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Abstract. In this work, we consider the Bernoulli sub-equation function method for obtaining novel behaviors to the nonlinear evolution equation describing the dynamics of
ionic currents along Microtubules. We obtain new results by using this technique. We
plot two- and three-dimensional surfaces of the results by using Wolfram Mathematica 9.
At the end of this manuscript, we submit a conclusion in the comprehensive manner.

1 Introduction
For the past two decades, searching for the solutions to the various nonlinear evolution equations
have became a great activities between scientists in the world. Nonlinear evolution equations arise
in the various fields of nonlinear sciences such as optical fibers, chemistry, biology, fluid mechanics
etc, and their solutions play a vital roles in our real life situations. Various powerful techniques have
been developed for the study of the behavior to the different nonlinear evolution equations such as


the (G /G)-expansion method [1], the new extended (G /G)-expansion method [2], the sine-cosine
method [3], the sine-Gordon expansion method [4, 5], the tanh method [6, 7], the extended tanh
method [8], the Hirota bilinear method [9], the modified simple equation method [10], the modified
tanh-coth method [11], the Riccati-Bernoulli sub-ODE method [12] and so on. In general, various
powerful techniques have been developed by various researchers to tackle different class of nonlinear
evolution equations [13–17].
However, in this article, we explore the search for the new solutions to the transmission line
models of nano-ionic currents along microtubules [18, 19] by using the Bernoulli sub-equation
function method (BSEFM) [20].
The transmission line models of nano-ionic currents along microtubules is given by [18, 19]:
wL2 u xxt + L2 u xx + 2κδuut − κut = 0.
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2 Analysis of the Method
In this section, we present the steps to be followed for the Bernoulli sub-equation function method in
searching new solutions to various nonlinear evolution equations.
Step-1. We consider the partial differential equation in two variables such as x, t and a dependent variable u;
P(u x , ut , u xx , u xt , . . .),

(2)

u(x, t) = U(ζ), ζ = x − kt,

(3)

and take the wave transformation

where k  0. Substituting Eq. (3) into Eq. (2), it gives us the following nonlinear ordinary differential
equation;






N(U, U , U , U , . . .).

(4)

textbfStep-2. Take trial equation as follows
U(ζ) =

n


ai F i (ζ) = a0 + a1 F(ζ) + a2 F 2 (ζ) + . . . + an F n (ζ),

(5)

i=0

in which



F = bF(ζ) + dF M (ζ),

(6)

where b  0, d  0, M ∈ R \ {0, 1, 2}, and F(ζ) is Bernoulli differential polynomial. Substituting
above relations into Eq. (4), we obtain an equation of polynomial Ω(F(ζ)) of F(ζ);
Ω(F(ζ)) = ρ s F s (ζ) + . . . + ρ1 F(ζ) + ρ0 = 0.

(7)

According to the balance principle, we can get values of and M and n.
Step-3. Let us consider the coefficients of Ω(F(ζ)) all be zero, we will obtain an algebraic
equations system:
ρi = 0, i = 0, . . . , s.

(8)

Solving this system, we will determine the values of a0 , . . . an .
Step-4. When we solve nonlinear Bernoulli differential equation that is Eq. (6), we obtain the
following two situations according to b and d;
F(ζ) =

 −d

c

1
 1−M

, bd
eb(M−1)ζ
1
 (c − 1) + (c + 1)tanh b(1−M)ζ   1−M
2
F(ζ) =
, b = d, c ∈ R.


1 − tanh b(1−M)ζ
2
b

+

2

(9)

(10)
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Using the complete discrimination of the polynomial of F, we solve the system of equations by using
the Wolfram Mathematica 9 and obtain the various cases for the results of the coefficients. We obtain
the exact solutions to Eq. (2) by putting the obtained values of the coefficients into the trial solution
that is Eq. (5).

3 Application
In this section, we apply the BSEFM to the transmission line models of nano-ionic currents along
microtubules [18, 19] given in Eq. (1).
Utilizing the wave transformation u = U(ζ) ζ = kx − ct on Eq. (1), yields;




−ck2 wL2 U + L2 k2 U − cκδU 2 + cκU = 0,

(11)


applying the homogeneous balancing technique on Eq. (11) by using the highest derivative U and
the highest power nonlinear term U 2 , yields the following relation between n and M;
n = M + 1 n, M ∈ Z+ .

(12)

U(ζ) = a0 + a1 F + a2 F 2 + a3 F 3 + a4 F 4 ,

(13)

Choosing M = 3, gives n = 4. Using n = 4 along with Eq. (5), yields the following;

differentiating Eq. (13) twice, produces the following equations;


U = a1 bF + a1 dF M + 2a2 bF 2 + 2a2 dF M+1 + 3a3 F 3
+3a3 dF M+2 + 4a4 bF 4 + 4a4 dF M+3 ,








(14)



U = a1 bF + a1 dF M−1 F + 4a2 bFF + 16a4 dF 3 F + 2a2 d(M + 1)F M F








+9a3 bF 2 F + 3(M + 2)a3 F M+1 F + 4a4 d(M + 3)F M+2 F ,

(15)



where F = bF + dF 3 , b  0, d  0. Substituting Eq. (14) and (15) into Eq. (11) and simplifying, we
get an equation that involves the polynomials of F. We therefore collect the system of equations from
that polynomial there by equating the summation of each coefficients of F that are having the same
power to zero. We simplify the system of equations with the help of Wolfram Mathematica 9 and get
the following cases of solutions;
Case-1. 2when b  d
a0 = ad4 b2 , a1 = 0, a2 =

2a4 b
d , a3

1
= 0, w = − 10bc
,δ =

d2
,κ
a4 b2

=

12bk2 L2
5c ,

substituting these values into Eq. (13), we get the following exponential function solution;

u1 (x, t) =

a4 b4 E 2



d2 de−2bct+2bkx−bE

3

2 .

(16)
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Figure 1. The 3D and 2D shapes of Eq. (16) with the values k = 6, w = 2, b = 2, E = 8, c = 5, d = 4, a4 = 3,
−5 < x < 5, −5 < t < 5 and t = 1.2 for the 2D graphic.

Case-2. when b  d
2
2 2
1
L
, δ = − ad4 b2 , κ = − 12bk
a0 = 0, a1 = 0, a2 = 2ad4 b , a3 = 0, w = − 10bc
5c ,
substituting these values into Eq. (13), we get the following exponential function solution;



2bct−bkx
− 1 + 2bEe d
a4
u2 (x, t) = 
2 .
d
2bct−2bkx
b − Ee

(17)

Figure 2. The 3D and 2D shapes of Eq. (17) with the values k = 6, w = 2, b = 2, E = 8, c = 5, d = 4, a4 = 3,
−15 < x < 15, −15 < t < 15 and t = 0.5 for the 2D graphic.

4 Conclusions
In this study, with the help of Wolfram Mathematica 9, the Bernoulli sub-equation function method
is employed in investigating some new behavior to a nonlinear evolution equation that describe the
dynamics of ionic currents along Microtubules. We obtained some new exponential function structure
to the model by utilizing the above mentioned method. All the obtained analytical solutions have

4
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satisfied the model. When we compare our obtained results with the results in the literature [18, 19]
we observed that our result are newly constructed with the different solution structure. Therefore,
with our available results, we can say that the Bernoulli sub-equation function method is simple and
efficient mathematical tool that can be employed to various mathematical models.
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