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Abstract. We rely on the volume integral equation (VIE) method for the simulation of logging-
while-drilling (LWG) tool response using the integral equation fast Fourier transform (IE-FFT) 
algorithm to accelerate the computation of the matrix-vector product in the iterative solver. 
Depending on the virtue of the Toeplitz structure of the interpolation of the Green's function on 
the uniform Cartesian grids, this method uses FFT to calculate the matrix-vector multiplication. 
At the same time, this method reduce the memory requirement and CPU time. In this paper, IE-
FFT method is first used in the simulation of LWG. Numerical results are presented to 
demonstrate the accuracy and efficiency of this method. Compared with the Moment of 
Method (MOM) and other fast algorithms, IE-FFT have distinct advantages in the fact of 
memory requirement and CPU time. In addition, this paper study the truncation, mesh elements, 
the size of the interpolation grids of IE-FFT and dip formation, and give some conclusion with 
wide applicability. 

1 Introduction 
Logging-while-drilling tools [1-2] are based on the theory of waves and fields in inhomogenous media. 
In the field of petroleum well drilling and logging, electromagnetic wave resistivity sensors are 
frequently used to provide an indication of the electrical resistivity of rock formations surrounding an 
earth borehole. Such information regarding resistivity is useful in ascertaining the presence or absence 
of oil. A typical electromagnetic wave resistivity tool comprises a transmitter antenna and a pair of 
receiver antennas located at different distance from the transmitter antenna along the axis of the tool. 
The transmitter antenna is used to transmit electromagnetic waves. Due to waves received by two 
receiver antennas propagate through different distance, they are absorbed by the surrounding earth 
formation with different degree. So the voltages in the two receiver antennas have different phases and 
amplitudes. This is the reason that we use the phase different (PD) and amplitude ratio (AR) of 
voltages on the two receiver antennas to analyze the rock formation.  

Simulation of LWD Tool response is of great importance for optimization and design the new 
tools, and interpretation the earth formation and son on. Numerical methods such as finite element 
method (FEM)[3-5], finite difference time domain (FDTD), finite difference method (FDM) and 
moment of method (MOM) are flexible in dealing with 3-D formation. By contrast, the volume 
integral equation only require to divide the areas that are different with the background, so it has less 
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unknowns than FEM. One conventional method of solution for the volume integral equation is the 
method of moment (MOM). However, MOM methods are limited to relatively small problems 
because of their excessive CPU time and memory requirements. Therefore, Zhong Qing Zhang 
successfully proposed to improve the efficiency of induction logging problems with the CG-FFT 
method[6-10]. While CG-FFT require the uniform elements, it will create too many basis functions. 
Another method is MOM combine with multi-level adaptive cross approximation 
(MOM+MLACA)[11-14] used by the group of Zaiping Nie in UESTC, while MLACA is one method 
of pure mathematics. And the capacity to reduce computing time and memory is limited. In this paper, 
IE-FFT [15-16] is first used to solve the problem of the simulation of LWD tool response. IE-FFT 
method depends on the interpolation of the Green's function on the uniform Cartesian grids. And it 
takes advantages of the Fast Fourier Transform (FFT) to calculate the matrix-vector multiplication 
without needs to insure the uniform mesh elements. The superiority of IE-FFT is more attractively 
with the increase of the unknowns. This method is proved to be effective by contrast with the NMM, 
MOM, MOM+MLACA and MOM combine with multi-level adaptive cross approximation and 
singular value decomposition (MOM+MLACA+SVD). And it is clear that IE-FFT has significant 
advantages for reducing the memory requirement and CPU time. 

2 The volume integral equation 
In the model of the simulation of logging response, most of the area is homogeneous medium 
regarding as the background. The background is characterized by distribution of permittivity εb and 
conductivity� b, and the permeability is assumed constant � b=� o .While the inhomogenous 
formation are characterized by distribution of permittivity ε(r) and conductivity� (r), and the 

permeability is assumed constant �b=�o . Assumed that Εi  is the excitation field, and the equivalent 

volume current is Jυ in inhomogenous formation. The scattered field EV
sca is the contribution of the 

volume current Jυ , which can be calculated by 

EV
sca (r) = iwAv (r)−∇ϕv (r)

 (1) 

where 

Av (r) =
μb

4π
Jvv∫ (r)

e
ikb r−r

,

r − r '
dV '  (2) 

ϕv (r) =
1

4πiωεb
∇⋅ JVV∫ (r)

e
ik
b r−r'

r − r '
dV '  (3) 

where �
�ε is the complex permittivity of background and kb is the wave-number in the background 

medium given by 

εb
' =εb + iδb /ω  (4) 

kb =ω μb(εb + iδb /ω)  (5) 

In the volume region 
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D(r) /ε(r) = EV
sca (r)+Einc (r)       r ∈V  (6) 

The unknown electric flux density can be expanded as 

1(r) ( )Nv v
n niwD f r==∑  (7) 

while 

2 2
1(r) ( / ( ) 1) ( ) ( ) ( )Nv Nv v

v b n n nI iw k k r D r I r f rχ== − =∑  (8) 

where χ  is the contrast of the inhomogenous formation 

2 2( ) / ( ) 1br k k rχ = −  (9) 

Substituting (7) (8) into (6) and using the GalerKin's technique yield a linear system with N 
unknowns�

( )
1

[ / ( ) ( )] ( )   m= 1,2......N       10
Nv

V V V V V V V i V
n n m n m n m m V

n
I f iw f iw A f f E fε φ

=

− + ∇ =∑  

Where 
'

'

1( )
4

b

n

ik r r
V V
n n

b T

er f dr
iw r r

φ χ
π ε ±

−

Σ

= ∇⋅
−∫     

' '

' '

1
4 4

b b

nn

ik r r ik r r
V n n
n

b b aT

e ef dr ds
iw iwr r r r

χ χ
χ

π ε π ε±

− −+ −

Σ

−
= ∇⋅ −

− −∫ ∫
                (11) 

             ( ) ( )V V V V
n m m m

s v

f f r ndS f r dVφ φ φ∇ = ⋅ − ∇⋅∫ ∫   

( )          T

( )          T

V
m n

V

V
m n

S V

f r dV V

dS f r dV V

φ

φ φ

±

±

∇ ⋅ ∈

=
− ∇⋅ ∈

∫

∫ ∫
 (12) 

   Let 

1 ( ) ( )V V V V
mn n m n mZ iw A f fφ= − + ∇

 (13) 

3 IE-FFT method in the simulation of lwd tool response 
The IE-FFT method is irregular mesh-based grid algorithm. The uniform grids are used for 
interpolating the Green's function. The action of Green's function on a vector can be computed 
efficiently using the FFT. For near interactions, correction of impedance is must, since the accuracy of 
the sampled representation is insufficient. The Green's function interpolated by Lagrangian 
polynomials can be approximated as 
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,( , ) ( ) ( ( ))TG r r r G rβ β≅ ⋅ ⋅
 (14) 

where 

0 1 1( ) ( )  ( ) ... ( )
g

P P P
Nr r r rβ β β β −

⎡ ⎤= ⎣ ⎦
  

0 0 0

1 1 1

1 1 1

( ) ( ) ( )
( ) ( ) ( )

 

( ) ( ) ( )
X y z

P P P

P P P

P P P
N N N

x y z
x y z

x y z

β β β

β β β

β β β− − −

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 (15) 

0,0 0,1 0, 1

1,0 1,1 1, 1

1,0 1,1 1, 1

...

...

... ... ... ...
...

g

g

g g g g

N

N

N N N N

G G G

G G G
G

G G G

−

−

− − − −

⎡ ⎤
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

 (16) 

     where Nx, Ny, Nz are the number of grid points in x, y and z coordinates. Ng is the total number of 
the grid points as Ng. Substituting (14) into (13) 

3 1 4 2 4 52 2

6 2 6 52 2

1 1( ) ( ) ( )

1 1( ) ( )

T T T

b b
mn b

T T

b b

G G G
k k

Z iw
G G

k k

μ

⎧ ⎫Π ⋅ ⋅ Π − Π ⋅ ⋅ Π + Π ⋅ ⋅ Π⎪ ⎪⎪ ⎪
= − ⎨ ⎬

⎪ ⎪+ Π ⋅ ⋅ Π − Π ⋅ ⋅ Π
⎪ ⎪⎩ ⎭

(17) 

 where 

1 ( ) ( ) ( )
n

V p
n l

V

r f r r drχ βΠ = ⋅ ⋅∫  

2 ( ) ( ) ( )
n

V p
n l

V

r f r r drχ βΠ = ∇⋅ ⋅∫  

3 ( ) ( )
n

V p
n l

V

f r r drβΠ = ⋅∫  

4 ( ) ( )
n

V p
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V
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p
l

S
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When the near interactions are computed via the IE-FFT method, the results are highly erroneous. 
The correction value can be computed as the difference between the value directly computed by the 
MOM and the value computed via the IE-FFT algorithm 

near near corr
MOM IE FFT IE FFT IE FFTZ Z Z Z Z Z− − −= − + = +

 (18) 

     the matrix vector product can be compute via the FFT 

     

{ }3 1 42

2 4 5 62 2

2 6 52

1( ( ) ( ) ( ( )

1 1( ) ) ( ( ) ( ) )

1( ( ) ( ) ) ( ( ) ( ) ))

corr T
b

b

T T

b b

T T

b

V

Z I iw IFFT FFT G FFT I IFFT FFT G
k

FFT I IFFT FFT G FFT I
k k

IFFT FFT G FFT I IFFT FFT G FFT I
k

μ

=

⎡ ⎤⋅ − Π ⋅ ⋅ Π ⋅ − Π ⋅⎣ ⎦

⎡ ⎤ ⎡ ⎤Π ⋅ + Π ⋅ Π ⋅ + Π ⋅⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤⋅ Π ⋅ − Π ⋅ Π ⋅⎣ ⎦ ⎣ ⎦

(19) 

4 Numerical results 
eg1.The tolerance of 0.001 use GMRES iterations. The Green's function interpolate by the 2nd order 
Lagrangian polynomials. The size of interpolation grids is 0.1λ and the near gate for correction is 

0.1 2λ  (λ is the wavelength of the background medium ). The inhomogenous formation has a 
thickness of 3m and the conductivity of 0.1S/m. The borehole has a 0.127m radius and filled with mud 
with conductivity of 3.0S/m. The mud conductivity is treated as background medium. The working 
frequency of the LWD tool is 500KHz. The two receiver antennas are located at 1.0m and 1.5m away 
from the transmitter antenna. The total unknowns is 47 854. The number of spatial samples are 41. 
The result is obtained on the computer with 3.3GHz, 8 core. 
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Figure 1 (a)Amplitude Ratio                                                           Figure 1 (b) Phase Difference 

Table1 The contrast of the CPU time and memory requirement of MOM, MOM+MLACA 

 Memory 
(G) 

Time 
(S) 

MOM 34 38 795 
MOM+MLACA 9.3 994 
MOM+MLACA+SVD 2.7 444 
IE-FFT 2.6 274 

 
eg2.The tolerance of 0.001 use GMRES iterations. The Green's function interpolate by the 2nd 

order Lagrangian polynomials. The size of interpolation grids is 0.1λ and the near gate for correction 
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is 0.1 2λ  (λ is the wave length of the background medium). The inhomogenous formation has a 
thickness of 6m and the conductivity of 0.3S/m. The borehole has a 0.1m radius and filled with mud 
with conductivity of 8.0S/m. The mud conductivity is treated as background medium. The working 
frequency of the LWD tool is 450KHz. The two receiver antennas are located at 1.0m and 1.5m away 
from the transmitter antenna. The total unknowns is 414 926. The number of spatial samples are 41. 
The result is obtained on the computer with 2.27GHz, 16 core. 
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Figure 2 (a)Amplitude Ratio                                                 Figure 2 (b) Phase Difference 

Table2   The contrast of the CPU time and memory requirement of MOM, MOM+MLACA , 
MOM+MLACA+SVD and IE-FFT in Fig2 

 Memory (G) Time (S) 
MOM+MLACA 207 30945(8.6h)  
MOM+MLACA+SVD 43 8476(2.4h)  
IE-FFT 16 6781(1.9h)  

 
The numerical results proved the effective of the simulation of LWD tool of response with IE-FFT. 

By contrast with the MOM, MOM+MLACA and MOM+MLACA+SVD, it clear that IE-FFT  method 
has its own superiority in the fact of the memory requirement and CPU time. And the advantages will 
be more attractive with the increase of the unknowns. 

Conclusion 
The IE-FFT methods is irregular mesh-based grid algorithm. The IE-FFT methods is the interpolation 
of the Green's function on the uniform Cartesian tensor grids by Lagrangian polynomials. With the 
virtue of the Toeplitz structure of the Green's function, this method uses FFT to accelerate the matrix-
vector product. The advantages of FFT are that it makes the computational complexity of O(N2) tend 
to O(NlogN) and it makes the memory requirement of O(N2) tend to O(N). So IE-FFT can heavily 
reduce the memory requirement and CPU time. Compared with MOM, MOM+MLACA and 
MOM+MLACA+SVD, it is proved that IE-FFT method has advantages in CPU time and memory 
requirement using solving the problem of logging. And compared with NMM, this method can use to 
solve the problem of 3-D. 
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