ITM Web of Conferences 13, 01008 (2017) DOI: 10.1051/itmconf/20171301008
CMES2017

The Numerical Solution of Fractional Bratu-Type
Differential Equations

Duygu Dénmez Demir'* and Aylin Zeybek?

*Department of Mathematics, Manisa Celal Bayar University, Manisa, Turkey

Abstract. This paper introduce the differential transform method (DTM) to
solve the fractional Bratu-type differential equation modeling a combustion
in numerical slab. For the definition of fractional derivative, the Caputo
sense is used. The result corresponds to the exact solution when the obtained
solution is constructed as power series for some values of fractional order.
Finally, some examples are presented to indicate the efficiency of applied
method. Comparison of the results obtained by DTM with those obtained by
other methods is given.
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1 Introduction

The mathematical model of many events in nature may be obtained by fractional order
differential equations. Fractional differential equations have various applications in many
fields such as physics, engineering, fluid and statistical mechanics, biosciences and
electrochemistry. Since the exact solutions of fractional differential equations do not exist,
many researchers focus on approximate solutions of functional equations of fractional order
in particular. There are several numerical methods given for differential equations of integer
order which extended to fractional order differential equations. These methods are known as
differential transform method (DTM), variational iteration method (VIM), Adomian
decomposition method (ADM), homotopy perturbation method (HPM) and etc. [1]. This
study focuses on the solution of Bratu-type fractional differential equation [2]

D”y(x)+x1exp[y(x)}=0 J<a<2,0<x<1

1
y(0)=b, y'(0)=b, M
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where D" represents the derivative operator of fractional order « , y(x) is unknown

function on the interval [0,1] and b,,b, and A are the constants given. The numerical
solutions of the mentioned problem have been investigated by ADM [1], HPM [3], VIM [4],
RKM [2] before.

We consider DTM in this study. The DTM is an iterative method based on Taylor’s series
expansion [5]. This technique has been developed by Elsaid [6] as fractional differential
transform method (FDTM) and by Odibat [7] et al. as generalized differential transform
method (GDTM) for fractional differential equations. In this study, we used FDTM. For
exponential nonlinearity, its Adomian polynomials are considered, then, the differential
transform of the dependent variable components can be obtained. The numerical results for
the different examples having exponential nonlinearity are compared with exact solutions
and RKM solutions. It is concluded that the present method gives good results for Bratu-type
fractional differential equations.

2 Basic Concepts and Definitions

In this section, we introduce necessary definitions related to fractional calculus which is
needed in our study.

2.1 Definition [6].
A real function f(x), x >0 is said to be in the space C,,77 €| , if there exists a real number

p > ,suchthat f(x)=x"g(x),where g(x) e C(0,%0) and it is said to be in the space C, if
e C,, ne¥.

2.2 Definition [8].

In the fractional calculus, the Caputo’s fractional derivative is the definition which the initial
conditions give most appropriately to the physical conditions. The Caputo’s fractional
derivative is defined by

1 j (&)
T(n—a)) (x— &)~

D’ f(x)= dé; n—l<a<n. 2)

The Caputo’s definition has an advantage since it has the initial conditions in same form with
those of the equations of integer order.

2.3 Definition [8].

For n—-1<a<n,neZ"',x > a, the definition of the fractional derivative in the Riemann-

Liouville sense is
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I 5
L(n—a)dx" 2 (x=&)

D f(x)= dg . 3)

2.4 Definition [6].

The fractional integral of order & >0in the Riemann Liouville sense of a function
f(x)eC,,n=~1 is defined as

f()—ﬁj‘( =) f(§dEs a>0,x>0 4)

Also, the Caputo fractional derivative [6] can be given by

i_f(x); n-l<a<n

CDa — ]n—a
)=t

C e d’
D f(0) = (x); @

3 Fractional Differential Transform Method

DTM is considered for the approximate solutions of many differential equations appearing
in the fields such as the engineering and sciences. This method produces result without any
linearization, perturbation and restriction. DTM 1is based on Taylor’s series expansion
constructed in polynomial form. This method has a solution of polynomial series obtained as
iterative. Recently, the mentioned technique is effectively used for linear or nonlinear
fractional differential equations. We consider analytic function

k

i Y(k x xO ®)

k=0

where @ denotes the order of fraction to be choosed and Y (k) is the & th fractional

differential transform of y(x) . Applying the initial conditions by integer-order derivatives

for practical applications, then the transformation of initial conditions is obtained as

1 ak/ﬁ k .
(k/@)!{@xk“’ 7 (x)l_% hk

k
0 ,—e¢’
0

Y(k)= (6)

where k£ =0,1,K ,(a@—l) and a is order of the fractional differential equation [6]. Here, &

should be selected where @ is a positive integer. Besides, the fractional differential
transform method has some fundamental properties in the following;



ITM Web of Conferences 13, 01008 (2017) DOI: 10.1051/itmconf/20171301008
CMES2017

We assume that y(x),z(x) and r(x) are the functions of variable x and Y (k),Z(k) and
R(k) are their differential transforms with order of fraction €. Thus, the properties are given
as;

o If y(x)=z(x)xr(x),thenY(k)=Z(k)xR(k).

e If y(x)=cz(x),then Y(k)=cZ(k) for cis a constant.

F(a+1+2j
— PV 7(k+ab).

i

For the second term which is a nonlinear function in Eq. (1), we consider approximate by the
series

o If y(x)=Dz(x) ,then Y (k)=

fn=24, (7
n=0
where the Adomian polynomials A, are calculated by

1 a [ (&, ~
A-L,ﬂ[f(Zﬂym r=01K ®

For the differential transform of the fractional Bratu-type differential equation having the
form D“y = f(y) where f(y) represents a nonlinear function, the recurrence scheme is

given [6] by

F(a+1+j
—kay(k+a9)=/?{° ©)
F(l+9j

where 1%’ is obtained from the Adomian polynomials of /().

4 Numerical Results

Example 1

We introduce the following Bratu-type differential equation of fractional order [2]

Dy(x)-2e"" =0, 1<a<2, 0<x<l

¥(0)=0, ¥'(0)=0 1o
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The exact solution is given by y(x) = —2In(cos x) for & =2 . For approximate solution, we
apply the fractional differential transform method. Then, the differential transform of
D”y(x) is obtained as

Clatk+D+D)

D) == ah

Y(k+1) 11

where € equals to 1/« . Since €’ is the nonlinear term in Eq. (10), we take advantage of

the Adomian polynomials. Then, the Eq. (10) become
I'a(k+1)+1)

Y(k+1)=24°;  k=0,1,2,K 12
L+ ak) (k1)=24; (12)

where zgf’is the differential transforms of the Adomian polynomials for the exponential

nonlinearity e’ such that

A, =e ﬁ(g — '
4= ye" A=y (1"
A |iy2+%:| Yo /220 |:Y(2)+Y(21) i| Y(0) (13)

4 ={y3+y1yz+%}e}“ {Y(3)+Y(1)Y(2)+( M)’ } r)
M M

Applying the differential transform to the initial condition, Y (0) =0 is obtained for y(0)=0.

Other differential transform components is found as:

2
Y= 14
@ I'a+1) (19
Y(2) = I'l+ea) ) 2 _ 4 (15)
TQa+1)| T(a+l)| TQa+l)
v F@asn[)( 4 2 4[24 )+Ta+]) | 06
I'Ga+ 1) FQa+l) T(a+l))|  T@a+DIP(a+l)
Considering the inverse differential transform, the series solution is found as
4 2 (e + D)+ T Qe +1
y(x)= 2 x* + 4 x4 [ ( ) 5 ( )J x (17)
Ta+l)"  TQa+l) FGa+ DI (a+1)

The comparisons of the exact solution for @ =2 and the approximate solutions for the
various values of « are demonstrated in Table 1 and Fig. 1.
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Table 1. Comparison of the numerical solutions for the some values & for Example 1
(for x=0.1 and N=n=5).

o DTM RKM

1.9 1.3814E-2 1.3082E-2

1.8 1.8983E-2 1.7221E-2

1.7 2.5993E-2 2.2504E-2

1.6 3.5472E-2 2.9221E-2

1.5 4.8260E-2 3.7921E-2
5 -

— o=l — o=lE — — o=lT
o=l — - a=15""** exact solution for =2
- o=2

Fig. 1. Comparison the exact solution for & =2 with the approximate solutions for the different values
a for Example 1.

Example 2

D*y(x)-r'e’™ =0, 0<a<l, 0<x<l

$(0)=0," (0)=r (o
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For a =1, the exact solution is y(x) = —In(1 —sin(zx)) [1]. Taking the fractional differential

transform and choosing & =1/« yields the recurrence scheme

rd+ak)

Y= T(a(k+1)+1)

[;ﬁﬁf{]], k=1,2,3,... (19)

where 122"71 is calculated from of the Adomian polynomials for the nonlinear term e’ as

13’(00 — 'O
Ao=y(1)e"®

2 20
%z{y(zn—y - }Y@) 20

M

Applying the differential transform to the initial condition yields Y (0) = 0. Considering the

Maclaurin series, we can choose the differential transform of a trial function corresponding

to y,(x) as
Vs
Y()= 21
@ I'a+1) 1)
Thus, the differential transform components are obtained as
Y(2)= M 7 (22)
r'Qa+1)
3
Y(3) = 7 TQa+l) (23)
Ia+1) T'Ga+1)
Applying inverse the fractional differential transformation yields the series solution as
2 3
y(x) = Vs xa+1"(a+l)7z w, 7 ra+l) ,, LK 24)
INa+1) I'a+1) IMNa+1) IT'Ga+1)

Comparing the exact solution for & =1 with the approximate solutions for the various values
of « are shown in Fig. 2.
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— — o=0.5 "= exact solution for =1 —— a=1
o=l — - o=0.3 — -~ o=09
—— o=07

Fig. 2. Comparison the exact solution for & =1 with the approximate solutions for the different values

a for Example 2.

Example 3

Consider the initial value problem [1]

D¥y(x)+r'e?™ =0, 0<a<l, 0<x<l

$(0)=0, y* (0) == *)

For a =1, the exact solution is y(x) =In(1—sin(rzx)) . Taking the fractional differential

transform and choosing € =1/« , then, we obtain the recurrence scheme as follows ;

Y1)y T0rab)

=28 ], k=123, (26)
T(a(k+1)+1)

where 1%’_1 is calculated from of the Adomian polynomials for the nonlinear term, e . Then,
the approximate solution of Eq. (25) by DTM is

V4 . Dla+hr* ,, 7 TQRa+l) .,
y(x)= x“ - X+ by
I'a+1) Ira+1) INa+1) T'Ga+1)

K 7)
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Fig. 3. Comparison the exact solution for & =1 with the approximate solutions for the different values
a for Example 3.

Example 4

Consider the following problem [2]

Dey(x)—e”™V =0, 1<a <2, 0<x<I

, (28)
y(0)=0, y'(0)=0
The exact solution is y(x) = In(sec(x)) for & =2 . The approximate solution is found as

. 2 L, AT (a+D)+2IQa+1) ,,
X+ X+ 3 X+
Ta+l)”  TQa+l) TGa+ )2 (a+1)

»(x)= (29)

The numerical results obtained for « =1.5(0.1)1.9 are compared with the results obtained

from the RKM in Table 2. In the Table 3, we present absolute errrors between the exact and
approximate solutions for o =2.
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_— o=2 — = o=1.8 —— o=l.7T
o=1.6 —-o=ld — -oEld
=ve emact solution for a=2

Fig. 4. Comparison the exact solution for & =2 with the approximate solutions for the various values
a for Example 4.

Table 2. Comparison of the approximate solutions for the various values, & for Example 4

(for x=0.1 and N=n=35).

a DTM RKM

1.9 6.8982E-3 6.8894E-3
1.8 9.4725E-3 9.4537E-3
1.7 1.2956E-2 1.2917E-2
1.6 1.7652E-2 1.7571E-2
1.5 2.3957E-2 2.3791E-2

10
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Table 3. Absolute errors for a =2, N=n=5.

X Example 1 Example 2
0.1 4.4369E-8 4.183E-6
0.2 2.2809E-6 6.775E-5
0.3 3.1482E-5 3.501E-4
0.4 1.7273E-4 1.139E-3
0.5 6.3707E-4 2.893E-3
0.6 1.8167E-3 6.305E-3
0.7 4.3028E-3 1.242E-2
0.8 8.7868E-3 2.286E-2

5 Conclusion

We use the differential transform method for the approximate solutions of fractional Bratu-
type differential equations. For calculating the differential transform of the exponential
nonlinearity, its Adomian polynomials are used in recurrence schemes. It is seen that the
differential transform method is implemented simply and effectively to fractional nonlinear
differential equations. It is concluded that the present method gives good results.
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