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Abstract. The low-velocity impact response of a precompressed circular isotropic elastic plate is investigated

in the case when the dynamic behavior of the plate is described by equations taking the rotary inertia and

transverse shear deformations into account. Contact interaction between the rigid impactor and the target is

modeled by a generalized Hertz contact force, since it is assumed that the viscoelastic features of the plate

represent themselves only in the place of contact and are governed by the standard linear solid model with

fractional derivatives due to the fact that during the impact process decrosslinking occurs within the domain of

the contact of the plate with the sphere, resulting in more free displacements of molecules with respect to each

other, and finally in the decrease of the plate material viscosity in the contact zone.

1 Introduction

An impact response analysis requires a good estimate of

contact force throughout the impact duration. Low veloc-

ity impact problems, which also took the local indentation

into account, have been solved by many authors. Refer-

ence to the state-of-the-art reveiws [1,4] shows that in most

studies it was assumed that the impacted structure was free

of any initial stresses. But this does not adequately re-

flect the real multidirectional complex loading states that

the materials experience during their service life. The de-

tailed reveiw of papers wherein prestressing of targets was

taken into account during the solution of dynamic prob-

lems dealing with impact interaction could be found in [5].

But there is practically no investigations on viscoelasticity

influence during the impact interaction.

In the present paper, we generalize the approaches sug-

gested in [5] for study of the impact response of a pre-

stressed elastic circular plate and in [6] for investigating

the impact response of a plate, viscoelastic features of

which are induced within the contact domain. But dis-

tinct to [6] , in the problem under consideration the gen-

eralized Hertz contact law is utilized by considering time-

dependent operators describing rigidity and Poisson’s ratio

of plate’s material.

2 Problem formulation and methods of
solution

Let us consider the problem of the impact of rigid sphere

upon a pre-stressed circular isotropic Uflyand-Mindlin

plate which is presumed to be of infinite extent in order
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to ignore the waves reflected from its edges. The plate out

of the contact zone is considered to be elastic, while within

the contact domain its microstructure changes and it gains

viscoelastic properties.

2.1 Dynamic response of a circular elastic plate

The equations of motion of a pre-stressed circular isotropic

elastic Uflyand-Mindlin plate could be written in the polar

coordinate system with the origin at the center of the plate

in the following form [5]:
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where w is the plate deflection, ϕ is the angle of inclina-

tion of the normal to plate’s middle surface, r is the polar

radius, h is the plate thickness, ρ is its density, K = 5/6 is

the shear coefficient, N is the constant compression force

acting in the radial direction, D = Eh3/12(1 − ν2) is the

bending rigidity, E, μ, and ν are the longitudinal modulus,

shear modulus, and Poisson’s ratio, respectively, and an

overdot denotes a derivative with respect to time t.
It is assumed that as a result of impact upon the plate,

two transient waves (the surfaces of strong discontinuity)

arise in it at the point of impact, which further propagate

with velocities Gα (α = 1, 2) along the plate in the form of

diverging cylindrical surfaces-strips. Let us interpret the

surface of strong discontinuity as a layer of small thickness

δ, within which the desired value Z changes monotonically

and continuously from the magnitude Z+ to the magnitude
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Z−. Suppose that the ahead and back fronts of the shock

layer arrive at a certain point with the fixed radius at the

time instants t and t + Δt, respectively, where Δt is small.

Inside the shock layer the following relationship

∂Z/∂r ≈ −G−1∂Z/∂t (3)

is fulfilled.

A certain desired function Z behind the fronts of wave

surfaces Σ(1) and Σ(2) could be represented in terms of the

ray series [7]

Z(r, t) =

2∑
α=1

∞∑
k=0

1

k!

[
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)
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where
[
Z,(k)

](α)
=

[
∂kZ/∂tk

](α)
= Z,+(α)

(k)
−Z,−(α)

(k)
are discon-

tinuities in the kth-order time-derivatives of the desired

function Z on the waves surfaces Σα, i.e., at t = r/Gα,
the upper indices ” + ” and ” − ” denote that the values

are calculated immediately ahead of and behind the wave

fronts, respectively, and H (t − r/Gα) is the unit Heaviside

function.

Since the impact process is of short duration, then it is

possible to restrict only by zero-order terms, i.e.,

Z(r, t) =
2∑
α=1

[Z](α)

∣∣∣∣∣
t= r

Gα

H
(
t − r
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)
. (5)

Writing Eqs. (1) and (2) within the shock layer with

due account for (3), then integrating the obtained relation-

ships over t from t to t + Δt and tending Δt → 0 yield

ρG2
1 =

E
1 − ν2 , (6)

ρG2
2 = Kμ − N/h. (7)

For further treatment we need to determine the trans-

verse force Qr. For this purpose we would split Eq. (2) in

two equations
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Qr = Kμh
(
∂w

∂r
− ϕ

)
. (9)

Differentiating (8) and (9) one time with respect to

time, applying the condition of compatibility (3) with due

account for (7), we obtain

Qr = −KμhG−1
2 W, (10)

where W = ẇ.

2.2 Equations of motion of the contact domain and
the impactor

At t > 0 the displacement of the sphere’s center could be

represented in the form

z = w + α, (11)

where α is the impactor’s indentation due to the local bear-

ing of target material within the contact domain.

Then the equation of motion of the part of the plate

being in contact with the sphere and the equation of the

sphere have the form

2πa(t)Qr + P(t) = ρhπa2(t)ẅ + 2πa(t)N
∂w

∂r
, (12)

mz̈ = −P(t), (13)

where a(t) is the radius of the contact domain, and P(t) is

the contact force.

Equations (12) and (13) could be solved with due ac-

count for formula (10), as well as considering the follow-

ing initial conditions:

z
∣∣∣∣
t=0
= 0, ż

∣∣∣∣
t=0
= V0, w

∣∣∣∣
t=0
= 0, ẇ

∣∣∣∣
t=0
= 0. (14)

It is assumed that the viscoelastic features of the plate

represent themselves only in the place of contact and are

governed by the standard linear solid model with fractional

derivatives. The matter is fact that during the impact pro-

cess, decrosslinking occurs within the domain of the con-

tact of the plate with the sphere, resulting in more free dis-

placements of molecules with respect to each other, and

finally in the decrease of the plate material viscosity in the

contact zone. This circumstance allows one to describe

the behaviour of the plate material within the contact do-

main by the standard linear solid model involving frac-

tional derivatives, since variation in the fractional param-

eter (the order of the fractional derivative) enables one to

control the viscosity of the plate material.

In this case, the generalized contact Hertz theory could

be used to define the contact force

P(t) =
4
√

R
3

k̃ α3/2, (15)

and the time-dependent radius of the contact domain is de-

fined as

a(t) =
√
α(t)R, (16)

where R is the radius of the impactor, k̃ is the time-

dependent operator

k̃ =
Ẽ

1 − ν̃2 (17)

dependent on the viscoelastic operators Ẽ and ν̃ which are

valid within the contact domain and based on the fractional

derivative standard linear solid model.

Thus, the operator corresponding to the Young’s mod-

ulus has the form [8]

Ẽ1 = E∞
[
1 − νε �∗γ (τ

γ
ε)
]

(0 ≤ γ ≤ 1), (18)

where E∞ and E0 are the non-relaxed (instantaneous mod-

ulus of elasticity, or the glassy modulus) and relaxed elas-

tic (prolonged modulus of elasticity, or the rubbery modu-

lus) moduli which are connected with the relaxation time

τε and retardation time τσ by the following relationship:(
τε
τσ

)γ
=

E0

E∞
, (19)
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νε =
E∞ − E0
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=
ΔE
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, (20)

�∗γ (τ
γ
i )Z(t) =

∫ t

0

�γ
(

t − t′

τi

)
Z(t′)dt′ (i = ε, σ), (21)

�γ
(

t
τi

)
=

tγ−1

τ
γ
i
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n=0

(−1)n(t/τi)
γn

Γ[γ(n + 1)]
, (22)

Γ[γ(n+1)] is the Gamma-function, �γ (t/τi) is Rabotnov’s

fractional exponential function [9] which at γ = 1 goes

over into the ordinary exponent, and operator �γ (τi) trans-

forms into operator �∗1 (τi). When γ → 0, the function

�γ (t/τi) tends to the Dirac delta-function δ(t).
As numerous experiments with volume stresses and

strains show, for the majority of materials the operator of

volume extension-compression K̃ is a constant value, that

is

K̃ = K∞, (23)

where K∞ is a certain constant.

Now we could calculate the Poisson’s operator ν̃ ac-

cording to formula (23), which could be rewritten in the

form
Ẽ

1 − 2̃ν
=

E∞
1 − 2ν∞

= 3K∞, (24)

where ν∞ is the non-relaxed magnitude of the Poisson’s

ratio.

Considering (18), from formula (24) we have

ν̃ = ν∞ +
1

2
(1 − 2ν∞)νε �∗γ (τ

γ
ε). (25)

For further treatment we should know the following

operators:

1

1 + ν̃
=

1

1 + ν∞ + 1
2
(1 − 2ν∞)νε �∗γ

(
τ
γ
ε

) , (26)

1
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(
τ
γ
ε
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In order to calculate the operators in the right-hand

side of (26) and (27), we assume that they have the fol-

lowing form:

1
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1
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1
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1
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where B, t1 and D, t2 are yet unknown constants.

Equating the right sides of relationships (26), (28) and

(27), (29), reducing the obtained expressions to the com-

mon denominator with due account for formula [8]
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Vanishing to zero the expressions in square brackets in

(31) and (32), we determine unknown constants

B =
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1
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]
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A
,
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,

C =
2(1 − ν∞) − (1 − 2ν∞)νε

2(1 − ν∞)
.

Now we could calculate the operator

k̃ =
Ẽ

1 − ν̃2 =
Ẽ
2

(
1

1 + ν̃
+

1

1 − ν̃
)
. (34)

For this purpose, we substitute (18), (28) and (29) in

(34) with due account for formula (30), as a result we ob-

tain

k̃ =
E∞

1 − ν2∞

⎡⎢⎢⎢⎢⎢⎢⎣1 −
2∑

j=1

mj �∗γ
(
tγj
)⎤⎥⎥⎥⎥⎥⎥⎦ , (35)

where

m1 =
3

2

B(1 − ν∞)

(1 − 2ν∞)
, m2 =

1

2

D(1 + ν∞)

(1 − 2ν∞)
.

Considering Eqs. (35) and (21), the contact force is

defined as

P(t) = k∞

⎡⎢⎢⎢⎢⎢⎢⎣α3/2(t) −
2∑

j=1

mj

∫ t

0

�γ
(
− t − t′′

t j

)
α3/2(t′′)dt′′

⎤⎥⎥⎥⎥⎥⎥⎦ ,
(36)

where

k∞ =
4
√

R
3

E∞
1 − ν2∞

.

Now integrating Eq. (13) yields

z = − 1

m

∫ t

0

P(t′)(t − t′)dt′ + V0t. (37)

Utilizing (36), it is possible to rewrite (37) in the form

z(t) = V0t − k∞
m

∫ t

0

[
α3/2(t′)

−
2∑

j=1

mj

∫ t′

0

�γ
(
− t′ − t′′

t j
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α3/2(t′′)dt′′

]
(t − t′)dt′. (38)
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3 Solution of governing equations

Now considering formulas (10) and (16), as well as rela-

tionship
∂w

∂z
= −G2

−1W, (39)

which is obtained from (3) if we substitute there the func-

tion Z by the function w, Eq. (12) could be rewritten in the

form

MαẆ + gα1/2W = P(t), (40)

where contact force P(t) is defined by (36), M = ρπhR,

and g = 2MG2R−1/2.

Substituting (11) in (13) yields

mẆ + mα̈ = −P(t). (41)

Note that since the impact process is of short duration,

then in the integrals entering in Eqs. (36) and (38) could

be represented as [10]

�γ
(
− t

t j

)
≈ tγ−1

tγjΓ(γ)
( j = 1, 2). (42)

The set of governing equations (40) and (41) with due

account for (42) is reduced to the following:

MαẆ + gα1/2W = k∞
[
α3/2 − Δγ

∫ t

0

(t − t′)γ−1α3/2(t′)dt′
]
,

(43)

mẆ + mα̈ = −k∞
[
α3/2 − Δγ

∫ t

0

(t − t′)γ−1α3/2(t′)dt′
]
,

(44)

where

Δγ =
1

Γ(γ)

(
m1

tγ
1

+
m2

tγ
2

)
.

3.1 Analysis of the system’s critical state

The most interesting is the case of N → Ncrit = Kμh, i.e.,

G2 → 0, and the plate occurs in the critical state, since all

energy of shock interaction is concentrated in the contact

region, what may result in damage of the structure within

the contact zone.

Let the compression force N in the plate attain its crit-

ical magnitude. Then as a result of impact of a rigid body

upon the plate, only one wave is generated in the plate

which further propagates with the velocity G1, but the sec-

ond wave turns out to be locked within the contact region.

In this case, coefficient g = 0 and Eq. (43) is reduced to

MαẆ = k∞
[
α3/2 − Δγ

∫ t

0

(t − t′)γ−1α3/2(t′)dt′
]
. (45)

If we consider

α ≈ V0t (46)

as a first approximation, then Eq. (45) with due account

for [11]∫ t

0

(t − t′)γ−1t′3/2(t′)dt′ =
3

γ

(
1

3
− 1

5
γ

)
t3/2+γ (47)

takes the form

Ẇ =
k∞V1/2

0

M

[
t1/2 − Δγ

3

γ

(
1

3
− 1

5
γ

)
t1/2+γ

]
. (48)

Integrating (48) yields

W =
k∞V1/2

0

M

[
2

3
t3/2 − Δγ

3

γ

(
1

3
− 1

5
γ

)
1

3/2 + γ
t3/2+γ

]
.

(49)

3.1.1 The case γ = 0

In the pure elastic case, i.e. at γ = 0, Δ0 = Δγ|γ=0 = 0, and

thus Eq. (45) takes the form

Ẇ =
k∞
M
α1/2. (50)

The solution of (50) with due account for (46) has the

form

W =
2k∞V1/2

0

3M
t3/2 (51)

whence it follows that the velocity of deflection increases

as time goes on.

3.1.2 The case γ = 1

In the case of conventional viscosity, i.e. at γ = 1, Eq. (45)

takes the form

Ẇ =
k∞
M

[
α1/2 − 2

5
Δ1α

3/2

]
, (52)

the solution of which is

W =
2k∞V1/2

0

M

[
1

3
− 2

25
Δ1V0t

]
t3/2, (53)

where

Δ1 = Δγ|γ=1 =
m1

t1
+

m2

t2
.

Vanishing relationships (52) and (53) to zero, we could

estimate the time at which velocity W attains its maximal

value and the contact duration, respectively,

tmax =
5

2Δ1V0

, (54)

tcont =
25

6Δ1V0

=
5

3
tmax. (55)

Substituting (54) in (53) provides the maximal magni-

tude of the velocity

Wmax|t=tmax
=

4

15

k∞V1/2
0

M
t3/2
max (56)

whence it follows that viscosity softens the impact re-

sponse of the plate as compared with the elastic case.
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4 Conclusion

The low-velocity impact response of a precompressed cir-

cular isotropic elastic plate is investigated. The dynamic

behavior of the plate is described by equations taking the

rotary inertia and transverse shear deformations into ac-

count. Longitudinal compressing forces are uniformly dis-

tributed along the plates median plane.

Contact interaction between the rigid impactor and the

target is modeled by a generalized Hertz contact force,

since it is assumed that the viscoelastic features of the plate

represent themselves only in the place of contact and are

governed by the standard linear solid model with fractional

derivatives. This is explained by the fact that during the

impact process, decrosslinking occurs within the domain

of the contact of the plate with the sphere, resulting in

more free displacements of molecules with respect to each

other, and finally in the decrease of the plate material vis-

cosity in the contact zone. This circumstance allows one

to describe the behaviour of the plate material within the

contact domain by the standard linear solid model involv-

ing fractional derivatives, since variation in the fractional

parameter (the order of the fractional derivative) enables

one to control the viscosity of the plate material.

From the results obtained the following conclusions

may be drawn:

1. If a circular plate is subjected to the action of a con-

stant compression force uniformly distributed in its middle

plane along the boundary circumference, then during im-

pact upon such a pre-stressed plate the nonstationary wave

of a transverse shear (surface of strong discontinuity) is

generated and then propagates with the velocity dependent

on the compression force.

2. At certain critical magnitude of the compression

force, the velocity of the transient wave of transverse shear

vanishes to zero, resulting in ’locking’ of this wave within

the contact domain.

3. ’Locking’ of the wave, in its turn, leads to the fact

that energy during impact does not dissipate (as it takes

place in the case of the generation and propagation of the

transverse shear wave) but remains inside the contact zone,

what could result in damage of the contact domain.

4. It is shown that for an elastic plate the critical com-

pressional force leads to the increase in the velocity of

the contact spot with time, resulting in cut off of the rigid

washer (the contact zone) with further its knocking out of

the plate.

5. If viscosity of the plate material is induced within

the contact domain, then it softens the impact, and in this

case the velocity of the contact spot continuously increases

from zero to a certain maximal magnitude and then de-

creases to zero.

6. At fractional order viscosity, the maximal velocity

of the contact spot could be controlled by the choice of the

value of the fractional parameter.
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