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Abstract. For overcoming the shortcomings of total variation for image reconstruction, which 
easily smooth image texture, and produce lots of artificial edges, a non-smooth hybrid energy 
functional regularization model and iterative algorithm is proposed. Firstly, fitting term is 
described by L1 norm for blurred image by system and salt and pepper noise, regularization 
terms are described by fractional order bounded variation function semi-norm and L1 norm. 
Secondly, resorting to introduce auxiliary variables, the primal non-smooth energy functional 
regularization model without condition constraints is converted into energy functional 
regularization model with condition constraints, which is split into six easily computing sub-
problems by the alternating direction method of multipliers (ADMM). Finally, alternating 
iterative six sub-problems, an improved image reconstruction algorithm is proposed. Numerical 
experiments show that the proposed model has advantages over several state-of-art approaches 
in terms of the reconstruction visual effect.    

1 Introduction   
In recent years, reconstruction blurred image by system and noise, the widespread acceptance is how 
to establish hybrid energy functional regularization model, which is composed of fitting term and 
regularization term [1]. For blurry image by salt and pepper noise, the image statistical distribution is 
described by L1 norm, the solution singularity property is described by bounded variation (BV) 
function [2]. However, BV easily leads to texture information of image lost, and produces artificial 
edges in steady area. For overcoming the disadvantages, reference [3] proposed adaptive energy 
functional regularization model, but the parameters of weight coefficient are difficult to determine. 
For reducing the stair effect of steady area of BV, reference [4] used the second BV for regularization 
term of image reconstruction model. However, the four order elliptic equation is obtained by energy 
functional regularization model of calculus of variation, which easily smears image edge.    

First order BV is advantage of image edges [5], second order BV is advantage of image steady 
area [6], which shows the complex image characteristics, it is difficult to describe solution properties 
by a special functional space, hence, hybrid functional space is adopted for description of image 
properties [7]. Recent research show the image is composed of cartoon and texture information [2], 
which can be described by different function spaces, and establishment hybrid energy functional 
regularization model based on image decomposition, which is widely applied in image reconstruction 
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and compress sensing [8]. For overcoming the image over smooth caused by higher order model, 
image cartoon part is described by fractional BV [9]. For embodying the sparse property of solution, 
using tight frame transform [10] for image texture part sparse property, the transform coefficients is 
described by L1 norm [11].   

 The rest of this paper is organized as follows : In section 2, we review the tight frame theory and 
establish hybrid energy functional regularization model for reconstruction image blurred by system 
and salt and pepper noise. In section 3, taking advantage of the alternative direction method of 
multiplier (ADMM), we split the hybrid energy functional regularization into six sub-problems, which 
form alternative iterative algorithm. In section 4, we carry out several numerical experiments to show 
that the reconstruction model and algorithm are effective. In section 5, some remarks and future works 
are discussed.   

2 Hybrid regularization model for image restoration   

2.1 Tight frame transform for image sparse representation   

Using a cluster of framelet functions for basic function of tight frame, image can be represented by 
multi-resolution analysis, and the transform coefficients in tight frame domain are sparse, which can 
embody image singular characteristics, the details about tight frame theory are presented in 
reference[12, 13]. Suppose that the countable set ( )RLW �⊂  , ( )RLu �⊂∀ , the tight frame must 
satisfy  

ψψ
ψ
∑=
∈W

uu ,  (1) 

Where ••  represents the inner product of ( )RL�
, W represents the tight frame. The element of 

framelet system { }Mψψψ ���=ψ  is dilated and shifted, and get tight frame ( ) ( )RLψW �⊂  

( ) ( ){ }nl
m

/l −•= �� �ψψW , ψ∈mψ , mψ is called framelet, M,,m ��= . The refinable function φ and 
framelet function of tight frame satisfy the following expression   

( ) ( ) ( )ωφωωφ ˆĥˆ
�� = , ( ) ( ) ( )ωφωωψ ˆĥˆ

mm =�  (2) 

Where φ̂ ,
�ĥ , mĥ is the Fourier transform of φ ,

�h , mh . According to unitary extension principle 
[14], the filter coefficients of tight frame ( )ψW satisfy the following expression   

( ) ( ) ( ) ( )
�

�
�� ,

M

m
mm ĥĥĥĥ γχγπωωγπωω =∑ +++

=
  (3) 

Where ��,=γ ,
�,γχ is sample function.   

2.2 Using Bayesian principle for hybrid image reconstruction model   

Suppose expectation image f and observation image g obey independent statistical distribution, the 
imaging system is described by matrix A  that is produced by point spread function (PSF). The 
sample image is blurred by salt and pepper noise, then the conditional probability of sample image is 
defined as   

( )
1L

gAffg −=|p  (4) 
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Where, Given ideal image, ( )f|gp  represents the conditional probability of observation image. 
In practical application, it is impossible for user to get the ideal image. To obtain physical variables 
with practical meaning, supposed that the priori probability of ideal image is ( )fp , using Bayesian 
principle[15], the maximum posterior probability of ideal image is written as   

  ( ) ( ) ( )ff|gg|f ppp •∝  (5) 

If the transform coefficients of ideal image is sparse, and ideal image belongs to some kinds of 
function space, such as variable exponent function space, fractional BV function space and L1 function 
space, etc. Supposed the image properties of different function space is independent, we can describe 
these properties by the following probability distribution function   

( ) ( )∏=
τ

τ ff Tpp  (6) 

Where τT  represents function space, andτ is integer, which represents the number of function 
space. Substituting (4) and (6) into (5), using ln likelihood function for both sides of equation, the 
hybrid energy functional regularization model is written as   

( ){ }fEf
f

argmin=ˆ  (7) 

Where ( ) ( )∑+−=
τ

τ f gAff TpE  ln
1L

.    

In order to using the explicit physical meaning of priori probability, at the same time, the problem 
of (7) is not too complex, using the cartoon and texture for describing the image properties, which are 
characterized by fractional order BV function space and L1 norm of tight frame domain, and the priori 
probabilities of expectation solution are respectively written as   

( )
1L

 ln Wxf =− �Tp  (8) 

( )
1

 ln uf α∇=− �Tp  (9) 

Where x and u respectively represent texture and cartoon. Substituting (8) and (9) into (7), the 
hybrid energy functional regularization model for image reconstruction is written as   

( ){ }uxf
uxf
E  argmin  (10) 

Where ( )
111 LLL

 uWxgAfuxf αE ∇++−= βα , α and β are non-negative constant. If �=α , 

formula (10) is image deblurry model of tight frame domain.    

3 Splitting principle and algorithm of image reconstruction model  

3.1 ADMM algorithm  

Formula (10)  is composed of fitting term and regularization term, it is non-smooth and -differential, 
the fixed point iterative algorithm based on first order gradient and Newton iterative algorithm[16] 
based on second order gradient can not be applied to (10). According to non-smooth convex 
optimization theory, the most effective method to compute non-smooth convex function that is 
composed of two terms is variable splitting technology. The variable splitting technology divide the 
object function that is composed of two terms into two easy to deal with sub-problems, alternating 
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iterative sub-problems form ADMM algorithm[17]. Supposed the optimization object function can be 
formulated as  

( ) ( ){ }GhEhE
h

�� +argmin  (11) 

Where, non-smooth convex function RRE →r�
and RRE →s�

, rs×∈ RG . Taking advantage 
of variable splitting technology, formula (11)  splits into two sub-problems that are expressed as 
follows  

( )
⎭
⎬
⎫

⎩
⎨
⎧

−++=+ �

��

�

�
kkk E zGhγhh

h

μ argmin  (12) 

( )
⎭
⎬
⎫

⎩
⎨
⎧

−++= ++ �

�

�

�

�

�
zGhγzz

z

kkk E μ argmin  (13) 

( )��� +++ −+= kkkk zGhγγ  (14) 

Supposed ĥ  is optimal solution of (11), if the cluster point { }kh  is produced by alternating 

iterative (12)-(14), then �
�

�
=−

∞→
hh ˆk

k
lim .  

However, image reconstruction model of (10) is composed of three terms, it is impossible to apply 
ADMM algorithm directly. Hence, the formula (10) must be improved.  

3.2 Transformation of image reconstruction model  

In order to apply ADMM algorithm to (10), we must transform (10) into similar to standard form 
formula of  (11). Introducing auxiliary variables of θAf = , zgAf =− , xuf += , the formula (10) is 
written as  

( )
111 LLL

  uWxzuxf αE ∇++= βα  (15) 

Set ( ) Wx α=xh�
, ( ) zz =�h , ( ) ( )θθ += Rh σ�

, ( ) uy αβ ∇=�g , ( ) ( )yDDy j
j

jhg ∑=
=

�

�
�

, formula (15) 

is converted into standard form, which is written as  

( ) ( ){ }Dyy
y

21 gg argmin +  (16) 

Where [ ]Tfguy = ,
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−

=

A00
AI0
I0I

D , set [ ]Tθzxb = ,then Dyb = . Applying (12)-(14), 

formula (16) split into two bigger sub-problems, which are written as  

( )
⎭
⎬
⎫

⎩
⎨
⎧

−++=+ �

��

�

�
kkk g bDydyy

y

μ argmin  (17) 

( )
⎭
⎬
⎫

⎩
⎨
⎧

−++= ++ �

�

�

�

�

�
bDydzb

b

kkk g μ argmin  (18) 
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( )��� +++ −+= kkkk bDydd  (19) 

1) according to sub-problem of (17), optimization about y  is expressed as  

( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

−++−−++−−++∇=+++ �

��

�

��

�

��

���

�
kkkkkkkkk ,, θAfdzgAfdxufdufgu

fgu,
  argmin

TV, 

μ
β α  (20) 

Optimization (20) about f , u  and g , respectively, they form the following three sub-problems  
(1) optimization (20) about f sub-problem  

{ }�
��

�

��

�

��

�

�
kkkkkkk θAfdzgAfdxufdf

f
−++−−++−−+=+   argmin μ

(21) 

Formula (21) is quadratic equation, according to first order Karush-Kuhn-Tucker (KKT) 
conditions [16], the first order variation of (21) about f is written as  

( ) ( )kkkkkk
���� dθdzgAdxufIAA −+−++−+=+ TT  (22) 

Imposing periodic boundary condition on image, carrying out Fourier transform and inverse 
Fourier transform, we can get the following formula  

( )( )
( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

+

−+−++−+
=+

IAA
dθdzgAdxuf

T

T
-

�
�����

F
FF

kkkkkkkk
k  (23) 

Where F and �-F  respectively represent Fourier transform and inverse Fourier transform.  
(2) optimization (20) about u sub-problem  

⎭
⎬
⎫

⎩
⎨
⎧

−−++∇=+ �

��

�

�
kkk xufduu

u

μ
β α

TV
   argmin  (24) 

In order to obtain the solution of (24), taking advantage of Fenchel transform for converting (24) 
into dual model [18], and using fixed point iterative theory, we get the following expression  

( ) ( ) ��

�

� +++ −−−+= kkkkkk pxufdu αα

μ
β div1-  (25) 

where �+kp is expressed as   

( ) ( )

( ) ( )kkkkk

kkkkkk

k

xufdp

xufdpp
p

−−+−∇+

⎥
⎦

⎤
⎢
⎣

⎡
−−+−∇+

=
+

+

+

�

�

�

�

�

�
μ
β

τ

μ
β

τ

ααα

ααα

div1-

div1-
 (26) 

(3) optimization (20) about g sub-problem   

( )�
��

�

�
kkk zgAfdg

g
−−+=+  argmin μ

 (27) 

According to first order KKT conditions, the first order variation of (21) about g is written as  
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kkkk
�

�� dzAfg +−= ++  (28) 

2)according to sub-problem of (18), optimization about b  is expressed as  

( ) { ( ) ( +−−++++= +++++
+

�

�

��

���

���

�
xufdθWxzθxz

x θ,z

kkk
R

,

kkk ,,   argmin μ
σα  

)} �

�

�

�

�

�

��

� θAfdzgAfd −++−−+ +++ kkkkk  (29) 

Optimization (29) about z , x  and θ , respectively, they form the following three sub-problems  
(4) optimization (20) about z sub-problem  

⎭
⎬
⎫

⎩
⎨
⎧

−−++= +++ �

�

��

��

�

�
zgAfdzz

z

kkkk μargmin  (30) 

Formula (30) is standard L2-L1 type, we can get  

( ){ }�

�

�� +++ +−= kkkk Afdgz μ1Soft  (31) 

Where [ ] { } ( )πξππξ sgn maxSoft −= ,� , ( )•sgn is sign function.  
(5) optimization (29) about x sub-problem   

⎭
⎬
⎫

⎩
⎨
⎧

−−++= +++ �

�

��

��

�

�
xufdWxx

x 

kkkk μ
α argmin  (32) 

Similar to (30), we get the following formula 

( )[ ]��

�

� +++ −+= kkkk ufdWWx μαSoft T  (33) 

Where TW is inverse transform of W ,and IWW =T , T  represents transpose.   
(6) optimization (29) about θ sub-problem   

( )
⎭
⎬
⎫

⎩
⎨
⎧

−++= ++
+

�

�

�

�

�

�
θAfdθθ

θ

kk
R

k μ
σargmin  (34) 

( )�
�

� � ++ += kkk , Afdθ max  (35) 

3)according to formula of (19), auxiliary variable d  is updated as following  

���

�

�

�

++++ −−+= kkkkk xufdd  (36) 

���

�

�

�

++++ −−+= kkkkk zgAfdd  (37) 

��

�

�

�

+++ −+= kkkk θAfdd  (38) 

3.3 ADMM algorithm for image reconstruction   

1) set �=k , �u , �g , �f , and the maximum iterative number N .  
2) compute (23) for �+kf , compute (26) for �+kp , compute (25) for �+ku , compute (28) for �+kg .   
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3) compute (31)for �+kz ,compute (35) for �+kx , compute (36) for �+kθ , compute auxiliary variables 
�

�

+kd , �

�

+kd and �

�

+kd by (36), (37) and (38), respectively.  

4) if ( ) ( ) t,,E,,E kkkkkk ≤−+++  uxfuxf ��� or Nk > , jump 5), otherwise, set �+= kk , jump 2).  

5) output the reconstruction image �+kf .   

4 Experiment results and analysis   
Using refinable functon and tight frame with two generators for image sparse, they are shown in 
Figure 1. Taking advantage of Matlab fspecial function for producing PSF of size 9×9 and 13×13, 
they are shown in figure 2(a) and 2(b), respectively. The figure 3(a) and 4(a) is original Barbara image 
of size 256×256 and 512×512, respectively, and grey level is 0-255. The relative merits of the 
algorithm assessed by visual quality and quantitative peak signal-to-noise ratio (PSNR), we compare 
the restored results of the proposed with those of fast iterative soft threshold algorithm (FISTA) [5], 
dual model [19] and fast total variation deconvolution (FTVd) [20].   

                
(a) refinable function                     (b) symmetric framelet            (b) anti-symmetric framelet 

Figure 1. refinable function and framelet with two generators  

      
(a) PSF of size 9×9                             (b) PSF of size 13×13  

Figure 2. PSF with different size  

In Figure 3, Camera image is blurred by Figure 2(a), and and 30% salt and pepper noise, it is 
difficult to distinguish the texture and cartoon information. In Figure 3(c), FISTA makes restored 
image become cartoon, texture information is completely lost. Dual model and FTVd produce a lot of 
staircases in steady regions, but restoration image of Figure 3(d) is more smoother than that of Figure 
3(e). Figure 3(f), using the proposed for restoration image, the visual effect is better than that of other 
algorithms. According to qualitative index, PSNR of the proposed is higher that that of other 
algorithms, which shows image restoration quality is better that of other algorithms.  
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(a) original image                  (b) blurry image (10.03db)              (c) FISTA (17.88db) 

                                      
(d) dual model (26.85db)             (e) FTVd (27.16db)                   (f) the proposed(27.34db) 

Figure 3. Restoration comparison of different algorithms(256×256)  

Figure 4(b) is is blurred by figure 2(b) of PSF, and 40% salt and pepper noise, and is more blurry 
than figure 3(b). According to visual quality, FISTA produces a lot of cartoon, the image texture 
information is thoroughly lost in figure 4(c). In figure 4(d) and figure 4(e), the visual effect of dual 
model and FTVd is better than that of FISTA, In figure 4(f), the visual effect is the best in these 
algorithms.   

According to the quantitative performance, FISTA obtains the lowest PSNR, which shows the 
quality of image restoration is worse. PSNR of dual model is lower than that of FTVd, the proposed 
obtains the highest PSNR, which show that the quality of image restoration is best.  

                                      
�a�original image                   �b�blurry image (8.78db)               �c�FISTA (15.89db)  

                                      
(d) dual model (22.76db)               (e) FTVd (22.99db)               (f) the proposed(23.03db) 

Figure 4. Restoration comparison of different algorithms(512×512)  

Conclusion  

In this paper, a new hybrid energy function regularization model is proposed, by introducing auxiliary 
variables, image reconstruction model is converted into standard convex optimization model, using 
ADMM algorithm, standard model is split into six sub-problems, and every sub-problem has simple 
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closed expression, which form a fast alternate iterative algorithm. Experiment results show the 
proposed algorithm can effectively reconstruct image blurred by salt and pepper noise, and obtain 
better visual quality than that of other methods. In the future work, we will carry out research on the 
parameters of regularization terms for image restoration performance influence.  
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