111 12.3842 −0.3834 −0.2505 0.3612

5859.368normal 16.9891 19.3886 0.2471 0.1590 0.2637
normal 32.0974 30.7751 0.6289 0.4330 0.3420
Clayton 26.4356 19.8333 4.4410 0.6895 0.0331

18
indep. 8.6048 12.6483 NA 0 0.3972

5922.117indep. 18.6793 20.0634 NA 0 0.1374
indep. 32.7718 31.1811 NA 0 0.3280
indep. 18.6793 20.0634 NA 0 0.1374

Table 4: The fitting results of NNN data
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