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Abstract. In this article, a framework is developed to get more approximate solutions to
nonlinear partial differential equations by applying perturbation iteration technique. This
technique is modified and improved to solve nonlinear diffusion equations of the Fisher
type. Some problems are investigated to illustrate the efficiency of the method. Com-
parisons between the new results and the solutions obtained by other techniques prove
that this technique is highly effective and accurate in solving nonlinear problems. Con-
vergence analysis and error estimate are also provided by using some related theorems.
The basic ideas indicated in this work are anticipated to be further developed to handle
nonlinear models.

1 Introduction

In the past few decades many analytical and numerical methods have been suggested to examine
the solutions of partial differential equations (PDEs) such as Adomian decomposition method [1,
2], variational iteration method[3, 9], homotopy perturbation method [10-12], homotopy analysis
method [13-16] and others [4-8]. However, even these methods may not always be sufficient to reach
satisfactory results. For this reason, much attention has been recently devoted to the newly developed
techniques for obtaining more accurate and efficient solutions. Two of these analytical methods are the
optimal homotopy asymptotic method and optimal perturbation iteration method which are recently
developed by Marinca et al and Deniz et al respectively. Many authors have applied these methods to
solve nonlinear differential equations arising in scientific problems [17-22].
In this study, we consider the generalized Fisher’s equation

u; = auty, + bu (1 —u®) (1)

where a,b and « are real numbers. It is used as a model equation for the evolution of a neutron
population in a nuclear reactor and a prototype model for a propagating flame. It also represents the
propagation of a viral mutant in an infinitely long habitat [23, 24].

A traveling wave solution u (x,1) = u (¢ = x — ct), spreading with a speed ¢, must be positive and
bounded [25]. Therefore the boundary conditions for the traveling wave solution are usually

U - —o0) - L,u(¢ — 0) -0 2)
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or
u(x,O):v(x),‘l}mlu(x,t):O,le<1,t>0 3)

where |x| < 1,7 > 0 and v (x) is a given function.

In this study, we modify perturbation iteration method (PIM), which is recently constructed by
Pakdemirli et al. [26, 27], to apply it to solve PDEs, particularly for the Eq. (1). We also provide the
convergence analysis and error estimate of PIM.

2 Method of Solution

To give the basic concepts of PIM, let us consider the Fisher’s equation in closed form:

a+1

F (uyy, up, 1) =ty + bu®" —au, —bu =0 “4)

where u = u(x, t). Introducing the perturbation parameter € = 1 with nonlinear term yields
F Uy, Uy, U, €) = u; + s(—aum —bu+ bu””) =0. 5)

F can also be divided as
F=S+R (6)

where
S =u
is the linear simpler part, which is easy to deal with and
R (g, t1,8) = & (—aty — bu + bu"*")
is the remaining part. One correction term (i) is taken from the perturbation expansion as:
Unsl = Up + & (Uc), @)

where n € N U {0}. Perturbation iteration algorithms will be classified with respect to the degrees of
derivatives in the Taylor expansions (m). Briefly, this process will be represented as PIA-m.

PIA-1:
Substituting (7) into the remaining part R in (6), then expanding in a Taylor series only with first
derivative gives PIA-1:

R+ Ru,,(x ((uc)n)xx e+ Ry, (uc)n g+Re=-8§ (8)

OR

where R, = %, R. =9 Ry, = %. Evaluating all derivatives and functions at € = 0 yields

((Ue)n); = @ () + b () = (), = b ()™ (€]

We can easily obtain first correction term (u.)y from (9) by determining a trial function uy which
satisfies initial condition(s). Then, u; is determined by using (u.)o, (7) and initial condition(s). One
can obtain satisfactory results by repeating iteration process with the aid of (7) and (9).

PIA-2:
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Following the same procedure as in the previous algorithm with second derivative gives PIA-2:

2 Ree nguuuu 2
R+ Ru” ((uc)n)xxg + Ru (uc)n &+ ng + éT + - ((uc)n)xx

(10)
&R 2, 2 2 2 -
+T ((uc)n) +& Ruuu ((uc)n)xx (Mc)n t+& Ruus ((uc)n)xx +é& Rua (uc)n =-S5
By computing all derivatives and functions at £ = 0, we have
(Ue)), + (@ + 1) b ()™ (Ue)y = @ () + b () = (1), = b ()™ 1D

for the Fisher’s equation (5). By means of (7) and (11), iterative scheme is developed.
After obtaining first correction term (i), first approximate solutions are defined by using prescribed
initial conditions. Suppose now that

up = Co

12
(U = Cuyr- (12)
Then we have
up = Co
up = uo + (uc) = Co + C
uy =uy + ()1 =Cop+Ci +Cy
uz =upy + (), = Co+ C; + Co + C5 (13)
Upp1 = Uy + (Ue)y =Co+C1 +Co+ -+ Cyq = Z:l:()l C;
Consequently, one can represent the solution as
u(x, 1) = Hm e (x, 1) = Z C,. (14)
n—oo P
3 Convergence Analysis and Error Estimate
In this section, we investigate the convergence of the PIM by giving some theorems.
Theorem 1:(Banach’s fixed point theorem). Suppose that B be a Banach space and
A:B—>B 15)
is a nonlinear mapping, and assume that
A [u] — Afalll < Bllu—ull,u,u € B, (16)
for some constant B < 1. Then A has a unique fixed point. Also, the sequence
Up+1 ZA[M,,], (17)
with an arbitrary choice of uy € B, converges to the fixed point of A and
r=2
oty = )l < Ml = ull Y- . (18)
Jj=s—1
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The following theorem, which is needed for our analysis, can be deduced from the Banach fixed point
theorem [28].

Theorem 2. Let B be a Banach space denoted with a suitable norm ||.|| over which the series ), C;
is defined and assume that the initial guess uy = Cy remains inside the ball of the solution u. The
series solution ;> C; converges if there exists 3 such that

IChirll < BICAII- 19)
Proof: We first define a sequence as:
Ap=Co
Al = C() + Cl
Ar=Cop+C +(C, (20)

Ap=Co+C1+Cr+---+C,
Now, we must show that {A,},”, is a Cauchy sequence in B. To do this, consider that
IAn1 = Aall = 1ICoitll < BICA < B NICu1ll < -+ < B VIl @n
For every n,k e Non > k :

1A, — Akl = (A, = Ap-1) + (Ap1 = Ap2) + - + (Agr — A

<NAn = Apaall + 1Ap-1 = Anall + -+ - + 1Akr1 — Al (22)
~pn—k

< B IColl + B ICol + -+ + BFHIColl = llfﬁﬁkﬂ lIColl

Since we also have 0 < 8 < 1, we can obtain from (22)

lm lA, — Al = 0. (23)

Thus, {A,},, is a Cauchy sequence in B and this implies that the series solution (14) is convergent.

Theorem 3. If the initial guess uy = Co remains inside the ball of the solution u then A, = Y'_, C;
also remains inside the ball of the solution.
Proof: Suppose that

Cy € B,(u) 24)

where
B,(w) ={C € Al|lu-Cl| <r}. (25)

is the ball of the solution u. By hypothesis u = lim A, = 3, C; and from Theorem 2, we have

llue = Aull < B IColl < IColl < r (26)
where 8 € (0, 1)and n € N. This completes the proof.

Theorem 4. Assume that the obtained solution Y., C; is convergent to the solution u. If the truncated
series Zf‘(:o C; is used as an approximation to the solution u of problem (4), then the maximum error
is given as,
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k+1
E, < Coll. 27
i< T4 Gl @7
Proof: From the Eq. (22), we have
1= n—k
14, = Axll < l—ﬁﬁ"“ lIColl (28)
-B
for n > k. By knowing
u=lim A, = Z C (29)
n—oo l:()
it is obvious that
: 1-pF
+
u— ;Ci <Al (30)

and also we can write

k ﬁk+1
E= M-Zc,- < 1= ol @D
i=0
since 1 —,8"”‘ < 1. Here B is selected as 8 = max {8;,i = 0, 1,...,n} where
1Cusnll
Bi= . (32)
ISl

4 Applications

In this section, we will take a few examples with a known exact and approximate solutions obtained
via other methods in order to show the effectiveness of both perturbation iteration algorithms.

Example 1: Consider the nonlinear Fisher’s problem [29, 30]
Uy = Uy +u(l —u) (33)

subject to a constant initial condition
u(x,0)=A. (34)

An artificial perturbation parameter € = 1 is substituted into (33) as:
F (Uyy, ug,u,8) =S +R=u,+.9(—uxx—u+u2)=0 (3%)

where S = u, and R = s(—uxx —u+ uz).

PIA-1 solution:
For the Eq. (35), we have
a=b=a=1. (36)

By substituting (36) into Eq. (9), PIA-1 turns into

(W), = W) gy + ty — (), — 14 (37
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One may choose the initial function as:
up=Co=2 (38)

which satisfies the initial condition. Using the Eqgs. (13), (37), (38) with initial condition, the iterations
are reached as:
uy = A+ -2t (39)

1
u2=/l+/1t—/l2t—gtz(—l+/l)/1(3—6/1—2t/1+2t/12) (40)

wy = A+ At = Pt = L2 (=1 + D) A(3 - 64— 214 + 21>
2107 — 84034 — 420r* A — 631° 1 + 8407 1% + 12601 1>

41
—ELAL 148312 + 701047 — 8404 1% — 8408 43 — 2801°4° — 2017 13 @b
+420P° 2% + 350°4* + 6017 A% — 1401005 — 6017 2> + 201 2°
and so on. In [30], the exact solution is given by
Ae!
WD = T e “2)

It is worth mentioning that the coefficients of higher order terms of PIA-1 solutions deviate from the
Taylor expansion of (42) after the second term u;.

PIA-2 solution:
Proceeding as in PIA-1, Eq. (11) reduces to

(Ue))y + 2ty (1) = () g + () = (), = (14)* . (43)

for the Eq. (35). Using the same starting function uy = Cy = A and applying the initial condition gives
1

u =A- Ee_m(—l + e (=1 + 1) (44)

For the other iterations, the term u, in the left hand side of equation (43) can be approximated as
uy = A for simplicity. By considering this, we have

e (=1 4+ D)(1 — 22 4 ¥ — ) + ¥ — 4211 )?)

1
Uy =A— Ee—m(—l +e?)(=1+2) - 1 (45)
1 — 6% + 18! — 1051 — 331 — 42 4 32211 + 3611
esi | =96 225 — 35650 + 247U + 647 + 277107 — 8464112+
1= IR ERT X 216902 4 308102 — 1262412 + 48eM A + 2451102 (46)

1205122 2% + 48e*4£2 20 + 1202514226 + - - -

and so on. One can proceed to reach higher iterations by using a symbolic computer program. This
problem has been studied by several authors via different methods. Table 1 and Table 2 display
the 3- terms approximation obtained by Adomian decomposition method (ADM) [29], variational
iteration method (VIM) [31] , homotopy perturbation method (HPM) [32], PIA-1 with 2-terms and
3-terms approximation of PIA-2 for different A’s. It is clear that PIA-2 gives better results than other
techniques even for n=2. and different values of A.

Example 2: Consider the nonlinear Fisher’s problem [29, 32]

Uy = Uy, + 6u(l —u) @7
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Table 1: The approximate solutions of Fisher equation (33) using different methods for A4 = 2.

t ADM,VIM,HPM PIA-1 PIA-2,n=2 PIA-2,n=3 Exact Solution
0.1 | 1.82867 1.82604 1.82657 1.82622 1.82621
0.2 | 1.70933 1.6909 1.69581 1.69327 1.69309
0.3 | 1.634 1.57935 1.59677 1.58924 1.58833
0.4 | 1.59467 1.48076 1.52199 1.5068 1.50412
0.5 | 1.58333 1.3876 1.4659 1.44119 1.43527
0.6 | 1.592 1.29459 1.42414 1.38902 1.37818
0.7 | 1.61267 1.19822 1.3933 1.34773 1.3303
0.8 | 1.63733 1.09665 1.37069 1.31526 1.28976
0.9 | 1.658 0.989778 1.35422 1.28993 1.25515
1. 1.66667 0.879365 1.34228 1.27032 1.2254

Table 2: The approximate solutions of Fisher equation (33) using different methods for A = 4.

t ADM,VIM,HPM PIA-1 PIA-2,n=2 PIA-2,n=3 Exact Solution
0.1 | 3.172 3.10241 3.11587 3.11188 3.11166
0.2 | 2.896 2.50177 2.62569 2.59558 2.591
0.3 | 2.884 1.96033 2.34994 2.2723 2.25029
04 | 2.848 1.41888 2.19833 2.06834 2.01102
05 |25 0.953571 2.1172 1.9425 1.83452
0.6 | 1.552 0.718907 2.07478 1.86721 1.69955
0.7 | -0.284 0.710974 2.05303 1.82349 1.59347
0.8 | -3.296 0.185132 2.04203 1.79877 1.50829
0.9 | -7.772 -3.43782 2.03654 1.7851 1.4387
1. -14. -16.3429 2.03383 1.77768 1.38104

subject to the initial condition
u(x,0)=(1+e"H7. (48)

(47) can be written as

F(ug,upu,8) =S +R=u; + 8(—Mxx — 6u + 6u2) =0 49)

where R = s(—um — 6u + 6u2) and S = u,.

PIA-1 solution:
For the Eq. (47), we have
a=a=1,b=6. (50)

By considering (50) and setting € = 1, Eq. (9) becomes
((Ue)); = () + 6ty = (1), = 61 (51)

Selecting the Eq.(48) as a starting function and using the formula, the iterations in (13) are reached
as:
up=Co = (1 +e%)7> (52)
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1 10e*t

Uy = + 53
T lve? (e &)
1 10e% 25" (=1 + 3¢ + 2% — 8e*1)
Uy = 5 + 3 3 (54)
(1+e9)> (I+e9) (1+e%)
250 ¢" (~6e* — 156 +20e% +5)  50%¢> (Se* + 52¢** — 17)
usz = uy + _
T 3(ef +1)° (e + )P 55
150176 (~47¢" + 20¢™ +5) , 10000/°™ (2" ~ 1) _ 24000077*"
(e +1)° (e + 1'° 7(e* + D2
PIA-2 solution:
In the light of previous example, one can construct PIA-2 as:
(Ue)), + 12 () (Ue)y = () + 6 () = () = 6 (14)* . (56)

For the sake of simplicity and easier calculating, the term u, in the left hand side of equation (56)
is taken as 0.25 which comes from

up = (1+e%72=025-025x+0.0625x> + O [x]. (57)
Thus, we have
(Ue)); + 3 )y = (Un) gy + 6 (1) = (), — 6 (1)’ (58)
for (49). Using the equations (13), (52) and (58) with initial condition yields

1 10e~3+x (—1 + e3’)
up = 7 3
(1+eY 3(1 +e¥)

—2e5 4+ 20" — 115+ 4+ 24e6+2%
10e=6x | —13e3(+» (1+3¢)— 24e31+2x (1+ 31
+e (2 +61) + ¥ (=9 + 937) + 130

9(1 +e%°

16000% — 7265+ + 7212+ — 8405+2+
L e 138¢%+2% 4 97812042 1. 1632053 — 24792¢9/+3
243 (e% 1 )2 | +8472¢23 — 600074 + 7920065+ — 99808 4+
+10608¢!2+4 4 ...

(39)

(60)

U = up +

usz = up (61)

and so on. The solution in a closed form by Wazwaz [29] given by

u(xn=(1+e7%) ", (62)

The problem is already solved with ADM [29], HPM [32]. However, table (3) reveals that PIA-2
solutions gives more effective results than ADM [29], HPM [32] and PIA-1 solutions for n=3. Figure
1 also shows the accuracy of the fourth order PIA-2 solutions.

Example 3: Consider the nonlinear generalized Fisher’s problem [29, 32]

Uy = Uy, + U (l - u(’) (63)
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Table 3: The four terms approximate solutions of Fisher equation (47) using different methods.

(x, 1) ADM and VIM PIA-1 PIA-2 Exact Solution
(0.1,0.1) 0.359069 0.358299 0.358301 0.358426
(0.2,0.2) 0.485955 0.473909 0.474520 0.476064
(0.3,0.3) 0.637904 0.578701 0.579214 0.590630
0.4,04) 0.831367 0.651047 1.521991 0.692254
(0.5,0.5) 1.089006 0.668100 0.741226 0.775803
(0.6,0.6) 1.435358 0.608198 0.801921 0.840572
(0.7,0.7) 1.892066 0.453814 0.852762 0.888637
(0.8,0.8) 2.473569 0.195085 0.896315 0.923202
(0.9,0.9) 3.183966 -0.166481 0.933343 0.947513

(a) Fourth order PIA-1 solution. (b) Fourth order PIA-2 solution.

Figure 1: Absolute errors obtained by PIM for Example 2.

subject to the constant initial condition

-1/3

u(x,0) = (1+572) (64)

(63) is considered as

F(uxx,u,,u,s)zS+R=u,+s(—um—u+u6)=0 (65)

where R = s(—uxx —u+ u6) S =u,and a = b = 1, = 6. Exact solution of this problem is given as

[33]
11 1/3
u(x, 1 = (5 -3 tanh[% (x - %t)]) . (66)
PIA-1 solution:

For this problem, PIA-1 is obtained as:

((uc)n)t = (un)xx + (I/t,,) - (un)t - (Mn)7 . (67)
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With the aid of the equations (13),(64) and (67), we get
-1/3
Uy = CO = (1 + 6(3)(/2)) / (68)
5¢3%/2¢
4(1 + 32

28/3 1x
2526% ( 1 ) P 212288 + 16384 + 4096¢'2 — 3584¢3(8 + 51—

u = (1 + e(3x/2))_1/3 + (69)

3x

U = up + 131(677; 8192¢% (10 + 71) - 3584 (96 + 160t + 100¢> + 251*) (70)
—2240¢%* (128 + 256t + 24072 + 1208 + 25;4) 4o

PIA-2 solution:
Proceeding as in the other examples, PIA-2 can be formed as:

(We)y) + T ) () = () + () = W), = ()] (71)
The term u,, in the left hand side of (71) is taken as 2,% due to

-5 1 X 2

X 3
=55~ 13~ e oL (72)

uy =Cp = (1 + €(3x/2))
Therefore, (71) turns into simplified form:

(Uen), + (714 )y = () + () = () = ()" (73)

After making the relevant calculations, the following results are obtained:

-1/3
uo = Co = (1 +072)™" (74)

4/3
u = (1 + e(3)6/2))_1/3 - ;e% (—1 + e_z")(l 1 31) (73)
+e2
[ 28235762 — 2823576 % — 312505+
35t , 3x 21t , 3x

5( 1 )23/3 o w | 21176820e%+3 + 155296682 % —
e

2 4 49t | 3x

S V5 Y 36706488¢ 73 — 1260525073 + 6
0 17294403 181515600¢ 5 +3% — 81682023 +3+—
49t 21, 9x

160742148¢+ 3% + 6002500e 3 T2
35t

—86436000e7*% + 622339200e 7% + - -

and so on. Table 4 shows a comparison between the four terms approximate solutions obtained by
ADM [29], PIA-1 and PIA-2. Figure 2 represents the absolute errors of five terms PIM solutions.

5 Discussion

In this study, perturbation iteration method (PIM) is improved and new iteration algorithms are con-
structed to solve nonlinear partial differential equations (PDEs). These algorithms are employed
specifically to nonlinear generalized Fisher’s equations to get more effective and approximate so-
lutions. The obtained solutions are compared with exact solutions as well as Adomian decomposi-
tion method (ADM), variational iteration method (VIM) and homotopy perturbation method (HPM).
Approximate results have been also displayed in the tables and figures to justify the efficiency and
accuracy of the proposed algorithms. Finally, we can say that this paper presents a detailed study of
the newly developed perturbation iteration technique for PDEs and it will be encouraging for further
studies.

10
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Table 4: The three terms approximate solutions of Fisher equation (63) by ADM and PIM.

(x, t) ADM PIA-1 PIA-2 Exact Solution
(0.1,0.1) 0.822572 0.822003 0.822209 0.822296
(0.2,0.2) 0.850714 0.845988 0.846902 0.848388
(0.3,0.3) 0.879949 0.872917 0.872255 0.871810
0.4,0.4) 0.912240 0.907152 0.892304 0.892509
(0.5,0.5) 0.949442 0.928362 0.919901 0.910540
(0.6,0.6) 0.993089 0.898014 0.915520 0.926041
(0.7,0.7) 1.044232 0.880825 0.908841 0.939211
(0.8,0.8) 1.103356 0.901478 0.926074 0.950285
(0.9,0.9) 1.170372 0.915556 0.928809 0.959515

(a) Fifth order PIA-1 solution. (b) Fifth order PIA-2 solution.

Figure 2: Absolute errors obtained by PIM for Example 3.
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