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Leukemia mathematical model
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Abstract. In this paper, we study a mathematical model of leukemia diseases. We find
sufficient conditions for existence and local stability of steady states.

1. Introduction

Hematopoietic stem cells are found in the bone marrow and are able to renew themselves through
cell division producing blood cells, a significant increase in the number of white blood cells disease
causes chronic myeloid leukemia which is characterized by a chromosomal anomaly acquired, that is
the translocation between chromosome 9 and 22 giving birth to an abnormal chromosome called the
Philadelphia chromosome, this translocation generates a protein from the merger of the Ber gene on
chromosome 22 and Abl genes on chromosome 9, this protein is a tyrosine kinase Bcr-Abl. Generally,
tyrosine kinases are components that control cell proliferation, differentiation and apoptosis, they have
a very important role in signal transduction because the tyrosine kinase can transfer a phosphate group
from adenosine triphosphate to another protein in a cell but the tyrosine kinase Ber-Abl instructs cells to
grow out of control and prevents them from undergoing apoptosis, resulting in the formation of a tumor.
Among the treatments can produce a significant chance of cure is IMATINIB [5] which is a competitive
inhibitor of the tyrosine kinase activity because it will bind to quote binding of adenosine tri-phosphate
prevents tyrosine to give these orders cancerous proliferation. The first mathematical models describing
the dynamics of hematopoietic stem cells have been proposed by Mackey [3]. In recent works Adimy &
Crauste [1], Dingli & Michor [2] and Michor et al. [4] have studied the dynamics of normal and cancer
stem cells in chronic myeloid leukemia.

In our work we focus on the development of normal, cancerous and resistant hematopoietic stem
cells in chronic myeloid leukemia. We study the existence of equilibrium points, their local stability and
we give some numerical simulations.
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2. The model

We consider the following system

x4 = n®(xo + y + z0)xo — doxo

xp =rxg — (d —da)x

Yo = m¥(xo + ayo + 220) 0 — oo
Vi=aqnw—(g—g+h@)n

2o = mW¥(xo + ay + 220)z0 — gor2o

ZI] =4qz0 — (dr - d2r + h2r(u))zl

ey

with | |
Dlxo + 3o +20) = o Wlxo + oyo + azo) =
(X0 + 30+ 20) I+ cx(xo + yo + 20) (o + 250 0 1+ ¢y(xo + ayo + ozo)

8or < &0
h29 h2r : [0, umax) — [0’ 1)

ha /' hay /', h2(0) = 0 = hy,(0)

where
The parameters |meaning
n division rate of normal stem cells
do death rate of normal stem cells
r production rate of normal differentiated cells
d death rate of normal Differentiated cells
d proliferation rate of normal differentiated cells
division rate of cancerous stem cells
o competitif coefficient
20 death rate of sensitive cancerous stem cells
q production rate of cancerous differentiated cells
g death rate of sensitive cancerous differentiated cells
o proliferation rate of sensitive cancerous differentiated cells
ho(u) IMATINIB effect on sensitive cancerous differentiated cells
Qor death rates of resistant cancerous stem cells
d, death rate of resistant cancerous differentiated cells
dy, proliferation rate of resistant cancerous differentiated cells
ho(u) IMATINIB effect on resistant cancerous differentiated cells
u drug dose administered
Table of parameters
and
The variables |meaning
X0 number of normal hematopoietic stem cells
0 number of sensitive cancerous hematopoietic stem cells
Zp number of resistant cancerous hematopoietic stem cells
X1 number of normal differentiated cells
n number of sensitive cancerous differentiated cells
Z1 number of resistant cancerous differentiated cells

Table of variables
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3. Existence and stability of equilibrium

In this section, we analyze the existence and local stability of feasible equilibrium of (1).

3.1 Existence of equilibrium

The equilibrium points of (1) are

Eo = (0,0,0,0,0,0),

Er = (g, },0,0,0,0) where x} = 1 (4 — 1) and x} = 25 [ L (5 1)),

a (d—d>) | ¢«

E, = (x3,x%, 33, ¥1,0,0) where x? = (111)[$<§ — l) - é(;—o — 1)],
2 r (1 (m _ _afn _ 2 __ _1 | 1(n _1(m _
o= <d—dz>(1—x>[cy (go 1) e (do 1)] Yo = (H)[cx (do 1) o (go 1)] and
- 4  |1(n _qy_1(m _
T (g thaw)(1—-0) [cx (do 1) cy (go 1)

E; = (x3,x7,0,0, )3, »}) where x§ = ! [

3 r | 1(m _q)_2fn _ 3 _1 (1 (n _q)y_1(m _
= <d—dz>(1—x>[cy<go,- 1) cx( b 1)]’20— (H)[cx (do 1) cy<go, 1)] and

3 9 | 1fn _q)_1(m _
a= <d,—dzr+hzr<u>>(l—a>[c.x (d 1) cy(go, 1)]

=

y

—~
|
]
2

1 m 1 m
Ey = (0,0, 35, »,0,0) where yj = ;},(;0 - 1) and y{ = m[a(g—o - 1)]
Es = (0,0,0,0,Zg,zf) where zg = %(ng - 1) and zf = m[i(:{? — 1)]

Theorem 3.1: The system (1) admits feasible equilibrium points according to the following conditions.

1. The trivial point Eq exists always.

2. Ifdy < n and d, < d the equilibrium point I8, exists.
ocygon ¢, 8oh

<dy <
acygo + cx(m — go) cy8o + c(m — go)

3. Ifdy<d, @2 < g+ hy(u), go <m and

equilibrium point B, exists.

4. Ifdy < d, dyr < d, + ho (1), gor < m and xey8orn CyEort

do <
ocygor + Cx(m — goy)
the equilibrium point E exists.

5. If go < m and g < g+ hy(u) the equilibrium point By exists.
6. If gor < m and dp, < d, + ho(u) the equilibrium point Es exists.

3.2 Local stability of equilibrium

Cy8or + Cx(m - gOr)

The general form of the Jacobian with respect to each equilibrium point is given by Local Stability of

equilibrium points
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- dd : ()
n® —dy+n x(l)d—x(i) 0 nx o 0 nx i 0
r dy —d 0 0 0 0
) ~d¥V od
my(’)j—::,) 0 m‘I"—go—i-my(’)F 0 my(’)dzl. 0
T, = Yo 0
0 0 q & —g—hu) 0 0
- d¥Y - d¥Y - d¥Y
mz, a 0 mz, D 0 mV¥ — gor + mzf)d—zé 0
0 0 0 0 q d2r - dr - h2r(u)
We have
det (T, — A1) = (dZ, —dy — oy () — ),) (gz — g~ ha(u) — z) (d2 —d— A)detC,»
where
. dD - dD - dD
n® —dy+nxy—— 17 nxy—- nxy—
dx; dy; dz
c cd¥ W + oy . cd¥
;= my,——-r m — myy,—— — 4 myy—-
i Yo dxl &o N v Yo dz)
cd¥Y ,d¥Y ,d¥Y
mzy— mzy— m¥ — go +mzp— — A
dx; dy dz
Theorem 3.2:
1. The equilibrium point Eq is asymptotically stable if d», < d, + ho (1), g < g+ hao(u),
dy, <d,n <dyandm < gy,.
2. The equilibrium point &, is asymptotically stable if dy. < d, + hy (1), 2@ < g+ ha(u),
d2<d,d0<nand#;&"7%) < o
3. The equilibrium point E, is unstable.
4. The equilibrium point B3 is unstable.
5. The equilibrium point Ey4 is unstable.
6. The equilibrium point Es is asymptotically stable if dy. < d, + ho(u), 22 < g+ ha(u),
d2<d,g0r<mand% < dj.
Proof:
1. For the equilibrium point Ey we have
n—dy 0 0 0 0 0
r dy—d 0 0 0 0
T = 0 0 m-—g 0 0 0
BTl 0 00 g @—g—hw 0 0
0 0 0 0 m — gor 0
0 0 0 0 q d2r - dr - h2r(u)

and

det (T, = M) = (dor = dy = har) = 2) (g2 = g = o) = 2) (2 = d = 7)detCy
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where
n— d() — A 0 0
Co = 0 m—go— A 0
0 0 m — gor — A
We have

det (T, = M) = (dr = dy = hor() = 1) (2 = g = hotw) = 2) (2 = d = 7

(n—do—),><m—go—/1)(m —go,—)v).

Then, the eigenvalues are Ay =dy —d, —hy(u), lh=g —g—hyu), l3=dr—d,
24 =n —d(),ls =m —goand}@ =m — Qor-
For the equilibrium point [E; we have

d d d
do(—o—l) 0 do(—°—1> 0 d0<—0—1>
n n n
r d—d 0 0 0
mcydo
0 o — = 0 0
Ji, = cxdo+cyn—do) &
0 0 q & —g—hau) 0
mcxdo 0
cxdo + ey —do) &
q er - dr - th(u)

and

det (T, = M) = (dor = dy = har) = 2) (g2 = g = o) = 2) (e = d = 7)detC

where
w(e-)-r (k1) (1)
o d
€= 0 edo f cc,,(,f —a) &4 0
0 0 mcydy =4
cxdy 4 ¢, (n — dp)
We have
det (Ji, — AI) = (dzr —dy — hao (1) — A) (g2 — g — hy(u) — ;V) (dz —d - /1)

mexdo mcydy
—g— 4 — g — 4
x (de() + Cy(n - d()) £ ><de0 + Cy(n - d()) £ )

n
x(dol— —1) —4).
(ao( g = 1) =)
Then, the -eigenvalues are Ay =dp —d, —hy(u), la =g —g—hy(u), 23=dy—d,
meydy mcxdy

n
= — 90, A5 = —goand Ag =dp(— —1).
exdy + cy(n — dp) £0: 45 cxdy 4 ¢)(n — dp) 8or and 46 O(do )

A4
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air 0 ap 0 ais 0
r do—d 0 0 0 0
ars 0 ass 0 ass 0
Jg, =
0 ¢q @2—g—hw O 0
0 0 0 g0 — Lor 0
0 0 0 0 q dyy — dp — hy(u)
such that 5
d
a11=—0 OCCy i—1 — Cx ﬁ—1 .
(1 —ance, do 20

dg
— | ac
(I —anc,

ap =
d? d?c,
ajs = * 0 (i —1 — ()c, <ﬁ — ]),
(1 —a)n \dy (1 —onc, \ gy
ai= 8o (T 1) —e (2 1))
(1 —yme, L™\ gy do .
2 _ -
e LG =) (g )
=0 e (Z 1) —e(=-1)],
3 (I —omey L g0 “ dy ]
2 _ -
el (G =) el 1)
=0 fe(Z—1)—c,(=—1)]
G0 ame, L\ g EAVYS

ass = go — &or»

det (Je, — A1) = <d2, —dy — ho(u) — x) (g2 — g ha(u) — )V) (dz —d— /l)detCz
and
det C = (ass — D[A* — (a1 + a)2 + arjaz; — anas).

We note that ass is a positive eigenvalue, then [E; is unstable.

For the equilibrium point [E3 we have

a0 aps 0 ais 0
r do—d 0 0 0 0
0 0 ass 0 0 0
Jg, =
0 0 g g@—g—hu 0 0
as; 0 as3 0 ass 0
0o 0 0 0 g dy —d, — ho()
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such that
on = [ (& 1)

asz = gor — £0»

- e (1) o
as;p = ———— || ——1) —¢,
(1 — )yme, Qor
2
as3 = &[q«ﬂ - 1) - cy<
(1 —oymey gor
2
ass = &[Q%K - l) — cy(
(1 —O()Wle gor
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det (Ja, — A1) = (er —dy — hay(u) — /1) (g2 — g ho(u) — )v) (d2 —d— /l)detC3

and

det C3 = (azs — A[A? — (a1 + ass)A + ajjass — ajsas; ).

According to the conditions of existence of the equilibrium point E; we can prove that one of

eigenvalues is positive that is [E; is unstable.

For the equilibrium point E4 we have

nocygo

go(
m

0
0
& 0 g (@ - 1) 0
m
q & — g — ha(u) 0
0 0 8o — Lor
0 0 q d2r - dr - h2r(u)

det (Ja, = M) = (day = dy = o) = 2) (&2 = g = ha(w) = 2) (d> = d = 1) detCy

_—=—dy 0
ocygo + cx(m — go)
r d2 —d
8o ( &
T, = ;(; - 1) 0
0 0
0 0
0 0
and

noc, go

ocygo + cx(m — go)

2
o

C, & _

m

0

(

)

—dy— 2 0 0
o® 1) (2
0 8 — or — 4
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We have

det (T, = A = (dor = dy = hor() = 2) (&2 = & = o) = 7) (do = d = 2

(i 4o Ae-n—)

ocy 8o + cx(m — go)

Note that A = gy — go, is a positive eigenvalue which implies that E, is unstable.

6. For the equilibrium point [Es we have
st —dy 0 0 0 0 0
ocy, gor + ¢ (m - g(Jr)
r dy —d 0 0 0 0
0 0 gor — &0 0 0 0
JEs =

0 0 q & —g—hu) 0 0

&<& - 1) 0 g0,<& - 1) 0 g()r(& - 1) 0

o m m m
0 0 0 0 q er - dr - th(u)

det (T, — AD) = (dor = dy = o) = 2) (22 = g = ho(w) = 2) (s = d = 2)detCs

and
Ry Eor —dy—2 0 0
ocygor + ¢x(m — gor)
C5 = 0 gor — 80 — A 0
&<&—1) gw(&—l) gOr(&_l)_;v
o m m m
We have

det (T, = AD) = (dor = dy = hoe() = 2) (&2 = & = o) = 7) (do — d = 2)

(O(Cngr TZ?’OV: — ) % ~ )b) <g0r & A) (g()r(i(;r - 1) B i)'

Then the eigenvalues are A =dy —d, —hy(u), =2 —g—hyu), i3=d,—d,
o« r D) r
s = "y&0 —do, /5 = gor — go and A = go, (gl - 1)-
ocygor + Cx(m — gor) m

4. Numerical Simulation for the local stability

In this section, we give some numerical simulations for the points E; and Es to illustrate our results.
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4.1 The equilibrium point E;

The equilibrium £ corresponds to the situation where the cancer disappears, and it is important to
obtain conditions of stability of £ in order to stop the onset of the diseases, in Figs. (1-6) we give
numerical simulations for £;.

Figures 1-6 correspond to the case where conditions of stability of E are satisfied.

The parameters |  values

n 50

m 20

o 0.1

q 1.065 x 107
d 9.4

do 20

d> 0.4

d, 1.4

day 0.5

Cx 0.75 x 1074
cy 0.38 x 1074
g 1.4

80 25

8or 20

& 0.8

hy 0.7
hoy 0.3

r 1.065 x 10’

With the starting point (20000.01, (2.3667 x 10'%) +0.01,0.01,0.01,0.01,0.01).

Figure 1. Behavior of normal stem cells x.
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Figure 4. Behavior of sensitive cancerous differentiated cells y;.
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Figure 6. Behavior of resistant cancerous differentiated cells z;.
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4.2 The equilibrium point Es

The equilibrium point £5 corresponds to limit situation where normal and sensitive cancerous cells are
eliminated and all remaining cells are resistant cancerous cells. (see Figs. 7-9).

The parameters |  values

n 50

m 45

o 0.1

q 1.065 x 107
d 9.4

do 60

d> 0.4

d, 1.4

day 0.5

Cy 0.75 x 1074
¢y 0.38 x 1074
g 1.4

g0 46

8or 40

& 0.8

hy 0.7
hoy 0.3

r 1.065 x 107

With the starting point (0.0001, 0.0001, 0.0001, 0.0001, 0.0001475, 421.5626).
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1] 10 20 30 10 50 &0 70 80 S0 100 o 10 0 30 40 50 B0 70 B0 a0 100

Figure 7. Behavior of normal stem and differentiated cells x( and x;.
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Figure 8. Behavior of sensitive cancerous stem and differentiated cells y, and y;.
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Figure 9. Behavior of resistant cancerous stem and differentiated cells z, and z;.
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