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Visceral leishmania model
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Abstract. In this work we consider a mathematical model based on a system of ordinary
differential equations describing the evolution of population of dogs infected by leishmania
diseases. By analyzing the corresponding characteristic equations, the local stability of
infection free equilibrium point and infection equilibrium point are discussed. It is shown
that if the basic reproduction number R0 is less than one, the infection free equilibrium is
locally asymptotically stable, whereas if the basic reproduction number R0 is great than
one the infection equilibrium point is locally asymptotically stable, and the infection free
equilibrium is unstable.

1. Introduction

Mathematical modeling of phenomena from biology and medicine are very important to understand and
find control methods in order to stop or at least reduce negative effect of diseases (see [1–7]). In this
work, we are interested by a model of Zoonotic visceral leishmaniasis (ZVL) developed in [7].

Zoonotic visceral leishmaniasis (ZVL) are caused by infection with leishmania chagasi and is
usually transmitted by the sandfly Lutzomyia longipalpis. ZVL is a major public health problem,
particularly in Brazil, domestic dogs are the principal reservoir hosts, the biological analysis is discussed
in [4].

In this work, we will study the local dynamics, it is enable to obtain the local asymptotic stability of
the infection free equilibrium point and the infection equilibrium point when the total of dog population
is constant. We consider the model proposed in [4] where the total number of dogs D is divided into ever-
infectious dogs (that become infectious) and never infected dogs. Ever infectious dogs can be uninfected
S, latent (infected but not infectious L), or infectious I , never infectious dogs are either uninfected R or
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infected Q, governed by the following system of ordinary differential equations


dS

dt
= ��D − CIS

D
− �S,

dL

dt
= CIS

D
− (� + �) L,

dI

dt
= �L − �I ,

dR

dt
= (1 − �) �D − CIR

D
− �R,

dQ

dt
= CIR

D
− �Q

(1)

with the initial conditions

S(0) ≥ 0, L(0) ≥ 0, I (0) ≥ 0, R(0) ≥ 0, Q(0) ≥ 0. (2)

The parameters �, �, �, C and � are positive, where � is the proportion of dogs born susceptible, � is
the dog birth rate, C is vectorial capacity, � is the dog death rate and � is the rate at which latents dogs
become infectious.

2. Existence, positivity and boudedness of solution

2.1 Existence

Let u = (S, L, I , R, Q)T . The system (1) become


u′(t) = g(u(t)),

u(0) = (S0, L0, I0, R0, Q0)T ,

with

g(u) =




��D − CIS

D
− �S

CIS

D
− (� + �) L

�L − �I

(1 − �) �D − CIR

D
− �R

CIR

D
− �Q




.

The function g is locally Lipschitz, by Cauchy-Lipschitz theorem, we obtain the local existence of
solutions.
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2.2 Positivity

Since the right hand sides of (1) are polynomial, system (1) is quasipositive, if the condition

u ≥ 0, uk = 0 ⇒ gk(u) ≥ 0,

where g = (g1, . . . , gk) for all k = 1, . . . , 5.
Hence solutions of (1), (2) with initial conditions u(0) ∈ R5

+ stay in R5
+ for all positive times.

2.3 Boundedness

First, we show that the solution of system (1) is bounded.
Let (S(t), L(t), I (t), R(t), Q(t)) be a solution of (1) with initial conditions (2), and [0, T ) be the

maximal interval of existence of the solution.
Let

D(t) = S(t) + L(t) + I (t) + R(t) + Q(t),

then
dD

dt
= dS

dt
+ dL

dt
+ dI

dt
+ dR

dt
+ dQ

dt
·

We obtain
dD

dt
= (� − �)D(t).

Then, we have

D(t) = D(0)e(�−�)t .

For � ≤ �, it follows that the total population of dogs is bounded and 0 < D(t) ≤ D(0).

3. The basic reproduction number of (1), (2)

Let f be the rate of appearance of new infections in each infected compartment, and v be the rate of
transfer of individuals into and out of each infected compartment.
The infected compartment are L and I .
Hence,

f (L, I ) =

 CIS

D
0




and

v(L, I ) =
(−(� + �)L

�L − �I

)
.

We denote by F and V the derivatives of f and v with respect to (L, I ), then we have

F (E∗) =

 0

CS∗

D
0 0




and

V (E∗) =
(−(� + �) 0

� −�

)
.
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The basic reproduction number is defined by R0 = �(−F V −1(E∗)), where E∗ is the disease equilibrium.
Thus,

−F V −1(E∗) =

 C���

�2(� + �)

C��

�2

0 0


 ·

Hence, R0 is given by

R0 = C���

�2(� + �)
·

4. Equilibria

In the following, we suppose that � = �, then (1) is reduced to


dS

dt
= ��D − CIS

D
− �S,

dL

dt
= CIS

D
− (� + �) L,

dI

dt
= �L − �I ,

dR

dt
= (1 − �) �D − CIR

D
− �R,

dQ

dt
= CIR

D
− �Q.

(3)

In this case, the total population D is constant.

Theorem 4.1: Let � = �. Then the system (3) has a unique trivial equilibrium Ef = (�D, 0, 0,
(1 − �)D, 0) namely the disease free equilibrium. In addition, for R0 > 1, system (3) admits another
nontrivial equilibrium E∗ which we call the disease equilibrium.

Proof: According to the system (3), the equilibrium points satisfy


��D − CIS

D
− �S = 0,

CIS

D
− (� + �) L = 0,

�L − �I = 0,

(1 − �) �D − CIR

D
− �R = 0,

CIR

D
− �Q = 0.

(i) For I = 0, the infection free equilibrium point is given by:

Ef = (
S0, L0, I 0, R0, Q0

) = (�D, 0, 0, (1 − �)D, 0).
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This equilibrium corresponds to a state in which there are no infectious dogs and thus complete
eradication of the disease.

(ii) For I �= 0, we show that the system (3) admits another infection equilibrium point

(S∗, L∗, I ∗, R∗, Q∗) =
(

�D(�+�)
C� , ��D

�+� − �2D
�C

, ���D

�(�+�) − �D
C

, (1 − �) D�(�+�)
C�� , (1 − �)

(
D − D�(�+�)

C��

))
if and only if �C�

�(�+�) > 1, corresponding to R0 > 1.
Hence, the system (3) has an infection equilibrium point E∗=(S∗, L∗, I ∗, R∗, Q∗) if R0 > 1. �

5. Local stability of equilibria

To examine the local asymptotic stability of these equilibria we compute their linearizations, we analyze
the stability for R0 < 1 and R0 > 1.

Theorem 5.1: For system (3)

(i) If R0 < 1, the infection free equilibrium Ef is locally asymptotically stable. If R0 > 1, then Ef is
unstable.

(ii) If R0 > 1, then E∗ is locally asymptotically stable.

Proof: The linearization matrix of the system (3) is

J(S,L,I ,R,Q) =




−CI
D

− � 0 −CS
D

0 0

CI
D

− (� + �) CS
D

0 0

0 � −� 0 0

0 0 −CR
D

−CI
D

− � 0

0 0 CR
D

CI
D

−�




.

(i) At the infection free equilibrium Ef = (S0, L0, I 0, R0, Q0), we obtain the linearization

J (Ef ) =




−� 0 −C� 0 0

0 − (� + �) C� 0 0

0 � −� 0 0

0 0 −(1 − �)C −� 0

0 0 (1 − �)C 0 −�




.

The characteristic equation at Ef is

(−� − �)3[�2 + (2� + �)� + �� + �2 − �C�] = 0.

The eigenvalue � = −� has multiplicity 3, we have

�1 + �2 = −� − 2� < 0,

and

�1�2 = �� + �2 − �C� = �(� + �)(1 − R0).
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Then all five eigenvalues of J (Ef ) are negatives if R0 < 1. By the principle of linearized stability
we see that the infection free equilibrium point Ef is locally asymptotically stable.
For R0 > 1, we have one positive eigenvalue, then the infection free equilibrium point Ef is unstable.
This model has threshold parameter, known as the basic reproduction number R0, such that if R0 < 1,
then the Ef is locally asymptotically stable, and the disease can not invade the population, but if
R0 > 1, then the Ef is unstable and invasion is possible.

(ii) The linearization matrix of the system (3) at E∗ = (S∗, L∗, I ∗, R∗, Q∗) is

J (E∗) =




−CI ∗

D
− � 0 −CS∗

D
0 0

CI ∗

D
− (� + �)

CS∗

D
0 0

0 � −� 0 0

0 0 −CR∗

D
−CI ∗

D
− � 0

0 0
CR∗

D

CI ∗

D
−�




.

The characteristic equation at E∗ is given by

(� + �)

(
CI ∗

D
+ � + �

) [
�3 +

(
C��

� + �
+ 2� + �

)
�2 + 2� + �

� + �
C��� + C��� − �2 (� + �)

]
= 0.

Since the conditions of Routh-hurwitz criterion, we have

a1 = C��

� + �
+ 2� + � > 0,

a2 = 2� + �

� + �
C�� > (2� + �)� > 0,

a3 = C��� − �2 (� + �) > 0

and

a1a2 − a3 >

[
C��

� + �
+ 2� + �

]
(2� + �)� − C��� + �2 (� + �)

>
C���(� + � + �)

� + �
+ �(2� + �)2 − C��� + �2(� + �)

>
�2C��

(� + �)
+ �(2� + �)2 + �2(� + �).

That is a1a2 − a3 > 0.
Therefore, the infection equilibrium point E∗ is locally asymptotically stable if it is biologically
meaningful, i.e. if R0 > 1. �
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6. Concluding remarks

In this work we have studied leishmaniases model considered in [4], we have analyzed the stability
of infection free equilibrium and infection equilibrium points with respect to the basic reproduction
number R0 in the case � = �.

It is important to see global stability and to give numerical simulations to illustrate the results
obtained. Overwise, it is interesting to see model with control of the diseases.
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