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Abstract. In this study, we attain several spectral results for Diffusion
operator. In particular, the solution functions belong to Paley-Wiener
space:

PW, ={fentire, (,u)|SCe”“m”‘, JR|f(u)|2du<w}.

so that required theorems are proved.

1 Introduction

The aim of this paper is to solve the following diffusion equation

—y"+[22p(x)+q(x)]y =27y, xe[0,7] ey
where the functions p(x) and q(x) are real-valued and p(x)eWz'”+1 [O,ﬂ],

q(x) ew,)” [O,ﬂ] for m>1. Some spectral problems were extensively solved for the

diffusion operator in references [1-4].

Consider the problem
—y"+[2lp(x)+q(x)}y=ﬂzy, 2)
y(0)=1, y'(0)=h, 3)
where / is a finite number. Let us denote by q)(x,ﬂ.) the solution of (2) satisfying the
initial conditions (3). Let [2]

(o(x,l)zcos[ﬂ.x—a ]+I (x,1) cosltdt+J (x,t)sinArdt, (4)

where

a(x)=x +2J. (£,6) s1na(§)—B(§,§)cosa(§)}d§
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q(x) =—p° (x)+Zi{A(x,x)cosa(x)+B(x,x)sina(x)}

dx )
A(0.0)=h, B(x0)=0, A= o (=] p(eyar
o |, 0
and
¢ cln
A, =n+cy+—+ (6)
n n
be the nth eigenvalue where
1 .4 2
o =—J.0 p(x)dx, Z‘cl,n 0,
i " )

- Lherr [ o) (o) .

and H is a finite number.
Consider the Diffusion equation with more general separable boundary conditions

—y"+[21p(x)+q(x)]y=ﬂ,2y, xe[0,7],
a,y(0,4)—a,,»'(0,2)=0, (®)
ay,y(m,A)+ayy'(7,2)=0.

where al +a}, #0, a3, +as, #0. So,let A =p” and y(x,yz) denote the solution of

the initial value problem

—y"+[ 207 p(x)+q(x) |y =p'y,

Hou?)=an, y(0n)=a,

The eigenvalues of (8) are the square of the zeroes of the boundary function B ( y),

. 2 2
B(p)=ayy(m.pu’)+any (7 u’).
In the Dirichlet case, this boundary function is an entire function of y of order 1 and

type 7 and is square integrable on the real line. Therefore, it belongs to the Paley-Wiener
space.

2 Main Results

Let

v, (x,u):y(x,uz)—cos[uzx—a(xﬂ

(1
_I x,t)cos(11’t) dt+j (x¢)sin(pt)dt
In the following, we shall make use of the estimates [5],
|cosu|£e“m"‘, |sinu|£c0e“m”‘, )

where ¢, is some constant (we may take ¢ =1.72 for numerical purposes).

Define the constants
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T
, ¢, = 0 max B(x,t) o

s
¢, = | max

0<x<rm

A(x,t)

c, = (c1 +cocz)‘a21‘ +c,C, ‘azz‘.
we claim the subsequent results.
Theorem 1 v, (x,u)e PW, isa function of u for each x and the following estimate
hold:

ﬂlmyz‘

v, (x| < (e, +eqes )e “
Proof In the first instance

v, (e s0) = A ) feos (4 fsin(ut)ar )
Thus, 0

v (x,u)\sﬂA(x,t)e"“‘”"mcj bl gy

0

Seﬂm”z(I‘A(x,t)‘dt+co.([‘3(x,t) J
Se“m”z(”max(A( )|)a’t+c0:max( (x,t))dtj

0<x<rw 0<x<mw

from which we obtain

2
‘vl (x,y)‘ < ex‘lm# | (c1 +c0c2)

So, we have proved the estimate. Therefore, v, ( X, y) is entirely of type X order 1 and
square integrable on the real line as a function of x for each x.

Theorem 2 v, (x, ) e PW, isa function of x4 for each x and the following estimate
hold:

x‘hnyz‘

‘vz (x, u)‘ <cyc,e (6)
Proof
vy (x, )= }[{A(x,t)cos(uzt)dtvLB(x,t)sin(uzt)} dt—!{A(x,t)cos(/,tzt)} dt
‘vz (x,u)‘s ) sin(uzt) dt

N

B(x.t) dtJ

< [eo|B(xo)el™
0

)clmpz[’r
<cpe max
0

0<x<m

from which we get
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2
‘vz (x, ,u)‘ < (Cocz)ex‘lmu |

Hence, function v, (x, y) is entirely of type X order 1 and square integrable on the real
line as a function of y for each x.

The boundary function(characteristic equation) B ( y) is not necessarily in P _ as in
the Dirichlet-Dirichlet case. However, we have the following theorem.
Theorem 3 B(7, 1) =a,v, (7, 1) +a,v,(m, 1) € PW, isafunction of 4 and the

following estimate holds:
‘g(ﬂ,u)‘ <c,e
Proof Primarily, we have

L P YO U

from which we acquire
x‘ Im yz ‘

71" lmyz‘

(7

x‘lmyz‘

‘B(x,,u)‘ﬁ‘aﬂ‘(cl +cocz)e +‘a22‘cocze

< ex‘lmy2 | ((cl +cocz)‘a21 ‘ +coC, ‘azz‘)
o)
‘é(n,u)‘ < c3eﬁ‘lm”2‘
‘E (77, y)‘ is easily seen from above mentioned inequality. Hence, the following theorem is

applicable.

Theorem 4 Let /€ PW_, then
2 sin(u—k
=> f(k)w, ®)
k 4 (/1 —k )
where the series converges uniformly on compact set of IR and also in Li 4 [6]-

Let EN (7[, ,u) denote the truncation of B (7[, ,u)

s1n71(u k)
B k , 9
Z (0 fr g ©)

and B, (77, y) the corresponding approximation to B(ﬂ', u).

Conclusion

In this paper, we examined Diffusion operator and succeeded in performing our approach
for Diffusion equation. The approach is based on the well established technique: Shannon’s
sampling theorem. Thus, we obtained satisfactory results by using the Paley-Wiener spaces.
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