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Abstract: From equivalence relation RS on discourse domain U , we can derive equivalence relation R° on the
attribute set 4 . From equivalence relation RY on discourse domain 4 , we can derive a congruence relation on
the attribute power set P(A) and establish an object dependent space. And then,we discuss the reduction method of
fuzzy information system on object dependent space. At last ,the example in this paper demonstrates the feasibility
and effectiveness of the reduction method based on the congruence relation 79 providing an insight into the link

between equivalence relation and congruence relation of dependent spaces in the rough set. In this way, the paper can
provide powerful theoritical support to the combined using of reduction method, so it is of certain practical value.

1. Model Basis If (x,,x )€ Ry, (xx, ) e Ry »

Definition 1 Suppose that (U,4,F) is a fuzzy Then E(xj,x/.)z ﬁ(xi’xk)/\ ﬁ(xk,x,)z S, where
ir}formation system,w.here. u is a .limiteq object means (x,x.)e R,

discourse domain, A is a limited condition attribute set, v

F isamappingset. £ e £, f:UxA— V1 e 2o Then g has transitivity and R; is an equivalence
represents  [0,1] power set. & is a fuzzy equivalence relation, (U, R,) is approximation space.

relation on the discourse domain v, R:UxU —[0,1].

Suppose that it has the following attributes: Definition 3 Suppose that (5,°) is a semi-lattice,

C:S—S is a closure operator, if the following

D R(x,x)=1; conditions hold for vx,yeS§:

2) E(xi’xj)zﬁ(xj’xi); ) x<C(x)
3) E(xi,xj)z E(xl.,xk)/\ﬁ(xk,xj) 2) x<y=Clx)<c(y)
Definition 2 Let R be a fuzzy equivalence relation 3) C(C(x)): C(x).

on the discourse domain U , the cut relation of the fuzzy

. A Theorem 2 Let R be an equivalence relation on,
equivalence relation is defined as: g

P(U% is a division of p(U)(discourse power set ).

R, ={x,,x, JR(x,,x,)> 5 (0<5<1).
s {(xl,x) (x,,x‘,) 5} ( ) Suppose that (U, 4,F) is a fuzzy information system,

Theorem1 LetRbe a fuzzy equivalence relation on B s the attribute subset of attribute set of 4 ,i.e. Bc A,

the discourse domain U , the subset of the discourse domain U ,i.e. X U, denote
R; = {(x,.,x, JE(xl.,x/)z 5} (0< 5 <1) is an equivalence C(R,) on (P(U)V) as:
relation, and (U, R,) is a approximation space. C(R,)x)=U {Y‘Y . P(U% XY % ¢}

5

Proof . First ,it is obvious that g has reflexive

and symmetric; then C(R,) is a closure operator.

The following lines show the transitivity of g : Proof. It is obvious from the definition that
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) x c (R, x) holds;

2)  Suppose X, c X,,we still need to prove that
C(RJ)(Xl)g C(Rs)(Xz)'

It means that
VYeC(R5XX1):>Y€P(l% — X, NY=¢  because
o

X, cX,,s0

X,NY #¢=7Y eC(R, )X, ), from the arbitrariness
of Y wecanderive C(R,)X,)c C(R,)X,);

3)  From the conclusions of 1) and 2) it is
obvious that ¢(Rr,)x)c C(C(R,)(X):

We still need to prove that (R, Y x) 2 C(C(R, )Y X)-

For
P(U)
VY eC(C(R,))X)=Y e o = YNCRNX)=¢ -
)
from the definition of operator we can derive
YNX#pg=>Ye C(R5 )(X), from the arbitrariness of ¥
we can derive C(R, ) X)=C(C(R,))X)-

2 Model of Depedent Space

Theorem3 Let (U, 4,F) be a information

system , B is the attribute subset of attribute set
A(Bc A)and R, is a equivalence relation on U, then

R, ={xy)X.Y e PULCR, NX)=C(R,\Y)} 1 &
congruence relation on the semi-lattice (P(U)U)-

fuzzy

Proof . First, it is obvious from the definition that it
is an equivalence relation.

Next, let
X, X007, eP(U)’(XI’X2)€RB’(YI’Y2)ERB’
From C(Ra‘ )(XI): C(Ra‘ )(Xz) > C(Ra' )(Yl): C(Rb' )(Yz)
we know, for ., EP(U%
Rr;

ZNx, Ur)zg=zN(X,UY,)=¢ ,
C(R, XX, U%)=C(R, )X, UY,) holds,

It means that(X, UY,,X,UY,)eR,,
R, is a congruence relation on U .

it proves that

Theorem 4 Let (U, 4,F)be a fuzzy information
system , B is the attribute subset of attribute set
A (BcA) , R, is a equivalence relation on
U and R, = {(x,y)X.Y € PULC(R, X)= C(R, (Y)} - then
(U,R,) is an object dependent space on U .

Proof . From theorem 3 we know that R, is a

congruence relation on U, from definition 3 we can
easily know that (U7,R,) is object dependent space on

U.

Definition.4 Let the (U LA F )be a fuzzy information
system , R is fuzzy equivalence relation on discourse
domain U, R:UxU — [0,1], define the relation:

R ={(xi,x/.]§,(xi,x/.)2 0,a,€ B,BC 4,x,,x, eUﬁOS&Sl.

Theorem5 Let the (U, 4,F)be a fuzzy information

system ,R isa fuzzy equivalence relation on discourse
domain U, R:UxU —[0,1],
R ={(xi,xj]§,(xi,xj)2 0,0 €BBC Ax,,x, eUkOS&Sl) is

an equivalence relation about attribute set B on the
discourse domain U .

Proof .
1) Reflexivity: From the definitions of RS and

R, itis obvious that (x,,x,)e RS ;

2)  Symmetry: (xi,xj)ele:(xj,xi)eRg;

3)
Transitivity: (x,., x‘l_)e Rg ,
(x/.,xk)e R, = E,(x,.,x_,)z 5,1?,(x‘/.,xk)2 0,
from the theorem.1 we know that

E,(x,.,xk)z EI(xi,xj)/\El(xj,xk)Z§:>(x,.,xk)eRg

Theorem 6 Let (U,A,F)be a fuzzy information

system, R is fuzzy equivalence relation on discourse
domain U , R:UxU —[0]] , denote

RS = {(X,Y] RS =R, X,Y A}, then R’ is equivalence
relationon 4.

Proof . From the definition, it is easy to know that
R° is equivalence relation on 4.

Theorem 7 Let (U, A, F)be a fuzzy information

system, R is a fuzzy equivalence relation on discourse
domain

U ( R:UxU —[0,]] )
C(R*x)= U{Y‘Y c %e‘; XNY = ¢}), then C(R°) is a
closure operator on (P(4)U)-

Proof.1) Law of increasing: for x e P(4),xe X,

then
[x]e NX % ¢ = xe[x] gC(R5XX):XgC(R5XX);
Let X,YeP(4) XxcVY, if
xeC(R6XX):>[x]R5 NX # ¢, then

2) Monotonicity :

[x ] NY#g=xelx]e cC(rR)Y):

3) From 1) and 2) we know, for
VX < 4,C(R? ) x) < C(R® JC(R? )[x); On
the other hand:
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xe C( XC(Rﬁ) X)=[x]e ﬂC( 5XX)¢ $, from
the definition we know [x],. cC ( X X),

It mea xe C(R‘i XX ) ,thus
(R \c(rR? ) x) < c(R? ) x) ,which means
C(R5XC(R‘$) X)c C(R3XX). Thus this law is proved.

Theorem 8 Let (U,4,F)be a fuzzy information

system, R is fuzzy equivalence relation on discourse
domain U R:UxU—[0]1] ), then

70 ={x.yjc(r )(X C(R? ) x,¥ e P()f0<5<1)

is congruence relation on semi-lattice (P(4)V)-

Proof . First, from the definition it is easy to know
that 79 is equivalence relation.

Next,let
X,,X,.Y,.Y, eP(A)(X X,)eT?, (Y Y)eT5 then

clr)x,) = )-C(ROY,) =

VZEP(‘%g,Zﬂ(XIUY])igb@Zﬂ
(XZUY2)¢¢’ SOC(R5XX1UK):C(R5XX2 UYz)
it means (X1 Ur,X, UYZ)eT‘S, thus it is proved that

T? is a congruence relation on semi-lattice (P(A),U).

, therefore

Since 7°¢ is congruence relation on semi-lattice

(P(4)V),

space on attribute set A4 .

(A, 7° ) is called the attribute dependent

Note: The above deduction demonstrates that the
closure operator on limited semi-lattice and congruence
relation can determine each other.

3 Attribute Reduction
Dependent Space

Based On

It is feasible to discuss the issue of reducing attribute of
fuzzy information system based on the attribute
dependent space (A,T") built on attribute set 4. The

following is some basic knowledge of reduction theory.

(A, T° ) is an attribute dependent space on the
attribute set 4 and 79 is congruence relation on

semilattice (P(4),U),we denote a division of attribute

power set p(4) formed by congruence relation 7° as

P =1

[l = bly € PAL () e 77

Then [x],, is called x-contained congruence class

xe P A)}, where

of congruence relation 7s.

Theorem 9 We define a binary operator v on the

non-empty set P(f% 5= {[x]rﬁ xe P(A)}, as:

[]s v =xUy]e » then [P(fyj s a
semi-lattice.

Proof . For sl [s].[2  "1),

1) Idempotent law: [x]o v [x]s =[x],

2) Law commutation:

[x]T" Vb/]T" = [XU)’]P = b’Ux]T" = b’]f’ V[X]T" ’

3 v vk =lebe v (U =bUp Ul = v v Il

Definition 5 We define a binary relation < on the

non-empty set P(zyo _ {[x] Jve P(4 } as:

[x],s v[¥]s =[¥]s. thendenoteitas [x]. <[r]..

Theorem 10 [P(zy ; <j is a join semi-lattice.
T°~

Proof . First, the binary relation < satisfies
reflexivity, anti—symmetry and transitivity, so the binary
relation < is a partial ordering relation on

P(/ya ~fix] v e P(a)}+ then [ (/%‘“SJ is a partial

ordering set.

Second, it obvious that
[x]r‘ = [X]T‘) v b/]r° > b]ry = [x]T" v LV]T’ ,f
[l <[zl ] <[z)s , then
bl v Ol VL) = Bl vV vl = Jov

2] =[]+ e [X]Ts V[y]rg < [Z]Ta , therefore

there exists a least upper bound about < in
{[x];+.[y],s} - the theorem is further proved using

arbitrariness.

Definition 6 Let (U,4,F)be a fuzzy information
system, T andT*
attribute power set P(A)- if the resultant congruence
< [x]; (x € P(4)) then

we say that the congruence relation 79 is finer than 74,

are two congruence relation on the

classes have the relation [x],

denoted as 7% <7%.

Different thresholds 5(0 <6< 1), a number of sets

formed under the congruence relation 7¢ constitute a

hierarchical congruence structure of the attribute power
set P(4), which is {[x]ra, 0<9, < 1}.

To better prepare the attribute reduction for
information system, we need to define an order relation
on the semi-lattice (P(4)J) and create a combined

semi-lattice.

Theorem 11 Let (P(4)J) be a semi-lattice on an
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attribute power set. We define an order relation < on theorem 7.
P(4) as: Definition.7 Let (A,T‘s)be a dependent space ,
For Vx,y eP(A),xS yeoxUy=y, where 7° is a congruence relation on the semi-lattice

(P(4)U) » c(r?) is a closure operator on (P(4)U),

(P(A)’< ) is a join semi-lattice. denote the set made up of all C(T‘y ) closure elements in

-V

Proof . From the definition of <, it is easy to P(4) as C,, > then
verify that the set satisfies reflexivity, anti-symmetry and
transitivity, so < is a partial order relation on P(A), VxeCp = C(T ’ Xx): X
and (P(A),sv) is a partial order relation. For
Vx,y € P(A) , there exists supix, y} > which means
xvy=xUy. Thus it is proved that the partial order set

(P(4),<,) is acombined semi-lattice.
L

Theorem 12 Let (A,T5) be an attribute dependent Iy = {(x,ij,y EP(A)’VZ €Cpyu,x<, 26 y<, Z}’ where

space, T° is a congruence relation on the 7} is a congruence relation on semi-lattice

semi-lattice (P(4)J), then for (P(4)U),and T)=T°.

P4 1 = ... h
VX e (%6 ,let X {x| s Xyttt Xy, }a then Proof. Since ‘CT(» ‘ _ ‘P(A%(;

xnUxnU-Ur, e X the biggest element in the congruence class 7° related
Proof. Since X = {xl, P xn} . so for to P(A) , $0
Vx,ye P(4)=(x,y)eT’ < (x,y)eT} =T} =17,
thus we prove that it is a congruence relation.

Theorem 14 Let (A,T‘s)be a dependent space ,

where 7° is a congruence relation on the
semi-lattice , (P( A),U) denote

, and VzeCTﬁ,z is

Vi,jel2,--n., (xi’xj)e 7¢ holds. From the definition
of congruence relation and idempotent law,
(xi’ x, Ux, U---U xn)e 7% holds, so it is proved In the following discussion, o-(D) represents the
thatx, Ux, U---Ux, e X . smallest algebraic unit created by dividing D .

Theorem 15 Let (U, 4,F) be a fuzzy information

system, there is an attribute dependent

space, T° is a congruence relation on the semi-lattice space ( 4 T(;) Vx,yed, VX A, BcU , the following
(P(4)U) . then there is a biggest element in each ’ ’ ’ -

Corollaryl Supposes that (4,7%) is a dependent

. conclusions can be drawn:
congruence class (equivalence class) [y],, of the

congruence relation 7¢ related to P(4), X € P(4). D (ny)eR < (xhiy)eT’;

Proof. Suppose congruence class (equivalence class) ) Xxe %25 =>XeC,>
[x],» of the congruence relation 7 related to P(4)is:
[X]To‘ :{xl Xy, s X }, from the theorem 12, we can derive 3) C —C - [A J

X, e =Cro=o| S

that x Ux,U---Ux, e[x],, - Because (P(4)<,)is a
combined semi-lattice, therefore Proof.
X vx, veevx, =x Ux, U"'ane[x]r‘; ) 1)  Because
X, VX, veevx, is the biggest element in [y],, . (x,y)e R & [x]R‘f = U]W' < C(R(SX{X}): C(R5X{y})

e (e’

>

Note: The corollaryl indicates that for different
congruence structures, there is always a biggest element
in each congruence class. This provides a theoretical basis

for finding attribute reduction method using congruence 2) From the definition of s:losure operator, it is
relation. obvious that the conclusion holds;
Theorem 13 Let (4,77)be a dependent space , 3) Prove ¢, =c, atfirst:

where T° is a congruence relation on the semi-lattice .
) . Suppose , if XcZ |
(P4)U) - For vxe P(4), then c(r*)x)=U[x]s is a XeC,,VZeP(A),

c(rR?)x)= U{Y )

Y6%5,YﬂX:¢}:X

closure operator on (P(4)U).

Proof . The method is similar to the proof of
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There exists y %z” _thatmakes YN(Z-X)=¢, it

leads to C(RJXZ) = Uy

Ye%y,m(XU(Z—X»

= ¢p =X U(UY

Ye%eg,Yﬂ(Z—X)iw)iX
.80, for vy e[X].,Y c X, itleadsto
X=UX]s eC,,.thus €, cC,,:

Next we prove C,, 5C,, Suppose X eC,,
because X =|J[X],.,s0 X is the biggest element in the

congruence class [x]., , suppose there exists
YG%J,Y¢X,YQX¢¢, which means ch(R"‘)
(X).

Therefore there exists P( A), ZEX that
makes C(REXX) - C(R5XZ), this means 7 [x],. , this is
contradictory to the statement that X is the biggest.

So for

VYe 4 YNX#¢ C, > then vox , that
means X:U{Y‘Ye%e(g,YﬂX;t@eCkw

So C.2C,. Thus CRO_ = CTJ is proved.

Next we provec | = o{ %{ "J :

FrOHlCRJ(A):A, it is easy to get to 4ecC | -
R

Suppos X,YeC, : then
XUY ={UiZ|Z %eg,zﬂ)(;t(;s}
Uiz ARD-,ZﬂY¢¢}):U{Z\ZE ARD-,Zﬂ(XUY)¢¢}=C(R‘5)(XUY)E

, further vy e AR(;,YﬂX¢¢<:>YgX<:>YﬂN

X=¢ ,whichmeans YN ~Xzg< YNX =g

Therefore C(R ° ) ( ~
X)=

ol

Xe C.» 80 C,, is the smallest algebraic unit generated

Ye%5,Yﬂ(A—X)¢¢}=U{YYe A5 YNX=gj= "~

by % 5 thus the equation is proved.
R

Next, we discuss dependent relation which is unique

in attribute dependent space.

Definition.8 Given a fuzzy information system
(U , A, F), for attribute dependent space (A,T5), for

Xcd,if C(T§XA)QC (T°)(X), we say that the

attribute set 4 is dependent on the attribute subset X ,

denoted as (A,X ) edr (i.e. A isdependentonX ).
Definition 9 Let (A,Tﬁ) be an attribute dependent

space, we call X — A is the reduction set of A . If the
following conditions are satisfied:

1) (4,X)edr;
2) VYcX,(4Y)edr.
Theorem 16 Let (U, 4,F)be a fuzzy information

system , for attribute dependent space (4,7¢) and

Xc A, if (4,X)edr, then the smallest set X (based
on set inclusion relation) that satisfies (A,X ) edr isthe
reduction set of the attribute set 4.

Proof . Because VX — A s SO
(A X)edr = C(r? )= (r°)x) = (4,X)e T, thus
the theorem is proved.

Definition 10 Let (U, 4,F)be a fuzzy information
system , for attribute dependent space (A,T 5) , if

S5
(4,X)edr, then g_ ‘C(TB XAX is the degree of
\CiT; in
dependence of the attribute set 4 on attribute subset X ,

where |0| represents the number of set elements.

The degree of dependence describes the degree to
which the attribute set A depends on the attribute

subset X . The degree of dependence has the following
characteristics:

) 0<dd<l;
2)  The bigger the dd is, the higher the degree to

c. which the attribute set 4 depends on the
R

attribute subset X , indicating that the
attribute subset X is more important. The
smaller the dd is, the lower the degree to
which the attribute set 4 depends on the
attribute subset X , indicating that the
attribute subset is less important.

We can see from this that the reduction of the
attribute set A can also be described as finding the
attribute subset that makes the degree of dependence
dd <(0,1) reach the maximum value.

Next, given the congruence relation in the attribute
dependent space, a system of attribute congruence
classification (division) as well as a theory about attribute
reduction and some reduction methods will be put
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forward.

Definition 11 Let (U, 4, F)be a fuzzy information
system , and (4,7°) an attribute dependent space , where
T°? is a congruence relation on the attribute power set
p( A), Me P( A) is the smallest element (based on set
inclusion relation) in [ X]TJ , then M is g9
representative element in [x],., the set made up of all

representative elements of congruence class as E(Té‘ )

Lemma 1 Let (U,4,F)be a fuzzy information
system , attribute dependent space (A,To‘ ), 7% 1S a
congruence relation on the attribute power set P(A), for
X,YeP(A) , if YgX,andXeE(T‘y) , then
Y e E(r?).

Proof If YﬁE(Tg) , then Y#X , and

3Ze[Y)..ZeET?) . then ZcY,Z#Y , from
(z, Y)eT? , then
(zU(X-Y).X)=ZU(X-Y)YU(X-Y)eT’
Moreover, because ZU(X-Y)c X,ZU(X -Y)= X,
is contradictory to x e E(T‘S ), thus the lemma is proved.

Definition 12 Ify c 4, (Y,4)e7’ .and vyey .
then (Y_y,A)gTJ. We call Yas a 79 —reduction of
attribute set A .

The question now is to choose an attribute reduction
that satisfies the conditions from all the subsets of the
attribute set A . We know if there are N attributes in
the attribute set A4, then the number of its non-empty

subsets is 2" —1, because the attribute set is a limited
set, so the reduction set can be found for certain using
definition 12. However, usually there are multiple
reductions.

All the T° — reduction sets {v.:i<ijof A are
denoted as reduct(A, Tﬁ). If the intersection set of all
T° — reduction sets of A4 ¥ = N{r,} is non-empty, we
call Y the core attribute in the attribute set 4 , denoted

as CORE(A). But usually the core attribute does not

constitute the reduction of attribute. All reductions
contain core attribute, therefore core attribute is
absolutely necessary. The attributes in {y,}-N{,} do

not appear in all reductions therefore they are relatively
necessary. The attributes in 4 —U{Yi} do not appear in

any reduction therefore are absolutely unnecessary.

4 Methods And Examples Of Attribute
Reduction

X, X, X, X,
91 05 0.6 1 1
bl 0.7 0.9 0.9
1 07 1 1 0.9
dl s 0.5 0.1 0.1

The procedure of attribute reduction for fuzzy
information system under the dependent space model is as
follows:

Step 1 Work out the congruence relation 74 based

on the given fuzzy information system (U, A4,F) and

choose the threshold § (the method of choosing § is
the same as the method in example 1 where F
distribution is used).

Step 2 Work out the congruence classification
P(zy 3 of P(4) based on the chosen congruence
T

relation.

Step 3 Find out the smallest element set M(T§ )
(based on smallest elements with inclusion relation) of
each congruence class in all congruence classes.

Step 4 Write out the set made up of all
7% _reduction sets reduct —(A,Tf‘).

Step 5 Work out the intersection set of all reduction

sets. If the intersection set is not empty, it is the core
attribute set CORE(A). If the intersection set is empty,

there is no core attribute.

Example 1 The table below defines a fuzzy
information system

Table 1 fuzzy information system

Let
0,=0.1,06,=0.5,0, =0.6,0, =0.7,6, =09,6, =1 ,
we can obtain the cut relation matrix and the equivalence
classes of the attribute set A :

L1l 1111
111151:0.1,%5={abcd},111l
L1011 R” 1111
1111 1100

5,=05 ,%ﬂ = {abc,d}
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01 11
1111

1111 )

000 0)5=06 ﬂe"‘x ={a,bc,d}
0011

111

1111 e

000 0)5=07/R"={a,bc,d}
00 1 1

1011

01 11 4/

000 0)5,=09 /R” ={a,b,c,d}
00 1 1

1 000

0110 4/

000 0)8=1/R"=\{ab,ecd}

In the equivalence classes of the attribute set:

%m = {abed }, %ﬁ ={a,b,c,d}, %ﬂ ={a,b,c,d}

are either put into a single class or treated as a separate
class therefore there is no practical meaning. So, for
threshold values of §,=0.5,6,=0.6,5,=07, the

beset threshold &, =0.6 can be identified using the F
statistics. With this threshold, the attribute set A is
classified {{a}, {b,c}, {d}} Next, we will use congruence
relation 7% to find out the attribute power set

P(4)= {{qﬁ}, lal. o}t dd} fa.b)fa.chla.dl{b.c) b} fe.d },}

{a,b,c},{acd}, {bed ), {abd ), {abed |

Its congruence classification is:

P (f%& ={{o}.{a},{b.c.bc},{d}{ab, ac,abc},{ad ), {bd, cd  bed ), {acd,

abd,abcd}} - According to the reduction algorithm in
attribute dependent space, the smallest set congruent to
the attribute set 4 is the attribute subsets {acd} and
{abd}, therefore both of them are the reduction of the

attribute set. The absolute necessary attribute set i.e. core
attribute set {ad} can be found by calculating the

intersection set.

In the end, we wish that this article can provide
beneficial theoretical and applied contributions finding
better, faster, more effective method of attribute reduction
for the fuzzy information system .
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