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Abstract 

In this paper  an inverse problem 

 y  pxy  y
y0  hy0  y1  hy1  0

where  p   are integrable on  0,1   and satisfy the symmetry conditions
px  p1  x   almost everywhere in the interval  0  x  1.  We
reconstruct the potential of the inverse Sturm Liouville problem's solution 
is obtain for finite interval with symmetric potential. 

Keywords: Inverse problem symmetric potential, fixed point
theorem,second-order differential equation. 

Introducton 

In general, an inverse eigenproblem measures the frequencies of a vibrating system and 
tries to obtain some physical properties of the system. Difficulties in achieving higher 
eigenvalues in the field of practice exist, but only in a limited amount of data. However, the 
solution may have been predicted beforehand. The chronological problem, for example, 
indicates whether the first guess is consistent with the data and how it can be changed if it 
does not. The results to be found are very suitable to answer such a question. 
The reverse Sturm-Liouville problem is examined in at least four different ways. The most 
common is the problem investigated by Gel'fand and Levitan [6], in which the potential and 
boundary conditions are uniquely determined by spectral function. This situation has also 
been investigated by [13,16,22]. Second, the potential and boundary conditions are 
uniquely determined by two spectra. This situation can be reduced to the first case by 
examining [5,15,16,22]. The third is uniquely determined by potential, boundary conditions 
and two possible reduced spectra. This is also discussed in [3,8,14]. Knowing the boundary 
conditions implies that the lowest eigenvalue in one of the spectra is neglected. The latter 
has been shown to be potentially specific, provided that boundary conditions and a possible 
reduced spectrum are given, as long as it is an equally functioning function in the middle of 
the potential. The study [3,8,14] In this article we will introduce a constructive method by 
dealing with an inverse sturm liouville problem for the fourth stage 
The main situation is similar to the formula obtained by Hochstadt for two potential 
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differences and is based on the technique developed by Hochstadt [8]. This formula leads to 
uniqueness theories, as shown in [3,7,8,14]. 
However, taking into account the relationship between the lowest eigenvalue and the 
boundary conditions, it is clearly stated that if the boundary conditions are given and 
mixed, the lowest eigenvalue is neglected. In addition, the inverse Sturm-Liouville problem 
leads to a natural generalization of the Borg original formula and establishes a connection 
between the four above mentioned conditions. 

1. Statement of the main results

In this section we will consider two Sturm-Liouville problems with different potentials 

Theorem 1. 1 Consider the eigenvalue problems 

 y  pxy  y
 0)1()1()0()0(  hyyhyy  ( 1) 

 y  pxy  y

 0)1( ~)1()0( ~)0(  yhyyhy  (2) 

where  p   and  p   are integrable on [0,1] and satisfy the symmetry conditions

px  p1  x  and  px  p1  x  almost everywhere in the interval  0  x  1

Let   j  and j
~ , be the eigenvalues of (1) and (2). Let  ũ j   and  v j   be the solution of

0)~(  ypy   (3) 

hyy ~)0(,1)0(   (4) 

hvv ~)1(,1)1(   (5) 

with     j  ,. Define the functions  y   by

)(

~~
2= ~

j

jjj
j

ykv
z




 (6) 

Here )( j

jk
  =

dxy j
2

1

0

1


where  k j   1j   and  y ,jx   are the eigenfunctions of (1)

normalized such that  y ,jx  1. If

 jj
j

 ~  (7) 

 then 

  jj
j

yzpp
,,

~~  (8) 

Proof: Then  y   satisfies the Volterra integral equation
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dttytptxxhxxy
x

)()()(sin1sincos)(
0

  





  (9) 

Let  )(xy   and  )(xv   be the solutions of eq. (3) with initial conditions (4) and (5), 

where  h   and  p   are replaced by  h   and  p  .

Also    s2   where  s    i.   From eq. (1.9) follows that for each  x,yx   is

an entire function of     of order
1
2  and asymptotically we have 













s
eOsxxy

x

 cos),(  (10) 

 xeOsxsxy   sin),(  (11) 

Titchmarsh [19]. Since  px  p1  x   a.e. we find that  vx  y1  x   and thus e

(10) and  (11) provide the asymptotic expansions for  v   and  v    as well. We introduce
now the Wronskian 

  ),1(),1(  yhy   (12) 

and note that     is an eigenvalue of (1) iff    0  . From (10) and (11) follows that

the asymptotic expansion for     is

    .sin  eOss   (13) 
   f is continuous and that the square of f is integrable and  assume that f is 

meromorphic 

 


vfdzyyfdzv
x x

x 1

0

~~
),(




Here  y   and  v   are the solutions of (3) with initial conditions (4) and (5), and have the

same asymptotic expansions as  y   and  v . We will integrate     along a large contour

in the   plane.

In the  s   plane we let  R   be the rectangle with vertices at  d  iO  and  d  id

where d  n  1
2   and we let     be the contour in the     plane which corresponds

to the points of 

R   for which    0 . By using the asymptotic estimates for  y  ,  v   and     we
find that 

  







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








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This is precisely what is needed to make Titchmarsh's [19], and we conclude that 

1
2i 



x,d  1
2i 




0

x
coss1  xcosz

ssins fzdzd  1
2i 




x

1
cossx coss1  z

ssins fzdzd

converges uniformly to zero on the interval  0  x  1   as n    .It follows from the

residue theorem that the sum of the last two terms is the first  n  1   terms of the Fourier

cosine expansion of the function  f.  It is therefore natural to extend  f   as an even,  2
periodic function and since  f   is square integrable and  f   f   we know that

the Fourier series for  f   converges uniformly, Zygmund [22]. By using the residue

theorem to evaluate the first term in the above expression and letting  n    we obtain

fx 
j0

 v j 
0

x

yjfdz  y j 
x

1

v jfdz

  j 

We note that  yj   and  v j   represent the same eigenfunction, whereas fit  yj   and  v j

are just solutions of  (3) with     j   Since  )1()( xpxp  we see that 

v j  k jyj   where  k  1j.
If  p= p and  h  h   then (13) reduces to the Sturm-Liouville expansion and consequently

 
dxy

k

j
j

j

2
1

0

1


  . Let now  f   be equal to the first eigenfunction  y0   of (1). From (13)

and  definition (6) follows that 

dtyyzyy j

x

j
j

0
0

00
~

2
1~=   (14) 

We can now obtain the results stated in the theorem by differentiating eq. (14) formally. To 

realize that let  f j   = z j

0

x

yjy 0 dt
dır. Thus f(0)=0 and  f (0)= y j0.  Since  yj

and  y0   are eigenfunctions of (1) and  z j   is a solution of (3) with     j   we find

by differentiating  f j   twice and using integration by parts that

    .00
~2~ yyzfqf jjjj

    (15) 

If the expressions for f j, f j
, f j


 are 

f j  z j 
0

x

yjy0dt
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If you write instead of the above expressions to find the left side of equation (15) 

f j
  0  q f j  2 z j

yj
y0  0  jz j 

0

x

yjy0  yjy0
  yj

y0 z jdt

  If we consider the integral part 

I  0  j 
0
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yjy0dt

 
0

x

yj0y0dt  
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 jyjy0dt
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yj dt

 
0

x

yj
y0  y0

 yj
dt

We can now derive (7) and (8). By differentiating (14) and  using (15) we obtain 

y0
 -y0

  1
2 

j

f j


y0
 -y0

  q  0  y0 -y0 z jyj
y0 .

Thus eq. (7) follows by setting  x  0  in the first equation. To derive (8) from the second

equation we use that  y0

 q  0 y0   and    000

~~~ yqy 


  and note that the

eigenfunction y0  is positive in the whole interval.
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We will show that  j z j  , and  z j   are  O  j   j . Let  zj , be the eigenfunction of

(1.2) corresponding to the eigenvalue   j  . We will compare  y j   with  zj   and let

wj     y j  uj/   j   j .

Thus  w  wj   satisfies the differential equation

juwpw  )~(

w0  w 0  0

with     j . Let  1  and  2   be solutions of the homogeneous equation, i.e. (3),

with initial conditions   i1
j

=  ij   at  x  0 . The solution of the inhomogeneous
equation is then given by  

  dzzuzxzxxw j

x
)()()()()()( 12210

    (16) 

To estimate  w  we must estimate  1 , 2  and  zj.  We first observe  that  1  is
the solution 

of the Volterra integral equation (9) with  h  0  and  p  replaced by  p  and     j

Let p1  
0

1 |p |dx Since the potential p  is symmetric we find that

uj1  u  k jujx  and  v jx  y j1  x .It therefore follows from the definition
of w, and formula (6) that  

   )()1(
~

2)( ~ xwkxwxz jjj
j

jj
j 








 (17) 

To complete our study of  z j   we must find a lower bound for  |  j |   = yj2

Here  yj   is the eigenfunction of (1) normalized such that  y ,j0  1  .
We can now prove the validity of the formal arguments leading to (7) and (8). From the 
solution of equation (15) follows that  

  dzyyzyxGxzf jj

x

jj 0
0

2
~),()()0(~

2
1

2
1     (18) 

Here  Gx,y  1x2z  2x1z  , where  1   and  2   are solutions

of the homogeneous  (3) with     j   and satisfy the initial conditions   i1
j

 =  ij

at  x  0.   To interchange the order of integration and summation we have used that

z jyj


  converges in  L ,   On the other hand,  y  y0  y0   satisfies the

differential equation  y  0  py  p  py0   with the initial conditions

y0  0   and  y0  h  h   and consequently
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Here  yj   is the eigenfunction of (1) normalized such that  y ,j0  1  .
We can now prove the validity of the formal arguments leading to (7) and (8). From the 
solution of equation (15) follows that  
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Here  Gx,y  1x2z  2x1z  , where  1   and  2   are solutions

of the homogeneous  (3) with     j   and satisfy the initial conditions   i1
j

 =  ij

at  x  0.   To interchange the order of integration and summation we have used that

z jyj


  converges in  L ,   On the other hand,  y  y0  y0   satisfies the

differential equation  y  0  py  p  py0   with the initial conditions

y0  0   and  y0  h  h   and consequently

y0  y0  h  h2x  
0

x

Gx,yp  py0dz.

The theorem now follows from (14) by comparing the last two equations and using the 
uniqueness theorem for ordinary differential equations with summable coefficients, 
Neumark [18 ]. This completes the proof. 

2. Uniqueness results

The explicit formula (1.8) for the difference between two potentials is well suited for 
deriving some well-known uniqueness results. We will show that the potential and the 
boundary conditions are uniquely determined by the full spectrum. Moreover, we will 
prove that if the boundary conditions are known then the potential is uniquely determined 
by the reduced spectrum. Here the reduced spectrum is the full spectrum with the lowest 

eigenvalue omitted. Finally, we will show that the assumption   j   j   in Theorem 

1 is quite restrictive. In particular, it implies that if the comparison spectrum  j

corresponds to a Sturm-Liouville problem with constant coefficients, then the Fourier series 

for the potential  px   will be absolutely convergent.

Corollary 2.1. Consider the eigenvalue problem (1) where  p   is integrable in  0,1 . If

px  p1  x   almost everywhere in  0  x  1   then  px  and  h  are uniquely
determined by the spectrum. 

Proof. We have two Sturm-Liouville problems, let's have the eigenvalues   j   j  .

From equations (3) and (4) follows that  y j   is an eigenfunction, and since the potential

p   is symmetric we conclude that  v j  k jy j. This shows that all  z j  vanish identically
and the right hand sides of equations (7) and (8) are zero. This completes the proof. 
The symmetric property of the potential indicates that the eigenfunctions have single or 
double 2

1 functions. For this reason, we can divide the eigenvalue problem over  0,1

into two problems with the boundary conditions of Dirichlet or Neumann at  x  1/2 . It has 
been shown by [12,15,16], that the potential and the boundary conditions are uniquely 
determined by two spectra, and can be reconstructed from this data. The result is sometimes 
credited to [5,15]. However, Borg proved a different, but equally precise result, namely that 
if the boundary conditions are given then two-possible reduced-spectra determine the 
potential uniquely. 

Corollary 2.2. Consider the eigenvalue problem (1) where  p   is integrable on  0,1

and satisfies  px  p1  x   a.e. If  px  is replaced by another symmetric potential

px   and the two problem8 have the same reduced spectrum then  p  p  .

Proof. Let   j   and   j be the eigenvalues corresponding to  p   and  p  . If  h  h   

and  j   j for j  1,2, . . then we from Theorem-1 that z00  0  and
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p  p  z0y0  . We will Show that  z0   vanishes identically. From (6) follows that

z01  x=z0x  and thus  z0 vanishes at 2
1,0x   and 1.Since  0  1   1  we

conclude from Sturm comparison theorem that if  z0  0   then the eigenfunction

yx ,1   will have at least two zeros in  0,1.  This is contrary to Sturm's theory of
oscillation and the result follows contraception. 
We can think that the problems discussed in the 1st Chamber and the 2 nd Criminal can 
emerge in practice. Thus, the inverse eigen problem of a cylinder can be reduced 
To solve the two inverse Sturm-Liouville problem, in this case, the boundary conditions in 
the second eigenproblem, the first property spectrum 
The eigenvalue problem using Corollary I. In Corollary 2, the lowest eigenvalue plays a 
special role. 
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