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Mathematical model for pulsed chemotherapy

Ahmed Lakmeche?®, Mohamed Helal®, and Abdelkader Lakmeche®

Laboratory of Biomathematics, Univ. Sidi Bel Abbes, PB. 89, Sidi Bel Abbes 22000, Algeria

Abstract. A pulsed chemotherapeutic treatment model is investigated in this work. We
prove the existence of nontrivial periodic solutions by the mean of Lyapunov-Schmidt
bifurcation method of a cancer model. In this model we consider the case of application of
two drugs, the first one P with continuous effect, it appears in the differential equations, and
the second one T with instantaneous effects expressed by impulse equations. The existence
of bifurcated nontrivial periodic solutions are discussed with respect to the competition
parameter values.

1. Introduction

In this work a mathematical model for cancer chemotherapy is studied by considering interactions
between tumor and normal cells. This model consists of three nonlinear ordinary differential equations
describing the dynamic of the cancer under the continuous effect of a drug P, and three discrete equations
describing the instantaneous effects of a drug T on the different types of cancerous cells, it is called
pulsed-therapy. When the drug P is used, a fraction of normal and sensitive cells are killed, the effect
of P is expressed by the rates p; and p» in the differential equations describing the dynamics of normal
and sensitive cells. The drug T has an instantaneous effect described by impulse effects on all kinds of
cells. The model studied in this work is a generalization of those considered in [1, 5-7] and [10], where
only one drug with impulse effects is considered. We use similar approach to that used in [7] to find
conditions of stability of trivial solution and bifurcation of nontrivial periodic solutions corresponding
to eradication of the tumor and its persistence, respectively. Some recent works have considered models
similar to our model, see for instance [3, 5, 8] and [11].

Our work is organized as follow, in the next two sections we define variables and parameters of the
model and the approach of fixed point. In section four we study the stability of trivial solution and the
bifurcation of periodic nontrivial solutions. In the last section we give some concluding remarks.
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2. The model

The model studied in this work is the following

() =rx; (1—[)6(—1—11(3624-363)) — pix1, (D
1
. X2 +x3
Xo(t) = 1rax2 (1 - o Ao (x1 + X3)) —mxy; — prXa, (2)
. X2 +x3
X13(1) = r3x;3 (1 - — A3(xy + xz)) + mxa, 3)
3
x1(th) = Tixi (), 4
x2(t7) = (I — R)xa(ty), (5)
x3(t;") = Tsxs(t;) + Rxa(ty), (6)

where ;1) —t; =1 > 0,Vi € N, and for j = 1,3, T ', R are positive constants.
The variables and parameters are
7: period between two successive T drug treatment,
x;: normal (resp. sensitive tumor and resistant tumor) cell biomass for j =1 (resp. 2,3),
r;: growth rate of the normal (resp. sensitive tumor and resistant tumor) cells for j = 1 (resp. 2,3),
kj: carrying capacity of the normal (resp. sensitive tumor and resistant tumor) cells for j =1
(resp. 2,3),
/.j: competitive parameter of the normal (resp. sensitive tumor and resistant tumor) cells for j =1
(resp. 2,3),
T;: survival fraction of the normal (resp. sensitive tumor and resistant tumor) cells for j = 1 (resp. 2,3),
their values are completely determined by the quantity of injected T drug dose,
R: fraction of cells mutating due to the dose of the T drug which is less than 75,
m: acquired resistance parameter usually it is very small (see [9]),
p1 (resp. pp): death rate fraction of the normal (resp. sensitive tumor) cells, due to the drug P which is
less than 7 (resp. r, — m).

3. The fixed point approach

We study bifurcation of nontrivial periodic solution, which occurs at e, = 0 # ij or e # 0 = i;,. To this
purpose, we shall employ a fixed point argument.

Let ®(z, Xy) = (O(¢, Xp), D2(t, Xo), D3(¢, Xo)) the solution of the system (1)—(3) for the initial
condition Xy = {(0,0,0). We assume that the flow ® applies up to time 7. So, £(7) = ®(z, Xj). Then,
within a very small time interval starting at time 7, we assume that the treatment T is administered and
kills instantaneously a fraction of the population.

We denote by © : R? — R and F : R? — R3 the maps defined by

O(x1,x2,x3) = (O1(x1, X2, x3), O2(x1, x2,%3), O3(x1, X2, X3))
= (T'x1,(I2 — R)x3, T3x3 + Rxy),

F(x1,x2,x3) = (F1(x1,x2,X3), F2(x1, X2, x3), F3(x1, X2, X3)),
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X1
Fi(x1,x2,x3) = 11X (1 X A1(x2 +x3)) — P1X1,
1

X2 + X3

F(x1,X%2,X3) = 12X (1 - — Ja(x1 +X3)> —mxy — paxa

and

X2 + X3

F3(x1,x2,Xx3) = 13X3 (1 - — 23(x; +x2)) + mxs.

Let the operator be ¥ : R?* — R3 defined by
W(r, Xo) = (Wi(t, Xo), Y2(1, Xp), ¥3(1, Xo)) = O(D(z, Xp)).

The term &(tT) denotes the state of the population after the use of T treatment, (1) is determined in
terms of &(t) according to Egs. (4)—(6). We have &(11) = O(&(1)) = O(D(t, Xp)).

We reduce the problem of finding a periodic solution of (1)—(6) to a fixed point problem. Then
& = d(., Xp) is a t-periodic solution of (1)—(6) if and only if its initial condition Xj is a fixed point for
Y = Y(, Xo).

A fixed point X, of W(z,.) is the initial state of (1)—(6) which gives a t-periodic solution & verifying
£(0) = Xj. Consequently, to establish the existence of nontrivial periodic solutions of (1)—(6), we need
to prove the existence of nontrivial fixed points of ¥ by the mean of bifurcation analysis.

When the cancer cells are eradicated (x, = x3 = 0), then Eqgs. (1)—(6) are reduced to the subsystem

X1(4) = rixy <1—£—)—p1x1, 0 <t <1, @)
K
x1(t5) = Tixi(4) (®)

where 1o € R, and t; = itg, i € N*.

()

Theorem 3.1: [f the condition 1y > s
exponentially stable.

is satisfied, then the trivial periodic solution x; of (7)—(8) is

Proof: 1t’s easy to show that (7)—(8) has a ty-periodic solution x(z, xg) = x,(¢), where
ki (FE(T) — exp(—(r1 — pi)to)) exp((r1 — pi)t)
exp((ry — pO(T — exp(—(r1 — p)wo) + (1 — Ty)’

ki(ri—p)(T1 —exp(=(r1—pD)T0)) |
ri(1=exp(=(r1—p1)70))

The solution given by (9) is defined and stable in the one dimensional space if 77 > exp(—(r; — p1)7o)-

That is
1
In (Tl)

(r1 — p1) .

xs(t) = 0<t <1, ©)

with xg =

70 > (10)
O

The function { = (xy, 0, 0) is a periodic solution of (1)-(6), it’s called a trivial periodic solution and its
initial condition {y, = {(0) = (x4(0),0,0) = (x0, 0, 0) is a fixed point of ¥(., Xp).
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3.1 Stability of the trivial fixed point

We have the following results.

Theorem 3.2: The trivial periodic solution { of (1)—(6) is exponentially stable if and only if

r/p Ky

T,<T, ' +R&,

r3/3Ky
T3 < Tl g
and
ryin Ky 1 sk l
ln(%) . ln<T1 ! (T2—R)) ln(T1 ! T; )
_ < To < mmn Jakipy ’ 7 A3k pi
L= P ra(l = ok + 2 — py —m r([1 = Jaky + 208

oD
Proof: We have DxW¥(ty, X) = DxO(D(z, X))ﬁ(ro, X)), then for {y = (x¢,0,0) we obtain

DyxW(ty, lp) = Dx®(®(19, (o)) 53 (10, o)

001 (P(0,{0)) 0P;(70,{0) 0O (P(70,{0)) IPi(z0,{0) IO1(P(70,{0)) OP1(x0,0)

0x; 0xy 0xy 0xy oxy 0x3
= 0 002(D(10,0)) 0DP(70,L0) 0
(7)62 8):2 .
0 % 003 (P(10,40)) 0P3(10,{0)
6){3 (’,A'X3

where

_ 003(D(1, {p)) 0Da(10, o) | 0O3(P(to, {o)) IP3(T0, L0)
* = + s
8x2 a)Q 6x3 é’xz

0D (o, (o) — o =P p-2
axl b
i rigk
0D2(10,80) (1 prmyr, 2O 2
—— = e I T, ,
8x2

gk —pprg - 3%3K1
03 (0, Lo) _ R

6)(3

R i3k
_r3/,3k1(rl—p1)m __ 343K

005(to, Xo)  me'*e I r, " /TO er=P=mu [ (yy)

_ (rag=r3A3)ky et I3(u)

du,
0x2 (1 — e—(n —PI)TO) r

—(r—p1) -2 _ _ o~ (rn=p1)
e
0

ik
Oz (1 — e—(rl—pl)‘co)z_ r? :
mikie TP (py — Ty, — e (i=pIT) %0 s pn=pr—myu
- = ( : pl)( 1 rfoky ) er3313(s) / r3u 2( —)du dS,
T2 (1 _e—<r1—plm)2— " 0 e’ I3(u)
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6<D1(ro,X0) _ ,{le*(rlfpl)fokl(rl _ pl)(Tl _ e*(rlfpl)ro) T0

_ sk

e L(u)du,
0x3 le (1 — e*("l*ﬁ])fn)2 B 0

_ndoky

L(s) = (e(rl_pl)s(Tl _ e—(Vl—Pl)To) +1-— Tl)l N

and

1 13%3k1

L(s) = (e(rl_pl)S(Tl _ e—(VJ—Pl)To) I - Tl) |

The solution { is exponentially stable if and only if the spectral radius of Dx¥(z, (o) is less than one,

that is
In (Til)
10 > ——2, (11)
rn— pi
[ (1_’:2I‘](’I*l7]))_ —mlt _ ik
(T, — Rye™ —— n 7w < (12)
and
I3ki(ri=pp) L
Tyelt= A T (13)
In view of the fact that 1, K; < 1 and 3K < 1 (see [10]), we have
i K
L<T;" +R (14)
and
323K}
Ts<T, " . (15)
Then ( is stable as an equilibrium for the full system (1)—(6) if and only if
1Ky ' 343K, .
o _ R
ln(Ti) . ln<Tl (I — R) ) ln(T1 T; )
—1 < 19 < min P s Py
= pi (= lok +222) = pp—m (1 = Jsky + =75
O

4. Critical cases

In this section, we are interested in the bifurcation of nontrivial periodic solutions from { = (xg, 0, 0).
To find a nontrivial periodic solution of period t with initial condition X, we need to solve the fixed
point problem

X =¥z, X). (16)
Let T and X such that 1 = 7o + 7 and X = X, + X. The Eq. (16) is equivalent to
Mz, X) =0, (17)

where M(z, X) = (My(T, X), Ma(%, X), M3(T, X)) = Xo + X — (10 + 7, Xo + X).
Since ( is a trivial 7o-periodic solution of (1)—(6), then it is associated to the trivial fixed point {, of
\P(‘Eo, )
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Let
aq by <o
DyM(©,0)=| 0 ¢ 0 |, (18)
0 hy il
where
ay=1—e o=t

/llkle*(rlfpl)‘roTl—l(rl _ pl)(Tl _ e*(h*pl)‘fo) 70

/ ro—pr—mu
by CYT 2P L (1) du
(1 — e*(rlfpl)fo) T 0
m)vlkle—(rl—Pl)T() Tl_l(’”l — (T — e—(rl—Pl)TO) 0 . s e(rz—pz—m)u]z(u)
+ L) (| e du ) ds,
(1 — e*(”lfpl)fn)27 B 0 0 et I3(u)
o — -1 (i —
. e (r pl)foT1 ky(ry — pi)(T) — e pow0Y) 70 ru
Ccy = Sk e 13(u)du,
(1 — e_(rl_l’])TO) T 0
/ [ra—m—palt *rzjizk' _ ikt
ey=1—(T» — R)e” plor e "1 s
) e 7r3/’.?k1 _,3;,3,(](,1_1,])10
ih=1—T3e""T, " e "I
0 3 1 bl
and .
323k (rp = pp) _ 1334
[ ] -2 ke mene T " W0 2= p2=m ) (1)
I r—m—p]to r T T
hO Re T, € T3 ~ (raig 133k e (1)
1 — e~ (n—pno 1

A necessary condition for the bifurcation of nontrivial zeros of the function M is that the determinant
of DyM(0,(0,0,0)) is equal to zero, i.e. a;.ej.iy = 0. From stability of x; we have (10), i.e. aj # 0,
it follows that e;.i, = 0.

We have e = 0 for

raioky
. W[(L-R)'T "] (19)
To = o —m — _ nkkin—=pi)
2 —m—p 5
and i = 0 for

| raaky

[T 7, "]
To = 3 — rakii—p) (20)

I

It remains to find sufficient conditions to obtain bifurcation.
‘We have the following results.

Theorem 4.1: If conditions (11), (12), (14), (15) and (19) hold, then there exists €y > 0, such that for
all |1;| < €, the problem (1)—(6) has a nontrivial periodic solutions.
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More specifically, there exists [ >0, such that for all 0<o<f,, we have a
bifurcation of  nontrivial (10 + T(a))-periodic solution with initial condition

' h b, _ h! _
(xo + (ﬁ - ;Z) o+ 21 (E(), 0), 0, — 2ot + 23(2(), oc)) where
/ ! VEYS 5 roink
cohy — by _nikemp) 220
Q@ﬁ=—%B—R%£JT%Q>bWﬁﬂTM% o
anl
0°0

0 (11— piu _ o—(r=p1o _ -2
x/ Sri—p <e mPON(T — e VR + 1 Tl) du
0 1 — e (n—pro

_nighe—pp o —22K (e — p )T} — e (P
—2Mki(T> — R)/Izrze(rz_PZ—m)roe " 0 T, 1 ( pi)( )

_radgky

(1 — g—(rl—Pl)TU) r

T0 u
% / e(rlﬁm)u (e(rl *Pl)u(Tl _ e*(”l*!’l)fo) 41— T])_z (/ e(r2p2m)slz(s)ds> du
0 0

2 _nikeip) - ik

2
+(T2—R)kLe(’2’P2””)’°e Tl
2

_nkk

T0 (ri—pu _ o~ (n=pt _ v
x/ yrmwm<e"<ﬂ e"rp) 4 | ﬂ) "
0

1 —e(n—pPwo

27"2 R __radokyri=pp) —'2:—2](1
+2(I2 — R) (k_2 + Vzﬂz) e T
W me” (e P (Ty — e 1mPIW) 4] — T )_% " glr—=pr=—mu |
1—¢€ ! e 2(u)
x ook Tdu dr
0 (1= e~i=pym) ™7 0 e I3(u)
h/ _radgky(ry—py) 7%72]‘1 k 7’ — T — e*(’lfpl)‘fo
+22(1 — R),—,O/lzrze(rrprm)me il TUTI i = p)( ik )
fo (1 — e*(rlfpl)‘fo)zi I

0 (ri—por — o~ (rn—=po _ -2 r
X eri—por ¢ (Ti—e )+1-T e L(uydu | dr
0 1 — (=P 0

hl, (2r ik (r1=py) — nfaky
0 2 (ra—pa—m)ty ,— = To n
N +ml)e e 1 T,

—2(1, — R
(I )0 I

r3isky

L en=pu(T, _ o=(n=p)w +1-7\ n
» / o ( (Th ) | du,
0

1 — e—(i—pwo

rolnky(ry—p _ ik
__radoky(r II)TO

By(J2) = —(To — R)(ry — po — m)e> P2 W0e™ " a0 0

radok r— T) — e~ n—r®w _ndgkoy—pp 12228
L (r — p(Th ) R T ]
r 1 — e~ (n—pm
ki(1 = Ty)(ry — pi)2e” 1= P0% (o oy~ 220 ¢ =220
+(T2 — R) Jorpe TP, n T, "

r

T
% / ! e(rl—Pl)u (e(rl—Pl)u(Tl _ e—("l—Pl)To) I - T1)72 du
0
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o G)
ﬂa)—'—sziﬁa'%OWL
_ _ 2 ,—(ri—p1)to
21 (T(0). o) = k(1 —T)(ry — pr)e "7 “ 4 o)

71 (1 — e_(rl_Pl)'L'())2

and z3(T(a), o) = o(a).

Proof: From the condition of the theorem we have dimker(DyM(0,(0,0,0))) =1 and span
{Yo} = ker(DxM(0,(0,0,0))). Then (17) gives

M(z,aYy + Z) =0,

MZ(’E’ OCY() + Z) = 03 (21)
M5(T, 0¥y + Z) =0,

where Yy = (—” % ,—’?—f)), Z = (21,0,23), (0,21, 23) € R¥and X = 0¥, @ Z.
0%0 0

)
From the first and last equations of (21), we see that

JM,(0,(0,0,0)) 0M,(0,(0,0,0)) o &
0z 0z3 _ 0 €0 oz
det < IM50.000) IM0.0.0.0) ) = det (O i, ) = dp.ip # 0.

0z; 0z3

Therefore, by the implicit function theorem we can solve the equations M,(7,aYy+ Z) =0 and
M;5(T,0Yy + Z) = 0 near (0, 0, 0) with respect to Z as a function of T and «, and find Z = Z(7, o) such
that Z(0,0)=(0,0,0),

_ c{)h/ b/ hy, _
M, |7, - o+ z1(T,0), o, — o+ 23(T, &) =0 (22)
aji,  a i
oo 0 0
and
_ c(’)h’ b’ hy,
M5 |7, — o+ z1 (T, ), o, ——oc + z3(T, o) =0. 23)
agiy  ag i
Moreover, ‘Cz“‘ 0,0) = a(f; 0,0) = ‘;z; (0,0) =0 and

k(1= Ty — pp)eirm
| (1 — e—(rl—Pl)To)z

10.0) =
o

It remains to solve the following equation
_ _ cohy by hy,
LE) =M1, || — o+ 21(T,2), ——OC+Z3(T o) =0, 24)
agly  ag iy

it is called a determining equation and the number of its solutions is equal to the number of periodic
solutions of (1)—(6) (see [2]). From the Taylor development of f;, we have f;(0,0) =0, % =

400 —
A2
Let Ay = Z£09 B,(),) = CLOY g4 Cy(7,) = LLOO.
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We find 4, = 0. Moreover for 4, = 0 we have By(0) = —(T» — R)(r; — py — m)e”>~P2~"™% < () and
elr2—pr=myo _ 1)

C2(0) = 2T» - R) el '"”0(
I — pp—m

T0 4m1:_§(T2 — R)e("Z*PZ*m)TOth]?’(r) r e(rlfpl)u(Tl _ e*(rlfp])ro) + 1 — T1
/(; et1=pr(Ty — e~ri=p00) 4 1 — T <_/ e~ (=== [(yy) du) dr

h’ ry [T e(rrprm)fo(l _ e*(rlfpl)ro)r’%hersub(u)
/ du >0

—HT2 - )_’k_z e=—pu(Ty — e=(i=pD00) + 1 — T

since ij, > 0 and h;, < 0.
Hence

2
fH(E0) = Byt + czw)% +o (o + 7P) .

By taking T = oo, we have f;(oo, o) = “—;gz(a, o) where g>(c,0) = 2B>(42)0 + Ca(Jn) + 0,(1 + 62).
Further ﬁgz (O', 0) = 2B,(4) and gr(0,0) = 2Bs(A)a + Ca(4p).

So, for Ao small enough we have oy = 2C£; () j) , 2(00,0) =0 and %(O’O, 0) # 0. Using the implicit
function theorem we find a function o(«) such that for o and A, small enough g,(a(x), ) = 0 and
0(0) = 69 = =357 > 0.

Then 7(0) = — ZCBZZ((;;?,))oc 4 o(o) and f>(7(a), ) = O for o and A, small enough. O

We have the following results.

Theorem 4.2: If conditions (11), (13)—(15) and (20) hold, then there exists €y > 0, such that for all
|43] < €, the problem (1)—(6) has a nontrivial periodic solutions. More specifically, there exists > 0,
such that for all 0 < o < f§, we have a bifurcation of nontrivial (1o + T(a))-periodic solution with initial

condition (xo — :—Zoc + z1(7, o), z2(7, &), oc) where

cO 27T, eVs(l 7/3,‘1(” 2z, 0 ( N e(rl—Pl)H(Tl _ e—(*’l—pl)To) +1-T7 -2
_ rn—pu
C3(A3) = 7 T3iakL / A3rse ( 1 — e—(n—p)0 ) du
0 T N 0
1

i3k (r—
,,3(17’3/3 1r1=prp

A / " 2srsiadnrr (e("—l")’(n — ey 41 — n)z
- ; 137341
0

r3/3ky 1 — e~ (n1—p1o
g
Tl

ki(ri — p)(Th — e 1=P%)
X

e e, — ey 1 1) ) a
o 13tk 1 — |
(1 — e—(rl—pl)ro) " 0

r3/3k)

rigky 1 =p) - —nsh et 9 NPTy — e~ =Py 4 | — T3\
+Te%e 0 0T " 23 g ( ) dr,
0 k3 1 — e (ni—po

rafaky—py) — nhak

Bi(43) = —T3r3e™™e 1 '

r3daky .. ((r1— pi)(T1 — e~ n—poo) _ ik ) —1—7'3’;‘?1"1
+ T3 370 e | Tl
1 — e~ (n—pw

r
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1 ki (1 = TH(r 2o=ri=pDno (T, — o=(ri—pnT raiah=py) — sk
L 1( D — p1) i (Th ) o=
a; rT;

k)
-2
x f _/13,.3601*171)“ (e(rlfpl)u(Tl _ e*(rlfpl)fo) 41— Tl) du,
0

o G4)
(o) = —233(13)(1 + o(2),

_ _ 2 ,—(ri—pto
z1(T(a), o) = kid = T)(r = p)7e 5 ! 7+ o(a)

7 (1 — e*("l*Pl)TO)
and zy(Z(a), o) = o(o).
Proof: Using the same argument cited above, we have dim ker(D yM(0, (0,0,0))) = 1,
span{Yy} = ker(DxM (0, (0,0, 0))) and equation (17) is equivalent to (21) where Yy = (—;—Z, 0, 1),

Z = (z1,2,0) and (2, 21, z2) € R>.
From the first and second equations of (21), we see that

AML(0,0.0.0) M, (0,0.0,0) 5
0z) 0z3 ap Do 2
det ( OM(0,(0,0,0)) M(0,(0,0,0)) ) det (O é ) =dp.éyp # 0.

821 523 0

Therefore, by the implicit function theorem, we can solve the equations M;(7,aYy+ Z) =0 and
My(z,aYy + Z) = 0 near (0,0, 0) with respect to Z as a function of 7T and «, and find Z = Z(7, o) such
that Z(0,0)=(0,0,0),

M, (f, ((—2—6> o+ z1(T, o), z22(%, o), )) =0 (25)
0
and
M (T, <<—2—6) o+ z1(T, o), z2(T, @), )) =0. (26)
0

Moreover, Z1(0,0) = £(0,0) = £2(0,0) = 0 and
ki(1 = T)(ry — pr)e=(n=pom
1 (1 — e—(rl—Pl)To)z

621
E(O’ 0) =

It remains to solve the equation

£ 0) = M (%, <(—:—0> o+ 21(%, 0), 22(%, 00, )) =0. Q@7
0

From the Taylor development of f3, we have f3(0,0) = 0, 2200 — 2500 _ o,

Let A5 = %,B( )_%andc(i ) = 0 ﬁ(OO)_

We find 43 = 0, moreover for 13 = 0 we have B3(0) = —T3r3¢*™ < 0 and C3(0) = 2Tz ¢33 —
1) > 0.

Hence

2
f(7,0) = By(3)Te + C3(/13)% + o (la)* + 171%).

By taking T = g, we have f3(oo, o) = ‘;gg(o o) where g3(a, %) = 2B3(43)0 + Ca(Z3) + 0, (1 + 2) .
Further (O' 0) = 2B3(/3) and g3(o,0) = 2B3(43)a + C3(/3).

01004-p.10



WMLS 2014

For 13 small enough we have gy = —2%3(353), 23(09,0) = 0 and %(Jo, 0) # 0. Using the implicit

function theorem we find a function o(a) such that for o and A3 small enough g;(a(), ) = 0 and

— _ C3(Z3)
d(0) =09 = —25,33(23) 0.
Then, T(«) = —%cx + o(a) and f3(7(), o) = 0, for o and A3 small enough. O

5. Concluding remarks

In this work, we have studied a nonlinear mathematical model describing evolution of cell population
constituted by three kinds of cells (normal cells, sensitive tumor cells and resistant tumor cells) under
chemotherapeutic treatment by two drugs, the first one P with continuous effect and the second one
T with instantaneous effects. This model is a generalization of those studied by [1], [5-7] and [10].
We have found sufficient conditions for exponential stability of trivial periodic solutions corresponding
to eradication of the tumor, after that we have studied conditions of bifurcation of nontrivial periodic
solutions which corresponds to the onset of the tumor. Bifurcation of nontrivial periodic solutions are
studied and sufficient condition for bifurcation are found.
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