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Abstract. In this paper, we study a cold standby repairable system 
consisting of two non-identical components and a single repair facility with 
one repairman. It is assumed that, one of the two components is operating 
while the other is in cold standby and also two components follow a 
geometric process. Under these assumptions, at first we present Laplace-
Stieltjes transform of the system lifetime and then we give some useful 
inequalities about the mean lifetime of the system.    

1 Introduction 
Cold standby redundancy technique uses one or more redundant components that are 
unpowered, do not consume any energy and do not fail until being activated to replace a 
faulty online component. Whenever working component fails, then an available cold standby 
component, i.e. inactive standby component, is immediately powered up to take over the 
mission task. Some recent works on the research of the cold standby systems are in [1-3]. 

In practice after the repair, most repairable components are not “as good as new”. To pay 
attention this problem, much work has been done by [4-7]. For an imperfect repair model, it 
is more acceptable to consider that the successive operating times of the component after 
repair will be even shorter while the consecutive repair times of the component after fail will 
be even longer [8-11].  

Consider a redundant system consisting of two non-identical components called 
component 1 and component 2 and a single repair facility with one repairman. Initially, one 
component begins to operate, the other component is inactive standby. As soon as the 
operating component fails, the standby component is switched on immediately and failed 
component is taken for repair. When repair of one component is completed and the other 
component is still operating the repaired component returns to the standby pool and is once 
again available to be used as operating component. The system is breakdown when the 
working component fails while the other component is under repair. 
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2 Lifetime of the system 
In this section, at first we will investigate possible malfunction situations of the system and 
then we will define the system lifetime measured from the moment when component 1 fails.  

 We make the following assumptions concerning failures and repairs. 
Assumption 1. Failure time of component 𝑘𝑘 is the random variable 𝑋𝑋𝑘𝑘

(𝑛𝑛) with the distribution 
function 

𝐹𝐹𝑋𝑋𝑘𝑘
(𝑛𝑛)(𝑡𝑡) = 𝐹𝐹𝑘𝑘(𝑚𝑚𝑘𝑘𝑡𝑡), 𝑘𝑘 = 1,2;  𝑡𝑡 ≥ 0, 

where 𝑚𝑚𝑘𝑘 = {𝑎𝑎𝑛𝑛,       𝑘𝑘 = 1
𝑎𝑎𝑛𝑛−1,   𝑘𝑘 = 2 and 𝑎𝑎 > 1 is the ratio of the geometric process (GP) for 

component 𝑘𝑘.  
Assumption 2. Repair time of component 𝑘𝑘 is the random variable 𝑌𝑌𝑘𝑘

(𝑛𝑛) with the distribution 
function 

𝐺𝐺𝑌𝑌𝑘𝑘
(𝑛𝑛)(𝑡𝑡) = 𝐺𝐺𝑘𝑘(𝑏𝑏𝑛𝑛−1𝑡𝑡), 𝑘𝑘 = 1,2;  𝑡𝑡 ≥ 0, 

where 0 < 𝑏𝑏 < 1 is the ratio of the GP for component 𝑘𝑘. 
Assumption 3. 𝑋𝑋𝑘𝑘

(1),  𝑋𝑋𝑘𝑘
(2), … be successive working times and 𝑌𝑌𝑘𝑘

(1),  𝑌𝑌𝑘𝑘
(2), … be successive 

repair times of component 𝑘𝑘. It is supposed that all these random variables are independent. 
Let 𝜏𝜏12(𝑎𝑎, 𝑏𝑏) denote the system lifetime under the assumption that at initial instant 𝑡𝑡 = 0, 

component 1 begins to work and component 2 is inactive standby. Let 𝜏𝜏(𝑎𝑎, 𝑏𝑏) denote the 
system lifetime measured from the moment when component 1 fails. It is evident that    
𝜏𝜏12(𝑎𝑎, 𝑏𝑏) = 𝑋𝑋1 + 𝜏𝜏(𝑎𝑎, 𝑏𝑏), where 𝑋𝑋1 and 𝜏𝜏(𝑎𝑎, 𝑏𝑏) are independent random variables. 

The system described above breakdown when for some 𝑛𝑛 either event 

𝐴𝐴𝑛𝑛 = {𝑋𝑋2
(𝑗𝑗) > 𝑌𝑌1

(𝑗𝑗), 𝑋𝑋1
(𝑗𝑗) > 𝑌𝑌2

(𝑗𝑗), 𝑗𝑗 = 1,2, … , 𝑛𝑛 − 1; �̂�𝑋2
(𝑛𝑛) ≤ 𝑌𝑌1

(𝑛𝑛)} 

or event  

𝐵𝐵𝑛𝑛 = {𝑋𝑋2
(𝑗𝑗) > 𝑌𝑌1

(𝑗𝑗), 𝑋𝑋1
(𝑗𝑗) > 𝑌𝑌2

(𝑗𝑗), 𝑗𝑗 = 1,2, … , 𝑛𝑛 − 1; 𝑋𝑋2
(𝑛𝑛) > 𝑌𝑌1

(𝑛𝑛), �̂�𝑋1
(𝑛𝑛) ≤ 𝑌𝑌2

(𝑛𝑛)} 

occurs. Note that 𝛼𝛼12(𝑛𝑛) is the probability that after the 𝑛𝑛-th repair working component 2 
does not fail while component 1 is under (𝑛𝑛 + 1)-th repair and 𝛼𝛼21(𝑛𝑛) is the probability that 
after the (𝑛𝑛 + 1)-th repair, working component 1 does not fail while component 2 is under 
𝑛𝑛-th repair. Then 𝛼𝛼12(𝑛𝑛) and 𝛼𝛼21(𝑛𝑛) can be represented as for 𝑖𝑖 = 1,2 and 𝑖𝑖 ≠ 𝑘𝑘  

𝛼𝛼𝑖𝑖𝑘𝑘(𝑛𝑛) = 𝑃𝑃{𝑋𝑋𝑘𝑘
(𝑛𝑛) > 𝑌𝑌𝑖𝑖

(𝑛𝑛)} = ∫ 𝐺𝐺𝑌𝑌𝑖𝑖
(𝑛𝑛)(𝑡𝑡)𝑑𝑑

∞

0

𝐹𝐹𝑋𝑋𝑘𝑘
(𝑛𝑛)(𝑡𝑡)                                      (1) 

Then, the probability that the system breakdown is obtained as  

𝛼𝛼(𝑛𝑛) = 1 − 𝛼𝛼12(𝑛𝑛)𝛼𝛼21(𝑛𝑛).                                                              (2) 

Thus using (1) and (2), the probabilities of events 𝐴𝐴𝑛𝑛 and 𝐵𝐵𝑛𝑛 are found to be 

𝑃𝑃{𝐴𝐴𝑛𝑛} = ∏(1 − 𝛼𝛼(𝑗𝑗))�̅�𝛼12(𝑛𝑛)     and     
𝑛𝑛−1

𝑗𝑗=1
𝑃𝑃{𝐵𝐵𝑛𝑛} = ∏(1 − 𝛼𝛼(𝑗𝑗))𝛼𝛼12(𝑛𝑛)�̅�𝛼21(𝑛𝑛)

𝑛𝑛−1

𝑗𝑗=1
 

where �̅�𝛼12(𝑛𝑛) = 1 − 𝛼𝛼12(𝑛𝑛), �̅�𝛼21(𝑛𝑛) = 1 − 𝛼𝛼21(𝑛𝑛) and 𝑛𝑛 ≥ 1.  

2

ITM Web of Conferences 13, 01023 (2017) DOI: 10.1051/itmconf/20171301023

CMES2017



2 Lifetime of the system 
In this section, at first we will investigate possible malfunction situations of the system and 
then we will define the system lifetime measured from the moment when component 1 fails.  

 We make the following assumptions concerning failures and repairs. 
Assumption 1. Failure time of component 𝑘𝑘 is the random variable 𝑋𝑋𝑘𝑘

(𝑛𝑛) with the distribution 
function 

𝐹𝐹𝑋𝑋𝑘𝑘
(𝑛𝑛)(𝑡𝑡) = 𝐹𝐹𝑘𝑘(𝑚𝑚𝑘𝑘𝑡𝑡), 𝑘𝑘 = 1,2;  𝑡𝑡 ≥ 0, 

where 𝑚𝑚𝑘𝑘 = {𝑎𝑎𝑛𝑛,       𝑘𝑘 = 1
𝑎𝑎𝑛𝑛−1,   𝑘𝑘 = 2 and 𝑎𝑎 > 1 is the ratio of the geometric process (GP) for 

component 𝑘𝑘.  
Assumption 2. Repair time of component 𝑘𝑘 is the random variable 𝑌𝑌𝑘𝑘

(𝑛𝑛) with the distribution 
function 

𝐺𝐺𝑌𝑌𝑘𝑘
(𝑛𝑛)(𝑡𝑡) = 𝐺𝐺𝑘𝑘(𝑏𝑏𝑛𝑛−1𝑡𝑡), 𝑘𝑘 = 1,2;  𝑡𝑡 ≥ 0, 

where 0 < 𝑏𝑏 < 1 is the ratio of the GP for component 𝑘𝑘. 
Assumption 3. 𝑋𝑋𝑘𝑘

(1),  𝑋𝑋𝑘𝑘
(2), … be successive working times and 𝑌𝑌𝑘𝑘

(1),  𝑌𝑌𝑘𝑘
(2), … be successive 

repair times of component 𝑘𝑘. It is supposed that all these random variables are independent. 
Let 𝜏𝜏12(𝑎𝑎, 𝑏𝑏) denote the system lifetime under the assumption that at initial instant 𝑡𝑡 = 0, 

component 1 begins to work and component 2 is inactive standby. Let 𝜏𝜏(𝑎𝑎, 𝑏𝑏) denote the 
system lifetime measured from the moment when component 1 fails. It is evident that    
𝜏𝜏12(𝑎𝑎, 𝑏𝑏) = 𝑋𝑋1 + 𝜏𝜏(𝑎𝑎, 𝑏𝑏), where 𝑋𝑋1 and 𝜏𝜏(𝑎𝑎, 𝑏𝑏) are independent random variables. 

The system described above breakdown when for some 𝑛𝑛 either event 

𝐴𝐴𝑛𝑛 = {𝑋𝑋2
(𝑗𝑗) > 𝑌𝑌1

(𝑗𝑗), 𝑋𝑋1
(𝑗𝑗) > 𝑌𝑌2

(𝑗𝑗), 𝑗𝑗 = 1,2, … , 𝑛𝑛 − 1; �̂�𝑋2
(𝑛𝑛) ≤ 𝑌𝑌1

(𝑛𝑛)} 

or event  

𝐵𝐵𝑛𝑛 = {𝑋𝑋2
(𝑗𝑗) > 𝑌𝑌1

(𝑗𝑗), 𝑋𝑋1
(𝑗𝑗) > 𝑌𝑌2

(𝑗𝑗), 𝑗𝑗 = 1,2, … , 𝑛𝑛 − 1; 𝑋𝑋2
(𝑛𝑛) > 𝑌𝑌1

(𝑛𝑛), �̂�𝑋1
(𝑛𝑛) ≤ 𝑌𝑌2

(𝑛𝑛)} 

occurs. Note that 𝛼𝛼12(𝑛𝑛) is the probability that after the 𝑛𝑛-th repair working component 2 
does not fail while component 1 is under (𝑛𝑛 + 1)-th repair and 𝛼𝛼21(𝑛𝑛) is the probability that 
after the (𝑛𝑛 + 1)-th repair, working component 1 does not fail while component 2 is under 
𝑛𝑛-th repair. Then 𝛼𝛼12(𝑛𝑛) and 𝛼𝛼21(𝑛𝑛) can be represented as for 𝑖𝑖 = 1,2 and 𝑖𝑖 ≠ 𝑘𝑘  

𝛼𝛼𝑖𝑖𝑘𝑘(𝑛𝑛) = 𝑃𝑃{𝑋𝑋𝑘𝑘
(𝑛𝑛) > 𝑌𝑌𝑖𝑖

(𝑛𝑛)} = ∫ 𝐺𝐺𝑌𝑌𝑖𝑖
(𝑛𝑛)(𝑡𝑡)𝑑𝑑

∞

0

𝐹𝐹𝑋𝑋𝑘𝑘
(𝑛𝑛)(𝑡𝑡)                                      (1) 
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𝑗𝑗=1
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Then the lifetime of the system is represented as 

𝑃𝑃 {𝜏𝜏(𝑎𝑎, 𝑏𝑏) = ∑ 𝜁𝜁𝑗𝑗 + �̂�𝑋2
(𝑛𝑛)

𝑛𝑛−1

𝑗𝑗=1
} = ∏(1 − 𝛼𝛼(𝑗𝑗))�̅�𝛼12(𝑛𝑛),

𝑛𝑛−1

𝑗𝑗=1
               (3) 

𝑃𝑃 {𝜏𝜏(𝑎𝑎, 𝑏𝑏) = ∑ 𝜁𝜁𝑗𝑗 + 𝑋𝑋2
(𝑛𝑛) + �̂�𝑋1

(𝑛𝑛) 
𝑛𝑛−1

𝑗𝑗=1
} = ∏(1 − 𝛼𝛼(𝑗𝑗))𝛼𝛼12(𝑛𝑛)�̅�𝛼21(𝑛𝑛)

𝑛𝑛−1

𝑗𝑗=1
             (4) 

where 𝜁𝜁𝑗𝑗 = 𝑋𝑋2
(𝑗𝑗) + 𝑋𝑋1

(𝑗𝑗) and for 𝑛𝑛 = 1 the sum and product vanishes. 

3 Laplace-Stieltjes transform of the system lifetime 
In this section, our objective is to find Laplace-Stieltjes (LS) transform of the system lifetime 
𝜏𝜏12(𝑎𝑎, 𝑏𝑏) with the help of the 𝜏𝜏(𝑎𝑎, 𝑏𝑏) which is defined previous section. We now introduce 
the following notations; 

𝑞𝑞𝑖𝑖𝑖𝑖(𝑝𝑝)(𝑠𝑠) = ∫ 𝑒𝑒−𝑠𝑠𝑠𝑠𝐺𝐺𝑌𝑌𝑖𝑖
(𝑛𝑛)(𝑡𝑡)𝑑𝑑𝐹𝐹𝑋𝑋𝑘𝑘

(𝑛𝑛)(𝑡𝑡);                                                                        (5)
∞

0

 

�̅�𝑞𝑖𝑖𝑖𝑖(𝑝𝑝)(𝑠𝑠) = ∫ 𝑒𝑒−𝑠𝑠𝑠𝑠�̅�𝐺𝑌𝑌𝑖𝑖
(𝑛𝑛)(𝑡𝑡)𝑑𝑑𝐹𝐹𝑋𝑋𝑘𝑘

(𝑛𝑛)(𝑡𝑡) = 𝑓𝑓𝑋𝑋𝑘𝑘
(𝑛𝑛)(𝑠𝑠) − 𝑞𝑞𝑖𝑖𝑖𝑖(𝑝𝑝)(𝑠𝑠); 

∞

0

                              (6) 

𝑓𝑓𝑋𝑋𝑘𝑘
(𝑛𝑛)(𝑠𝑠) = ∫ 𝑒𝑒−𝑠𝑠𝑠𝑠𝑑𝑑𝐹𝐹𝑋𝑋𝑘𝑘

(𝑛𝑛)(𝑡𝑡),
∞

0

                                                                                         (7) 

where 𝑖𝑖 = 1,2; 𝑘𝑘 = 1,2; 𝑖𝑖 ≠ 𝑘𝑘 and �̅�𝐺𝑌𝑌𝑖𝑖
(𝑛𝑛)(𝑡𝑡) = 1 − 𝐺𝐺𝑌𝑌𝑖𝑖

(𝑛𝑛)(𝑡𝑡). Using the formula of total 
expectation and (3)-(4) we have   

𝐸𝐸𝑒𝑒−𝑠𝑠𝑠𝑠(𝑎𝑎,𝑏𝑏) = ∑ (𝐸𝐸𝑒𝑒−𝑠𝑠(𝜁𝜁1+⋯+𝜁𝜁𝑛𝑛−1+�̂�𝑋2
(𝑛𝑛)) ∏(1 − 𝛼𝛼(𝑗𝑗))�̅�𝛼12(𝑛𝑛)

𝑛𝑛−1

𝑗𝑗=1

∞

𝑛𝑛=1
  

+𝐸𝐸𝑒𝑒−𝑠𝑠(𝜁𝜁1+⋯+𝜁𝜁𝑛𝑛−1+𝑋𝑋2
(𝑛𝑛)+�̂�𝑋1

(𝑛𝑛)) ∏(1 − 𝛼𝛼(𝑗𝑗))𝛼𝛼12(𝑛𝑛)�̅�𝛼21(𝑛𝑛)
𝑛𝑛−1

𝑗𝑗=1
).  (8) 

Clearly, using (1) and (5)-(7), following equations can be obtained as 

𝐸𝐸𝑒𝑒−𝑠𝑠𝑋𝑋𝑘𝑘
(𝑗𝑗)

= ∫ 𝑒𝑒−𝑠𝑠𝑠𝑠𝑑𝑑𝑃𝑃 {𝑋𝑋𝑖𝑖
(𝑗𝑗) < 𝑡𝑡|𝑋𝑋𝑖𝑖

(𝑗𝑗) > 𝑌𝑌𝑖𝑖
(𝑗𝑗)} =

𝑞𝑞𝑖𝑖𝑖𝑖(𝑗𝑗)(𝑠𝑠)
𝛼𝛼𝑖𝑖𝑖𝑖(𝑗𝑗)

∞

0

                                   (9) 

𝐸𝐸𝑒𝑒−𝑠𝑠�̂�𝑋𝑘𝑘
(𝑛𝑛)

= ∫ 𝑒𝑒−𝑠𝑠𝑠𝑠𝑑𝑑𝑃𝑃{𝑋𝑋𝑖𝑖
(𝑛𝑛) < 𝑡𝑡|𝑋𝑋𝑖𝑖

(𝑛𝑛) < 𝑌𝑌𝑖𝑖
(𝑛𝑛)} =

�̅�𝑞𝑖𝑖𝑖𝑖(𝑛𝑛)(𝑠𝑠)
�̅�𝛼𝑖𝑖𝑖𝑖(𝑛𝑛)

∞

0

                                 (10) 

The proof of (9) and (10) are presented in [12].  
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Taking into consideration Assumption 3 and substituting (9)-(10) in (8) we find that 

𝐸𝐸𝑒𝑒−𝑠𝑠𝑠𝑠(𝑎𝑎,𝑏𝑏) = ∑ (�̅�𝑞12(𝑛𝑛)(𝑠𝑠) + 𝑞𝑞12(𝑛𝑛)(𝑠𝑠)�̅�𝑞21(𝑛𝑛)(𝑠𝑠)) ∏ (𝑞𝑞12(𝑗𝑗)(𝑠𝑠)𝑞𝑞21(𝑗𝑗)(𝑠𝑠)) .
𝑛𝑛−1

𝑗𝑗=1

∞

𝑛𝑛=1
 

In view of 𝜏𝜏12(𝑎𝑎, 𝑏𝑏) = 𝑋𝑋1 + 𝜏𝜏(𝑎𝑎, 𝑏𝑏) and 𝑓𝑓𝑋𝑋𝑘𝑘(𝑡𝑡) = 𝐸𝐸𝑒𝑒−𝑠𝑠𝑋𝑋𝑘𝑘 = ∫ 𝑒𝑒−𝑠𝑠𝑠𝑠𝑑𝑑𝐹𝐹𝑋𝑋𝑘𝑘(𝑡𝑡)∞
0 , 𝑘𝑘 = 1,2  the 

LS transform of the system lifetime 𝜏𝜏12(𝑎𝑎, 𝑏𝑏) is obtained as  

𝐸𝐸𝑒𝑒−𝑠𝑠𝑠𝑠12(𝑎𝑎,𝑏𝑏) = 𝑓𝑓𝑋𝑋1(𝑠𝑠) 

× (∑ (�̅�𝑞12(𝑛𝑛)(𝑠𝑠) + 𝑞𝑞12(𝑛𝑛)(𝑠𝑠)�̅�𝑞21(𝑛𝑛)(𝑠𝑠)) ∏ (𝑞𝑞12(𝑗𝑗)(𝑠𝑠)𝑞𝑞21(𝑗𝑗)(𝑠𝑠))
𝑛𝑛−1

𝑗𝑗=1

∞

𝑛𝑛=1
) . (11) 

The LS transform of the system lifetime given by the equation (11) is required to calculate 
the expected value of the system’s lifetime, i.e, the average life expectancy. However, 
calculation of this transform is not always possible. Hence, it is very important to determine 
the lower and upper bounds for the LS transform of the system lifetime and depending on 
this the average life expectancy of the system. In GP model, because of the machine operating 
time will be reduced gradually after each repair, we can write the following result. 

 
Remark 1. For mean lifetime of the system, we have 

𝐸𝐸{𝜏𝜏12(𝑎𝑎, 𝑏𝑏)} ≤ 𝐸𝐸{𝜏𝜏12(1,1)}. 

Remark 2. From (11) and GP model, we have 

𝐸𝐸𝑒𝑒−𝑠𝑠𝑠𝑠12(𝑎𝑎,𝑏𝑏) ≥ 𝐸𝐸𝑒𝑒−𝑠𝑠𝑠𝑠12(1,1). 

4 Analyzing the lifetime of the system when the failure time is fixed 

Let failure time of component 𝑘𝑘 is fixed and failure repair for component 𝑘𝑘 follows GP 
repair. Then, the LS transform of the system lifetime is given by the following theorem. 
    
Theorem 1. Let the failure time of component k is the random variable Xk with the 
distribution function 

𝐹𝐹𝑋𝑋𝑘𝑘(𝑡𝑡) = 𝐹𝐹𝑘𝑘(𝑚𝑚𝑘𝑘𝑡𝑡) = {1     𝑚𝑚𝑘𝑘𝑡𝑡 ≥ 𝑐𝑐
0     𝑚𝑚𝑘𝑘𝑡𝑡 < 𝑐𝑐  ,                                               (12) 

where 𝑘𝑘 = 1,2; 𝑡𝑡 ≥ 0; 𝑐𝑐 > 0; 𝑚𝑚𝑘𝑘 = {𝑎𝑎𝑛𝑛,       𝑘𝑘 = 1
𝑎𝑎𝑛𝑛−1,   𝑘𝑘 = 2 and failure repair for component 𝑘𝑘 holds 

Assumption 2.2. Then 

𝐸𝐸𝑒𝑒−𝑠𝑠𝑠𝑠12(𝑎𝑎,𝑏𝑏) = 𝑒𝑒−𝑠𝑠𝑠𝑠 (∑ (𝑒𝑒−𝑠𝑠𝑠𝑠 𝑎𝑎𝑛𝑛−1⁄ (1 − 𝐺𝐺1 (𝑏𝑏𝑛𝑛−1𝑐𝑐
𝑎𝑎𝑛𝑛−1 ))

∞

𝑛𝑛=1
+ 𝑒𝑒−𝑠𝑠𝑠𝑠(𝑎𝑎+1) 𝑎𝑎𝑛𝑛⁄ 𝐺𝐺1 (𝑏𝑏𝑛𝑛−1𝑐𝑐

𝑎𝑎𝑛𝑛−1 )  

× (1 − 𝐺𝐺2 (𝑏𝑏𝑛𝑛−1𝑐𝑐
𝑎𝑎𝑛𝑛 )) ∏ 𝑒𝑒−𝑠𝑠𝑠𝑠(𝑎𝑎+1) 𝑎𝑎𝑗𝑗⁄

𝑛𝑛−1

𝑗𝑗=1
𝐺𝐺1 (𝑏𝑏𝑗𝑗−1𝑐𝑐

𝑎𝑎𝑗𝑗−1 ) 𝐺𝐺2 (𝑏𝑏𝑗𝑗−1𝑐𝑐
𝑎𝑎𝑗𝑗 )).       (13) 
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Taking into consideration Assumption 3 and substituting (9)-(10) in (8) we find that 
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𝑗𝑗=1

∞

𝑛𝑛=1
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0 , 𝑘𝑘 = 1,2  the 
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∞

𝑛𝑛=1
) . (11) 

The LS transform of the system lifetime given by the equation (11) is required to calculate 
the expected value of the system’s lifetime, i.e, the average life expectancy. However, 
calculation of this transform is not always possible. Hence, it is very important to determine 
the lower and upper bounds for the LS transform of the system lifetime and depending on 
this the average life expectancy of the system. In GP model, because of the machine operating 
time will be reduced gradually after each repair, we can write the following result. 
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Let failure time of component 𝑘𝑘 is fixed and failure repair for component 𝑘𝑘 follows GP 
repair. Then, the LS transform of the system lifetime is given by the following theorem. 
    
Theorem 1. Let the failure time of component k is the random variable Xk with the 
distribution function 

𝐹𝐹𝑋𝑋𝑘𝑘(𝑡𝑡) = 𝐹𝐹𝑘𝑘(𝑚𝑚𝑘𝑘𝑡𝑡) = {1     𝑚𝑚𝑘𝑘𝑡𝑡 ≥ 𝑐𝑐
0     𝑚𝑚𝑘𝑘𝑡𝑡 < 𝑐𝑐  ,                                               (12) 

where 𝑘𝑘 = 1,2; 𝑡𝑡 ≥ 0; 𝑐𝑐 > 0; 𝑚𝑚𝑘𝑘 = {𝑎𝑎𝑛𝑛,       𝑘𝑘 = 1
𝑎𝑎𝑛𝑛−1,   𝑘𝑘 = 2 and failure repair for component 𝑘𝑘 holds 

Assumption 2.2. Then 

𝐸𝐸𝑒𝑒−𝑠𝑠𝑠𝑠12(𝑎𝑎,𝑏𝑏) = 𝑒𝑒−𝑠𝑠𝑠𝑠 (∑ (𝑒𝑒−𝑠𝑠𝑠𝑠 𝑎𝑎𝑛𝑛−1⁄ (1 − 𝐺𝐺1 (𝑏𝑏𝑛𝑛−1𝑐𝑐
𝑎𝑎𝑛𝑛−1 ))

∞

𝑛𝑛=1
+ 𝑒𝑒−𝑠𝑠𝑠𝑠(𝑎𝑎+1) 𝑎𝑎𝑛𝑛⁄ 𝐺𝐺1 (𝑏𝑏𝑛𝑛−1𝑐𝑐

𝑎𝑎𝑛𝑛−1 )  

× (1 − 𝐺𝐺2 (𝑏𝑏𝑛𝑛−1𝑐𝑐
𝑎𝑎𝑛𝑛 )) ∏ 𝑒𝑒−𝑠𝑠𝑠𝑠(𝑎𝑎+1) 𝑎𝑎𝑗𝑗⁄

𝑛𝑛−1

𝑗𝑗=1
𝐺𝐺1 (𝑏𝑏𝑗𝑗−1𝑐𝑐

𝑎𝑎𝑗𝑗−1 ) 𝐺𝐺2 (𝑏𝑏𝑗𝑗−1𝑐𝑐
𝑎𝑎𝑗𝑗 )).       (13) 

Proof. Substituting the expressions (12) in (5)-(7) and also considering Assumption 2.2, we 
obtain 

𝑞𝑞12(𝑝𝑝)(𝑠𝑠) = ∫ 𝑒𝑒−𝑠𝑠𝑠𝑠𝐺𝐺𝑌𝑌1
(𝑝𝑝)(𝑡𝑡)𝑑𝑑

∞

0

𝐹𝐹𝑋𝑋2
(𝑝𝑝)(𝑡𝑡) = 𝑒𝑒−𝑠𝑠𝑠𝑠 𝑎𝑎𝑝𝑝−1⁄ 𝐺𝐺1 (𝑏𝑏𝑝𝑝−1

𝑎𝑎𝑝𝑝−1 𝑐𝑐), 

𝑞𝑞21(𝑝𝑝)(𝑠𝑠) = ∫ 𝑒𝑒−𝑠𝑠𝑠𝑠𝐺𝐺𝑌𝑌2
(𝑝𝑝)(𝑡𝑡)𝑑𝑑

∞

0

𝐹𝐹𝑋𝑋1
(𝑝𝑝)(𝑡𝑡) = 𝑒𝑒−𝑠𝑠𝑠𝑠 𝑎𝑎𝑝𝑝⁄ 𝐺𝐺2 (𝑏𝑏𝑝𝑝−1

𝑎𝑎𝑝𝑝 𝑐𝑐), 

�̅�𝑞12(𝑝𝑝)(𝑠𝑠) = ∫ 𝑒𝑒−𝑠𝑠𝑠𝑠�̅�𝐺𝑌𝑌1
(𝑝𝑝)(𝑡𝑡)𝑑𝑑𝐹𝐹𝑋𝑋2

(𝑝𝑝)(𝑡𝑡) = 𝑒𝑒−𝑠𝑠𝑠𝑠 − 𝑞𝑞12(𝑝𝑝)(𝑠𝑠),
∞

0

 

�̅�𝑞21(𝑝𝑝)(𝑠𝑠) = ∫ 𝑒𝑒−𝑠𝑠𝑠𝑠�̅�𝐺𝑌𝑌2
(𝑝𝑝)(𝑡𝑡)𝑑𝑑𝐹𝐹𝑋𝑋1

(𝑝𝑝)(𝑡𝑡) = 𝑒𝑒−𝑠𝑠𝑠𝑠 − 𝑞𝑞21(𝑝𝑝)(𝑠𝑠),
∞

0

 

𝑓𝑓𝑋𝑋1
(𝑝𝑝)(𝑠𝑠) = 𝑒𝑒−𝑠𝑠𝑠𝑠 𝑎𝑎𝑝𝑝⁄ , 𝑓𝑓𝑋𝑋2

(𝑝𝑝)(𝑠𝑠) = 𝑒𝑒−𝑠𝑠𝑠𝑠 𝑎𝑎𝑝𝑝−1⁄ , 𝑓𝑓𝑋𝑋𝑘𝑘(𝑠𝑠) = 𝑒𝑒−𝑠𝑠𝑠𝑠. 

Now substituting above expressions in (11) and then making suitable simplifications, we get 
the proof. 
 
Theorem 2. Mean time to failure of the system for 𝑎𝑎 = 1 and 𝑏𝑏 = 1, we have   

𝐸𝐸{𝜏𝜏12(1,1)} = 𝑐𝑐 + 𝑐𝑐(1 + 𝐺𝐺1(𝑐𝑐))
1 − 𝐺𝐺1(𝑐𝑐)𝐺𝐺2(𝑐𝑐).                                                (14) 

Proof.  Let 𝑎𝑎 = 1 and b = 1 in (13), then  

𝐸𝐸𝑒𝑒−𝑠𝑠𝜏𝜏12(1,1) = 𝑒𝑒−2𝑠𝑠𝑠𝑠(1 − 𝐺𝐺1(𝑐𝑐)) + 𝑒𝑒−3𝑠𝑠𝑠𝑠𝐺𝐺1(𝑐𝑐)(1 − 𝐺𝐺2(𝑐𝑐)) 
1 − 𝑒𝑒−2𝑠𝑠𝑠𝑠𝐺𝐺1(𝑐𝑐)𝐺𝐺2(𝑐𝑐) .                 (15) 

From (15) and 𝐸𝐸𝜏𝜏12(1,1) = − 𝑑𝑑
𝑑𝑑𝑠𝑠 𝐸𝐸𝑒𝑒−𝑠𝑠𝜏𝜏12(1,1)(0) we can get the proof.               

 
Remark 3. From Remark 2, we have 

𝐸𝐸𝑒𝑒−𝑠𝑠𝜏𝜏12(𝑎𝑎,𝑏𝑏) ≥ 𝑒𝑒−2𝑠𝑠𝑠𝑠(1 − 𝐺𝐺1(𝑐𝑐)) + 𝑒𝑒−3𝑠𝑠𝑠𝑠𝐺𝐺1(𝑐𝑐)(1 − 𝐺𝐺2(𝑐𝑐)) 
1 − 𝑒𝑒−2𝑠𝑠𝑠𝑠𝐺𝐺1(𝑐𝑐)𝐺𝐺2(𝑐𝑐) . 

Remark 4. For mean lifetime of the system, we have 

2𝑐𝑐 ≤ 𝐸𝐸{𝜏𝜏12(𝑎𝑎, 𝑏𝑏)} ≤ 2𝑐𝑐 + 𝑐𝑐𝐺𝐺1(𝑐𝑐) − 𝑐𝑐𝐺𝐺1(𝑐𝑐)𝐺𝐺2(𝑐𝑐)
1 − 𝐺𝐺1(𝑐𝑐)𝐺𝐺2(𝑐𝑐) .       

Remark 4 is very important in terms of giving the upper and lower bounds of the average 
operating time of the system under the restrictions of fixed operating time and repair time 
which is defined depending on GP. Now let us examine the following exception for the mean 
lifetime of the system. Let failure repair for component 𝑘𝑘 be exponential, then the following 
theorem holds for the upper bound of the mean lifetime of the system.     
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Theorem 3. Let failure time of component 𝑘𝑘 is fixed as described in (12) and failure repair 
for component 𝑘𝑘 be exponential with cumulative distribution function  

𝐺𝐺𝑌𝑌𝑘𝑘(𝑡𝑡) = 1 − 𝑒𝑒−𝜇𝜇𝑘𝑘𝑡𝑡,                                                                    (16)  

where 𝑡𝑡 ≥ 0  and 𝜇𝜇𝑘𝑘 ≥ 0; 𝑘𝑘 = 1,2. Then, under the restriction 𝜇𝜇2 ≥ 𝜇𝜇1 and 𝜇𝜇1 + 𝜇𝜇2 = 𝑢𝑢 (𝑢𝑢 
is constant), 

𝐸𝐸{𝜏𝜏12(1,1)} ≤ 𝑐𝑐 + 𝑐𝑐
𝑒𝑒−𝑢𝑢𝑢𝑢

2
  

Proof.  According (16), (14) takes the form 

𝐸𝐸{𝜏𝜏12(1,1)} = 𝑐𝑐 + 𝑐𝑐 + 𝑐𝑐(1 − 𝑒𝑒−𝜇𝜇1𝑢𝑢)
𝑒𝑒−𝜇𝜇1𝑢𝑢 + 𝑒𝑒−𝜇𝜇2𝑢𝑢 − 𝑒𝑒−(𝜇𝜇1+𝜇𝜇2)𝑢𝑢  . 

 
From 𝜇𝜇2 ≥ 𝜇𝜇1 and 𝜇𝜇1 + 𝜇𝜇2 = 𝑢𝑢 it follows that 

𝐸𝐸{𝜏𝜏12(1,1)} ≤ 𝑐𝑐 + 2𝑐𝑐 − 𝑐𝑐𝑒𝑒−𝜇𝜇1𝑢𝑢

2𝑒𝑒−𝑢𝑢𝑢𝑢
2 − 𝑒𝑒−𝜇𝜇1𝑢𝑢𝑒𝑒−𝜇𝜇2𝑢𝑢

  

                       ≤ 𝑐𝑐 + 2𝑐𝑐 − 𝑐𝑐𝑒𝑒−𝜇𝜇1𝑢𝑢

2𝑒𝑒−𝑢𝑢𝑢𝑢
2 − 𝑒𝑒−𝜇𝜇1𝑢𝑢𝑒𝑒−𝑢𝑢𝑢𝑢

2 𝑢𝑢
 . 

From this we get the proof.    

Conclusions 

In this article, we have studied a repairable aging cold standby system with a single standby 
unit when the components are independent. We have presented LS transform of the system 
lifetime and compute its expected value when the failure time is fixed. Finally, we aim to 
construct upper and lower bounds belongs to the system reliability by finding some 
inequalities corresponding to reliability of the technical system. The results of the study are 
important and can be applicable to a cold standby repairable system with preventive repair.  
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Theorem 3. Let failure time of component 𝑘𝑘 is fixed as described in (12) and failure repair 
for component 𝑘𝑘 be exponential with cumulative distribution function  

𝐺𝐺𝑌𝑌𝑘𝑘(𝑡𝑡) = 1 − 𝑒𝑒−𝜇𝜇𝑘𝑘𝑡𝑡,                                                                    (16)  

where 𝑡𝑡 ≥ 0  and 𝜇𝜇𝑘𝑘 ≥ 0; 𝑘𝑘 = 1,2. Then, under the restriction 𝜇𝜇2 ≥ 𝜇𝜇1 and 𝜇𝜇1 + 𝜇𝜇2 = 𝑢𝑢 (𝑢𝑢 
is constant), 

𝐸𝐸{𝜏𝜏12(1,1)} ≤ 𝑐𝑐 + 𝑐𝑐
𝑒𝑒−𝑢𝑢𝑢𝑢

2
  

Proof.  According (16), (14) takes the form 

𝐸𝐸{𝜏𝜏12(1,1)} = 𝑐𝑐 + 𝑐𝑐 + 𝑐𝑐(1 − 𝑒𝑒−𝜇𝜇1𝑢𝑢)
𝑒𝑒−𝜇𝜇1𝑢𝑢 + 𝑒𝑒−𝜇𝜇2𝑢𝑢 − 𝑒𝑒−(𝜇𝜇1+𝜇𝜇2)𝑢𝑢  . 

 
From 𝜇𝜇2 ≥ 𝜇𝜇1 and 𝜇𝜇1 + 𝜇𝜇2 = 𝑢𝑢 it follows that 

𝐸𝐸{𝜏𝜏12(1,1)} ≤ 𝑐𝑐 + 2𝑐𝑐 − 𝑐𝑐𝑒𝑒−𝜇𝜇1𝑢𝑢

2𝑒𝑒−𝑢𝑢𝑢𝑢
2 − 𝑒𝑒−𝜇𝜇1𝑢𝑢𝑒𝑒−𝜇𝜇2𝑢𝑢

  

                       ≤ 𝑐𝑐 + 2𝑐𝑐 − 𝑐𝑐𝑒𝑒−𝜇𝜇1𝑢𝑢

2𝑒𝑒−𝑢𝑢𝑢𝑢
2 − 𝑒𝑒−𝜇𝜇1𝑢𝑢𝑒𝑒−𝑢𝑢𝑢𝑢

2 𝑢𝑢
 . 

From this we get the proof.    

Conclusions 

In this article, we have studied a repairable aging cold standby system with a single standby 
unit when the components are independent. We have presented LS transform of the system 
lifetime and compute its expected value when the failure time is fixed. Finally, we aim to 
construct upper and lower bounds belongs to the system reliability by finding some 
inequalities corresponding to reliability of the technical system. The results of the study are 
important and can be applicable to a cold standby repairable system with preventive repair.  
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