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Impulsive prion disease model
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Abstract. A model of prion diseases with impulse effects is studied in this work. First we
transform the model to a system of three differential equations with impulse effects in order
to study the stability of periodic solution. After that we study the general model by the mean
of evolution semi group in order to find conditions of existence of mild solution.

1. Introduction

In this work we consider a model describing prion polymerization, our model is inspired from those of
Webb and collaborators (see [3], [6]), it is constituted by a differential equation modeling the evolution
of PrP¢ and a partial differential equation describing the Pr P*¢ evolution. We consider the case
where the monomers are produced discretely at fixed times #;, which is expressed by impulse equations
(see [4]).
More specifically we consider the following system
V(1) = —ypv(t) — Tu(t) fxio u(t,x)dx
+2 fgox fxc;O B, yult, dydx, t £, i=1,2,...,
vt v ) =Ai, A >0, i=12,..., (1)
Qu(t,x) + tv()0 u(t, x) + (u(x) + fx)u(t, x)
=2 [ BO)k(x, yult, y)dy,

for¢t > 0, x € [xg, +00) with fixed xo > 0.
The variables and parameters of the model are

e v(?) is the number of Pr P¢ monomers at time t,

e u(t,x) is the density of Pr P*¢ polymers of length x at time ¢,
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e X is the lower bound for polymer length (that is polymers have length x with xo < x < 00),
e /; is the number of monomers Pr P¢ produced at time ¢;,
e ) is the metabolic degradation rate for Pr P¢,

e 7 is the rate associated with lengthening of Pr P*¢ polymers by attaching to and converting Pr P¢
monomers,

e [(x) is length-dependent rate of polymer breakage,

e K(x, y)isthe probability, when a polymer of length y breaks, that one of the two resulting polymers
has length x,

e (x) is the length-dependent metabolic degradation rate of Pr P*¢ polymers having length x.

The kernel x(y, x) should satisfy the following properties

K(y,x) > 0,k(y,x) = k(x — y,x), / k(y,x)dy =1,
0

forall x > xg,y > 0,

K(y,x)=1/x, ifx>xpand0 < y < x.
Kk(y,x) =0, elsewhere.
In the following section we transform the model (1) to a system of impulsive differential equations in

order to study the stability of periodic trivial solutions, in the third section we study the general model.
In the last section we give some remarks.

2. Conversion to impulsive differential equations
Define the functions V(1) = v(¢), U(¢) = [ u(t, y)dy and P(t) = jx‘j}" yu(t, y)dy where U(t) is the

RY]

total number of polymers and P(¢) is the total number of monomers in polymers at time ¢.
We deduce from model (1) the following system of impulsive differential equations

V(t) = 2—yV(t) —tV(OU@) +2px2U(t) = Fi(V (1), U(t), P(¢)),
U@t) = —pU@t) + BP(t) — 2PxoU(t) = F(V (1), U(1), P(1)),

P(t) =V (U(t) — pP@t) — PxgUt) = F(V (1), U(1), P(t)),
VH) = V) + 4 = 01V (@), U, P(t)), 4 > 0,i € N¥,

Ut = Ut) = 0,V (1), U (1), P(1;)),

P(t]") = P(t) = O3V (t;), U(t;), P(1;)).

@

In this section we consider the case where 1; = 49 > O and f; = t Vi € N*.

We are interested by the existence and stability of periodic solutions of (2).

A solution &= (V,U, P) of the problem (2) is a function defined in R, with non-negative
components, continuously differentiable in Ry — {#},50, with 7y = 0 and satisfying (2).

The function ¢ = (V, 0, 0) is the trivial solution of problem (2) where V () = Voe™". Also ¢ is called
trivial Ty-periodic solution if it is a trivial solution with &(nTy) = E((n + 1)Tp) for all n > 0.
We have F>(V,0,0) = O,(V,0,0) = 0 and F>(V,0,0) = ©,(V,0,0) = 0.
Our main objective is to study the stability of the trivial periodic solution and the loss of stability for
some values of the parameters.
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Let @ be the flow associated to (2), we have ®(¢, Xo) = &(¢),0 < t < Ty where &(0) = Xy = &(0) =
(V(0), U(0), P(0)).
Let ¥ be the operator defined by

¥ (z, Xo) = O(D(1, X)),

we denote by DyV the derivative of W with respect to X. Then ¢ = @(-, Xj) is a t-periodic solution
of (2) if and only if W(1, Xy) = Xy i.e. Xj is a fixed point of ¥(z,-), and it is exponentially stable if
p(Dx¥(z,-)) < L.

Let V be a Ty-periodic function defined by V(¢) = ’10176;—1’% for0 <t < Ty.
For U = P = 0 the problem (2) has Tj-periodic solution ¢ = (V, 0, 0).
Consider the following hypothesis
—e Tt 2 —e T
(H1) max (“B—> [2/32x§ - (% —(u+ ﬁxo>) ] 2 287G — (u ﬁxo>2]) <<

2pxd(1—eT0)

T
2pxg(l—e=0) 1—(1=(ut-fxo) Ty )2 l—e=1To
(HZ) Bxg Te <y < ( ( (HT‘:);/XU) 0) + 2ﬂ2X§) ( ;T ).

We have the following result.

Theorem 2.1: If one of the hypothesis (H1) or (H2) is satisfied, then there exists €y > 0 such that for
0 < Ty < € the trivial periodic solution is exponentially stable.

Proof: We have D yW(Ty, X) = Dx®(D(Ty, X))%(To, X)), then for Xy = (V' (0), U(0), P(0)) we obtain

o

001 00, 0, 90y 00y 0P,
oV oU oP v U dP
_ | 0, 00, 00, 20, 0Dy 0Dy
Dx¥(To, X) = | 57 5 p o oo ap | (To, Xo)
03 003 00, 00; 903 0Dy
oV oU op oV oU P
b, 00, A0,
oV oU P
_ | i, 00, 00,
=| %% @ 7 | To, Xo)
oDy D3 ODs
v oU P
From the variational equation we find
0D (1,X( 0D (¢, X 0D (1, X 0D (1, X 0D (¢, X 0D (1,X(
B S BN papg 0 ) (S S s
d Py Y Y o Y
- atbzs;/,xo) (,(ng;}/\/(]) (/d>2£z};x0) =] 0 —u+28x0) fer(t)Jrﬁxg (,d;zg/,xo) ul)zéz}xo) (,cbzé;))(o)
0D3(1,Xp) 0D3(1,Xp) OD3(1,Xp) 0 ﬂ —u 0D3(1,Xp) 0D3(1,Xp) 0D3(1,Xp)
o ou P Gl ou oP
Then we obtain
0D, (1, Xo) 0D, (1, Xo) 0D, (1, Xo)
B 5 2 2\, AQ
— = =) + (=V() + fxj) ———— 3)
v 7 SO+ Po) =7y
0D, (¢, Xo) 0D, (1, Xo) 0D5(1, Xo)
El ’ 2 3 s 0
——— = —(u+2Bx0)——— + (=) + pxg) ——— 4)
o o ’ o oy
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D31, Xo)  ,0Da(t, Xo) 0031, Xp)

v T TP
oDy (t, Xo)  0Di(1, Xo) 5, 0Q(7, Xo)
U - VT‘F( TVs(l‘)-i‘ﬁxo)T
oDy(t, Xo) 0Dy(1, Xo) 2, 0@3(7, Xo)
U - —(p+ 2BXO)T + (=V(1) + ﬂxo)T
0ds(t, Xo) ﬁaq)z(t,Xo) dD5(t, Xo)
v e M
b1, Xo)  0Di(t, Xo) 5, 0@2(7, Xo)
—p - Va—P-f‘( TVs(f)+ﬁxo)a—P
0y (1, Xo) 0D, (1, Xo) 5 0D5(t, Xo)
—or —(u+ 2ﬁx0)6—P + (=tVs(1) + ﬁxo)a—P

031, Xo) ,0Da(t, Xo) 0D5(t, Xo)
op T ap P
From (3)—(4) we obtain 222040 = , (R0X0) — g “0LXD) = oo,
To solve the system (3)—(10) we use power series.

Put
W zganT", ap =0,
wng,j”, by =0,
W;%cnm, co=1,
wzgdnrn, dy = 0,
wzgen%", ep =0,
W:%fnm fo=1.

Hence

det(Dy¥(Ty, X) — vI) = (7' —v)(v> + Av + B)

01009-p.4
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where

A=- (chTéq +Za,,TO”> ,

n>0 n>0

B= <chro"> (ZanTo"> + (Zd,,TJ) (ZenTo") :

n>0 n>0 n>0 n>0

We have an eigenvalue v = e T < 1, it remains to find the two other eigenvalues v, and vs.
The discriminant of the polynom v> + Av + B is

A = 4T3 (2B33 — =27 ) + o(T)) = 4BTF A + o(T7)

_ 2 1k
where Ay = 2fx5 — —r

For Ty small enough, we deduce the sign of A from that of A;.
2 —T
1. Ay > Oifanonly if 4o < 2202,

For T small enough, we have

Brio

1)2,3 = 1 — (/,t + ﬁXQ)TO :|: TO\/Zﬂzxg — 1 — e—”VTO

+ o(1).

The solution ¢ is exponentially stable if

lvi| < 1fori =1,2,3.

That is
. 2
< b
© 7w+ o
1—e T 2 ?
Jo > (ﬁ;f) [23%3 - (70 —(u+ ﬁxo)) + o(l)} :
and

(1 — M)
> —_—

2o o [28%x§ — (u+ Pxo)* +o(D)].
Then we deduce that ¢ is exponentially stable if (H1) is satisfied and €5 < m +2on .
2. A <Oifanonly if 4o > 2800,
For T small enough, we have
TA
1)2’3 = 1 — (ﬂ —|— BXQ)TQ :l: lTQ\/—Zﬁzxg + % + 0(1)
That is
1 — (1 = ( + Pxo)To)? 2 2 (1 —e7T0)
;,0<< +2p2 +0(1) ) L2
T3 0 pt
Then we deduce that ¢ is exponentially stable if (H2) is satisfied and €y < ﬁ
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3. Analysis of the general model

In this section we consider the general model (1), we use the evolution semi group theory to prove the
existence of mild solutions (see [4]).

We consider the case where f(x) = f and u(x) = p are constant. Then for t € J, x € ¥ :=
[x0, +00), u’ € D and u € L'(Y), we may rewrite (1.1) as

V() = —pu(t) — to()|uly + Bxdlruli, t#

‘U(l‘i+) — U(fi) = /li,)ui > O,l S n*, (12)
v(0) = 0,
and
Ou(t, x) + T()dcult, x) + (u+ Put,x) = 2B [ x(x, yu(y)dy, a3
u(t, x0) = 0,u(0,x) = u’(x),
where July = [ [u()ldy.
Set D :={u’ e L'M)NW"R) : x*u®, ), x(u") € L'(Y),u’(x) = 0 for x < xo}.
Let J; = (t;,ti+1), i =0, ..., p, and v; be the restriction of a function y to J;.
Consider the following spaces
PC={v:J—> X, v; € C(J;, X), i =0,..., p, suchthat v(,) and v(z;") exist and
satisfy v(t, ) = v(f) for i =0,... ,p}
with the norm ||v|| pc = max{||vkllccs, =0,...,p},
PC'(J,R)={ve PC:veC'(J,R),IEHVE),i=1,...,p}
with the norm [[v]| pct = max{||v| pc, [|V'] pc} and
X := L'(Y;(a + x)dx) where a > 0, with the norm defined by || y||x = a|y|; + |x|:.
Then (PC., || - || pc), (PC', || - | pc1) and (X, || - || x) are Banach spaces.
For u € C(J, X), the solution of (12) is given by
vlt) = Z /«Lje<—}’(t—tj)—rf,'j Iﬁ(s)llds) n voe(_"/t_ffol fii(s)1ds)
O<t;j<t<b
B fy 1KTa(s)| el 10— [ H@da) g
Let v = vy, the problem (13) is written as
u'(t) + Ay (u(t) = f(t,u(@)), teld, (14)
u(0) = ug.
where
A (O((x)) = vz( )0, u(x) + (1 + Pu(x), forxeY
and

£t ult,x)) = 2[;/00 kG, pult, dy,  with £ J x X — X.
Then for (s, ) € A = {(t,5) € J%,1 > 5}, the evolution problem for (13) is given by (see [1], [5])
(Ut 53] 0) = u° (x = [ velo)der) e, (15)
where ¢(t,5) = (u+ p)(t — s).
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Remark 3.1: The two parameter family linear operators U,_(t, s) is an exponentially bounded evolution
semi-group system (see [4]).

For v = vy the solution of (13) is given by

t
u(t) = Uvﬁ(t,O)u0 + / U, (t,8) f(s,u(s))ds. (16)
0

Theorem 3.2: The problem (13) has a unique mild solution u € C(J, X).

Proof: Letu;,u; € Xthen fort € J and x > xp, we have

1/ w) = [ ullx < [0 2B | [ 10, )i (y) = ua(y)dy| (@ + x)dx
< 2B [ [ur(») — ua()ldy [ 1Cx, y)a + x)dx

<28 [ ) — w25y
<28 [ lur(y) — wa(p)l(@ + y)dy
< 2B flur — ual -

Then we deduce that (13) has a unique mild solution in X given by (16). O

Theorem 3.3: For v° > 0 and u° € X, the problem (12) and (13) has a unique global positive solution
(v,u) € PC'(J,R) x C(J, X).

Proof: Letu,, u, € C(J, X), from the explicit representation of vy we have

vr, (1) — v, (O] << bt | D Ay + 0" + Bxo | llir — 2l -
0<t;<t
Let A(@)(t) = U,.(t,00u’, for t € Jandu € C(J, X).
Next we show that A : C(J,X) — C(J,X) is a contraction, which would imply existence and
uniqueness of the solution of (12) and (13) (see [2]).
In fact, for u;, u, € C(J,X)and t € J, we have

IAG)(6) = A@) O]l x < [ul], b2 [ D A+ 0"+ Bxo | 7 — 2l -

0<t;<t

Hence A is a contraction for |uo|1 Z A+ v+ Bxo | < ﬁ

0<t;<b
Now, we prove the existence and uniqueness of solution for (12) and (13). Let » > O such that
1% € B(0,r) C X, then there exists K > 0 such that

Uy, (¢, )l < K forallu € B(O,r).

Let u € C(J,X) such that u(¢) = U, (t,0)0u’ + fot U, (t,s)f(s,u(s)ds, t € J and u(t) € B(0,r),
t € J,then

lu@)|x < |u°; K +2BKbr.

Assume that |u°), K +2pKbr <randsetC = {u € C(J, X) : |lullo < r}.

01009-p.7
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Now, we show that N : C — C has a unique fixed point.
Let u,uy € C, thus
INuD@© = (Vi) < et (e + LELE) iy — i,

Xou

where |[u|. = sup,c e ¥ Ju(®)| x,c = |u0|1 b*t Z 2+ 0"+ Bxo | and i > 0 large enough such
0=<t;<t
that Cy :c+2/“§0—’fr) < 1.
Hence [[Nuj — Nusllx < Colluy — ualls.
To prove the positivity of the solution of (13), we proceed by induction.

Forn > 1 we put

n1 () = ur () + [ Up(t,s) f(s,un(s))ds, t = 0.

And we conclude that the solution for the problem (13) is positive. g

4. Remarks

In this work we have studied a prion disease model with impulse effects. First we have transformed the
general model into impulsive differential equation system, which help to study the exponential stability
of the trivial periodic equilibrium. After that, we have studied the general problem, we have proved the
existence of solutions under conditions on the parameters of the model. It will be very interesting to
search a global solutions on R} in order to study their stabilities and to give numerical simulations to
illustrate the results obtained.
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