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Abstract. We study Dirac operators on an infinite quantum graph of a bent chain form which consists of 
identical rings connected at the touching points by �-couplings with a parameter � �� . We are interested 
in the discrete spectrum of the corresponding Hamiltonian. It can be non-empty due to a local (geometrical 
perturbation of the corresponding infinite chain of rings. The quantum graph of analogous geometry with 
the Schrodinger operator on the edges was considered by Duclos, Exner and Turek in 2008. They showed 
that the absence of �-couplings at vertices (i.e. the Kirchhoff condition at the vertices) lead to the absence of 
eigenvalues. We consider the relativistic particle (the Dirac operator instead of the Schrodinger one) but the 
result is analogous. Quantum graphs of such type are suitable for description of grapheme-based 
nanostructures. It is established that the negativity of  �  is the necessary and sufficient condition for the 
existence of eigenvalues of the Dirac operator (i.e. the discrete spectrum of the Hamiltonian in this case is 
not empty). The continuous spectrum of the Hamiltonian for bent chain graph coincides with that for the 
corresponding straight infinite chain. Conditions for appearance of more than one eigenvalue are 
obtained. It is related to the bending angle. The investigation is based on the transfer-matrix approach. It 
allows one to reduce the problem to an algebraic task. �-couplings was introduced by the operator 
extensions theory method.  

1 Introduction  

Investigation of the physical properties of various 
compounds of half-crystals and nanotubes becomes more 
and more interesting. There are a lot of works dedicated 
to mathematical modeling of nanostructures, because it 
allows one to create diodes, transistors, amplifiers and 
more complex nano-scale devices (see, e.g., [1-4]). 
Many physical properties are related with the spectral 
characteristics of the system Hamiltonian. That is why 
the spectral problems attract additional attention. 
Hamiltonians of real physical systems are very 
complicated. Physicists usually used model 
Hamiltonians. Quantum graph is one of prospective 
models. It is simple and, at the same time, describes 
properties of physical systems [5,6]. 

 
Fig. 1. A bent graph. 

 

Mathematical models based on quantum graphs, as 
opposed to discrete, have a large number of parameters 
that allows one to make the model more realistic [7]. 
Usually, the Schrödinger operator is considered on the 
graph edges. It corresponds to non-relativistic quantum 
particle. As for a relativistic particle, i.e. the Dirac 
operator, the corresponding graph models are not so 
widely used. At present, due to the remarkable progress 
of graphene nanostructures (described better by the 
Dirac operator than by the Schrödinger one), the 
relativistic model found new applications. 

In the present paper we consider bent chain graph 
(see Fig. 1) with the Dirac operator at the edges. A few 
years ago, the graph of the same geometry with the 
Schrödinger operator was studied. It was proved the 
existence of bound states for the case of delta-coupling 
at the graph vertices [8]. The analogous problems for 
branching graphs were studied in [9,10]. The 
mathematical background for introducing of the point-
like potentials is given by the theory of self-adjoint 
extensions of symmetric operators [11-13]. 1D point-like 
potential for the Dirac operator was described in many 
works (see, e.g., [14-21]. 

2 Infinite periodic chain 

The Dirac operator in one dimension for spinless particle 
is described by the following expression (see, e.g., [11]): 
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Consider bent chain graph � shown in Fig. 1. It 
consists of two semi-infinite straight chains and a central 
region connecting them. At first, we will deal with the 
chains. Each chain is semi-periodic, i.e. it is invariant in 
respect to a semi-group of shifts by circular diameter. 
Each arc (edge of the graph) is parameterized by the 
polar angle � , the variable is x R�� , R is the circle 
radius. For convenience, we take 1R � (it is not a 
limitation). One defines the Dirac operator D on the 
graph by the following way. It acts in 2
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satisfying the following conditions at vertices (see Fig. 
2): 
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Here 
i

c

�
� characterizes the Lorentz interaction 

(relativistic point-like interaction).
If one consider the spectral problem, then it is 

necessary to solve the following Dirac system at each 
edge:
                                   0D� ��� .                         (2.1)

Let (j)
1,2C be the value of function (j)

1,2� at the input 

( 1, 2j � ) or the output ( 3, 4j � ) of the cell (Fig. 2). 

Given constants (1) (2)
1,2 1,2,C C determines the solution at 

the whole cell and, correspondingly, the values 
(3) (4)
1,2 1,2,C C . Matrix T which gives one this relation is 

named the transfer-matrix (or monodromy matrix) [22].
This relation gives one:
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Fig. 2. The transfer-matrix definition. 

To construct the transfer-matrix, one chooses 
directions at each edge of the basic cell (Fig. 3).

Let (1)
1,2 (x, )� � , (2)

1,2 (x, )� � , (3)
1,2 (x, )� � and 

(4)
1,2 (x, )� � be the solutions of the Dirac system (2.1) 

for the corresponding edge ( 0,
2

x
�� �� � ��  

).

Fig. 3. The basic cell. 

One starts from the given values 
(1) (1) (2) (2)
1,2 1,2 1,2 1,2( , ) C , ( , ) C

2 2
� �� � � �� � . The graph is 

symmetric. The condition at the vertex (2.0) is also 
symmetric. Hence, the solution should be symmetric or 
anti-symmetric at the cell. An anti-symmetric solution 
gives one zero values at the vertex, correspondingly, it is 
a trivial solution. We are interested in a symmetric case:
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Taking into account (2.0) and (2.2), one can find the 
expression for the coefficients (3)

1,2C and (4)
1,2C through 

(1)
1,2C and (2)

1,2C . Thus, one constructs the transfer-matrix.

3. Main result

Theorem. The Dirac operator D for bent chain 

quantum graph has at least one bound state if and only if 

the parameter of the point-like potentials at the vertices 

is negative ( 0� ! ).
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Proof. Let’s solve the Dirac system (2.1) at an edge. It is 
the homogeneous system of linear first order differential 
equations with constant coefficients. Its solutions can be 
written as:
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where 
c

c
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2
4 24 ��

� . Due to known spectral 

properties of 1D Dirac operator, it is clear that if one 
finds a non-zero solution corresponding to ,�
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then such � belongs to the point spectrum of the 
operator. Using (2.0), (2.2), (3.1), one can express (3)
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and (4)
1,2C through the (1)

1,2C and (2)
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�
. The reduced (i.e. 2x2-

matrix T due to symmetry) transfer-matrix is as 
follows: 

It is simple to find the eigenvalues 1,2$ and the 

eigenvectors 1,2e of the transfer-matrix T : 
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Relation (3.3) gives one the ratio of the coefficients 
(1)
1C and (1)

2C : 
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Fig. 4. The central region of the graph. & is the angular 
deviation of the coupling point from the diameter.

It is well known (see, e.g., [21]) that real � belongs 
to the continuous spectrum of the Dirac operator for 

semi-infinite chain if 1,2 1$ � . In contrast, if 1 1$ !

(or 2 1$ ! ) then the corresponding � belongs to the 
point spectrum of the Dirac operator for semi-infinite 
chain (one obtains square integrable solution at the 
chain). In our case, it means that 8 1" ! (the 
corresponding eigenvector of the transfer-matrix gives 
one the initial conditions for this solution). Keeping in 
mind this observation, we will consider the central 
region of the graph - chains coupling.

This part of the graph is shown in Fig. 4. There is 
only one difference between the central circle and any 
other circle of the chain – the coupling points A and B 
do not belong to the same diameter.

The system of equations for values of (1,2)
1,2� , (3,4)

1,2�

and (5,6)
1,2� consists of two parts corresponding to A and 

B respectively. It looks like (2.2), but the values of the 
functions (3,4)

1,2� are calculated at & (for A) and &�
(for B), i.e.:
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Here we take into account the symmetry. Substituting 

the explicit expressions for functions � , one expresses 

the coefficients (5)
1,2C , (6)

1,2C in terms of (1)
1,2C , (2)

1,2C : 
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Using Eq. (3.4), (3.5), one obtains the relation between 
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The result is as follows:
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e e
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Equations (3.6), (3.7) and (3.8) are equations for � .
To be an eigenvalue of the Dirac operator for the bent 
chain, � should be a root of at least one of these 
equation. To complete the proof of the main theorem, we 
consider the following two lemmas: 

Lemma 1. Equation (3.6) have at least one solution if 

and only if 0� ! .

Lemma 2. Equations (3.7) and (3.8), in common, have 

at least one solution if and only if 0� ! and 
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The lemmas are proved by means of analyzing the 
behavior of functions including in the equations. 
Summarizing the results of Lemma 1 and Lemma 2, we 
complete the proof of the main theorem.

4. Concluding remarks

The paper deals with the spectrum description of the 
Dirac operator for a quantum graph having the form of 
bent chain of rings. Such models can be applied to the 
description of electron behavior in grapheme-based 
nanostructures like grapheme nanoribbon (see, e.g., 
[23]). The main result of the paper is the description of 
the conditions ensuring the existence of bound states. As 
for the continuous spectrum for the bending chain, it is 
not so interesting because it coincides with that for the 
corresponding straight infinite chain (finite rank 
perturbation cannot lead to a change of the continuous
spectrum).  It is interesting to compare the result with the 
corresponding theorem concerning to the analogous 
quantum graph with the Schrodinger operator (i.e. non-
relativistic particle) [8]. In the both cases, bound states 
appear only if there is negative delta-coupling at the 
graph vertices. From the physical point of view delta-
coupling is related to physical characteristics of the rings 
connections. For non-relativistic particle, this statement 
was proved for more complicated cases of branched 
graphs too [9,10]. Naturally, the conditions depend on 
the bending angle. For the relativistic case, i.e. for the 
Dirac operator, one can use the transfer-matrix approach 
analogously to the non-relativistic case (for the 
Schrodinger operator).
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