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Irreducible polynomials in Int(Z)

3, otk

Austin Antoniou!"*, Sarah Nakato®**, and Roswitha Rissner

'Ohio State University, 231 W. 18th Ave., MW 505, Columbus, OH 43210, USA
2Graz University of Technology, Kopernikusgasse 24, 8010 Graz, Austria
3 Alpen-Adria-Universitit Klagenfurt, UniversititsstraBe 65-67, 9020 Klagenfurt, Austria

Abstract. In order to fully understand the factorization behavior of the ring
Int(Z) = {f € Q[x] | f(Z) € Z} of integer-valued polynomials on Z, it is
crucial to identify the irreducible elements. Peruginelli [8] gives an algorithmic
criterion to recognize whether an integer-valued polynomial ¥ is irreducible in
the case where d is a square-free integer and g € Z[x] has fixed divisor d. For
integer-valued polynomials with arbitrary composite denominators, so far there
is no algorithmic criterion known to recognize whether they are irreducible. We
describe a computational method which allows us to recognize all irreducible
polynomials in Int(Z). We present some known facts, preliminary new results
and open questions.

1 Introduction

The ring Int(Z) = {f € Q[x] | f(Z) C Z} of integer-valued polynomials on Z is well-known to
be a non-unique factorization domain. The investigation of the factorization in this ring has
been subject to research over the last three decades, see for example [1], [2], [3], [4], [5] and
[8].

Peruginelli [8] described a computational method the determine whether an image-
primitive polynomial % € Int(Z) is irreducible in the case where the d is square-free. His
method uses so-called p-coverings and is based on the primary decomposition of the ideal
{g € Z[x] | g(Z) C pZ} which he described in [7].

So far, there is no similar computational method to verify the irreducibility of an image-
primitive polynomial with a general composite denominator.

In this conference paper we develop such a method, which we refer to as “table method”.
This is work in progress and we want to emphasize that this method is not very efficient
in terms of run-time or memory. It is merely a first step towards recognizing irreducible
polynomials in a computational way. A second goal that we pursue in our research is to
use the table method to construct irreducible polynomials with prescribed fixed divisors. An
overall summary of our current open research questions can be found in Section 4 at the end
of this short paper.

As for the structure of this paper, we give a few basic facts on the fixed divisor of a
polynomial in Section 1 and then proceed with factorizations in Int(Z) in Section 2. Next,
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in Section 3 we explain the table criterion and state the main result together with a few
immediate corollaries. Finally, we conclude this short note in Section 4 with open questions
that we want to answer in a full version.

Preliminaries

Let g € Z[x] be a polynomial. It is easily seen that for d € Z, % is integer-valued on Z if and
only if d divides all values g(a) with a € Z. This motivates the definition of the fixed divisor.

Definition 1.1. For f € Int(Z), we define the fixed divisor d(f) to be

d(f) = (f(@) | a € Z).
We say f is image-primitive if d(f) = Z.

Remark 1.2. It is well-known that there exist primitive polynomials in Z[x] which are irre-
ducible in both Z[x] and Q[x] but factor non-trivially in Int(Z), for example,

X -x+3

3

©-x+3=3

Note that x> — x + 3 is primitive, but not image-primitive since d(x> — x + 3) = 3Z. More
generally, Chapman and McClain [3, Thm. 2.4] have shown that a primitive polynomial g €
Z[x] is irreducible in Int(Z) if and only if g is image-primitive and irreducible in Z[x].

Remark 1.3. Itis easily seen that d(fg) C d(f) d(g) for polynomials f, g € Int(Z). In general,
equality does not hold. For example, d(x) = d(x — 1) = Z but d(x(x — 1)) = 27Z.

Remark 1.4. Assume that g € Z[x] is a primitive polynomial with fixed divisor d(g) = dZ
for an integer d. If p is a prime number with p | d, then g(a) = 0 mod p for all a € Z or
equivalently, the residue class of g modulo p has p different roots in the field Z/pZ.

In particular, this implies that the prime decomposition of the fixed divisor of a primitive
polynomial g € Z[x] can only contain prime numbers p with p < deg(g).

This observation follows from a result of Pdlya [9], cf. [10, Thm. 3.1].

2 Factorizations in Int(Z) and the o notation

Notation 2.1. Let P C Z denote the set of (positive) prime elements and for each prime
number p € P, we write v, for the p-adic valuation.

Every polynomial f € Int(Z) can be written as

f= “FETIZ" (M

where a € Z, G = (g;)ie; 1s a finite family of primitive, irreducible polynomials g; € Z[x] and
k, € Ng such that k,, = 0 for all but finitely many p € P.

Remark 2.2. It follows from Remark 1.2 that irreducible polynomials in Int(Z) are necessar-
ily image-primitive, that is, a = +1 in Equation (1). In the context of factorizations, the sign
of a is not important. From now on, we assume a = 1 whenever we consider image-primitive
polynomials in Int(Z).
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Notation 2.3. Let G = (g;);e; be a finite family of polynomials g; € Q[x] and J C I a subset.
For a prime p € P and a € Z, we set

o-G(J) mm Z vp(g(a)).

jeJ

Lemma 2.4. Let G = (g;)ic; be a finite family of polynomials g; € Z[x], p € P a prime number
and J C I. Then the following assertions hold

(i) o) = vy (d(Tjes 95)) and
(i) (D) = aL(J) + oD\ D).

Proof. (i): For k € No, k = v, (d([1jes g;)) if and only if for all a € Z, v, (ITje; g;(@)) = k
and there exists b € Z such that v, (]—[_,-E 79 j(b)) < k + 1. It follows immediately that

vy [d (l_[ gj]] m1n (Vp [l_[ g](a)]] m1n Z Vp(gj(@) = og ().

jeJ jeJ jeJ

(i): Since Yy vp(9i(a)) = Xjes vp(gi(@) + X jeny vp(gj(a)) for all a € Z, the claim follows.
O

Lemma 2.4 states that 0'2([) is a short-cut notation for the p-adic valuation of the fixed
divisor of the polynomial [],; g;. This notation turns out to be useful. The next lemma states
an easy but important result.

Lemma 2.5. Let G = (g,)ie; be a finite family of primitive, irreducible polynomials g; € Z[x]
and let f = H’E’ I e Q[x].

e P
Then
(i) f €Int(Z) if and only if o7.(I) > ky, for all p € P and
(ii) f € Int(Z) is image-primitive if and only ifO'Z(I) =k, forall p € P.
Proof. This follows immediately from Lemma 2.4 and Definition 1.1. U

Remark 2.6. Let G = (g;)ie; be a finite family of primitive, irreducible polynomials g; € Z[x]

such that f = n,g, g;p € Int(Z) is image-primitive.

Assume that f is reducible in Int(Z), that is, f = hh factors into non-units 4, i € Int(Z).
Since both /& and & divide f in Q[x] which is a unique factorization domain, it follows that &

and 7 are of the form
hzcl—[gj and izz&l_[gj
jeJ jel\J

for a subset J C I and some c, & € Q with ¢ = [] ,ep p™.

Furthermore, f is image-primitive, which implies that neither 4 nor / is a constant and
hence 0 # J & I.
Moreover, according to Lemmas 2.4 and 2.5 it follows that

ky = ol(I) > op(J) = =vp(c)

and similarly
k, > —v,(&)

3
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for all prime numbers p € P.
On the other hand, v,(c) + v,(¢) = —k,, holds for all primes p € P which implies that

=k, <v,(c),vp(@) £ 0.
We can conclude that every factor of f in Int(Z) which is a non-unit is of the form
[1 jel 9j
[Tper ™

where 0 # J C I and 0 < m,, < k,, for all prime numbers p € P.

3 Table method

In this section, we develop a computational method to recognize whether an image-primivite
polynomial f € Int(Z) is irreducible. Moreover, if f is reducible, this technique can be used
to find all factorizations of f in Int(Z).

Following Remark 2.2, we can assume that f is of the form

f= [lier 9:
HpE]P pk’)

Remark 3.1. We can determine O'Z(J) by computing the values }c; v,(g;(a)) for only
finitely many a € Z because every polynomial g € Z[x] respects congruences, that is, if
a =b mod pk, then g(a) = g(b) mod p*. In particular, this implies that if O'Z(J) = n, then
there exists a 0 < a < p™! — 1 with e Vplgj(@) = n.

A strategy that we pursue in this work is to create a table as in Table 1. The last entry of

Table 1. Template for table method

g1 92 2
0 | vp(g1(0)) | vp(g2(0) | ... || Zjes vp(g;(0))
1| vp(gi(D) | vp(ga(D) | ... || Xjes vplg;(1)
a | vp(g1@) [ vp(g2@) [ ... [ Xjesvp(g@)

every row is greater than or equal to o.(J). Say, we encounter the value n at the right end of
one row. Then we only need to compute the table rows for 0 < a < p" — 1. Note that it is
possible that this value is only reached in a row with ¢ > p” in which case we can stop the
computation, see Example 3.2.

Note that the starting value a = 0 is chosen randomly.

Example 3.2. We use Lemma 2.5 to determine whether w is in Int(Z). Let G =
(91,92,93) with g; = x, g» = x — 1 and g3 = x — 2. We compute 0'36({1, 2, 3}) using the table
method explained in Remark 3.1, see Table 2. Once we reach the fourth row we can stop
further computations and conclude that 0'2;({1, 2,3}) = 1. Hence w is not integer-
valued on Z.

Example 3.3. From Table 2 and Lemma 2.5 we can conclude that w is in Int(Z). It is
also easily checked (for example using an additional table), that d(x(x — 1)(x — 2)) = 6Z and
hence W is an image-primitive polynomial in Int(Z).

4
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Table 2. Table method for Example 3.2

2

W[ | —|o
— oo g|e

ol 8|S

ol 8ol

)

00

)
1

Notation 3.4. For a finite family G = (g;);c; of polynomials g; € Z[x] and J C I, we set

o)) = Z ol ).

peP

Keep in mind that the sum above is finite, since o-’(’;(J) = 0 for all prime numbers p € P with
p > e deg(g)), see Remark 1.4.

Theorem 1. Let G = (g;)ic; be a finite family of primitive, irreducible polynomials g; € Z[x]

such that f = % € Int(Z) is image-primitive.
peP

Then the following assertions are equivalent:
(i) f isirreducible in Int(Z).
(ii) For all subsets O # J & I there exists a prime number p € P such that
oo+ LU\ T) <kp.

(iii) For all subsets 0 +# J G I,

o)+ o\ J) < Z kp.

peP
Proof. (i) & (iii): It follows from Lemmas 2.4 and 2.5 that for all p e Pand all J C I,
O'Z(J) + o"é(l \J) < O'Z(I) =k,

holds. The equivalence between assertions (ii) and (iii) follows.
(iii) = (i): Assume that f is reducible in Int(Z), that is,

f= Hje]gj ) Hjel\]gj
[Tpee P Tlper P~

for some subset @ # J & I and natural numbers m,, < k, (cf. Remark 2.6). By Lemma 2.5 it
follows that 0%.(J) > m,, and o%,(I \ J) > k, — m,, for all primes p € P. Hence

ao) + U\ )= Y b +ahUND) 2 Y k.
pEP peP

(i) = (iii): Assume O # J & I is a subset such that og(J) + (I \ J) 2 X ,ep k. For
p €P, wesetm, = oh(J)and i, = o(I \ J). By Lemma 2.5 it follows that

h:Hjngj and ljl:njejgj
[1, p" [1,p™
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are elements of Int(Z).
Next, mp, + fit, < a'g(l) = k, for all primes p € P according to Lemmas 2.4 and 2.5. On
the other hand,

Zmp+m,,:ac(1)+ac(1\1)22kp

peP peP

holds, and therefore it follows that m, + 71, = k,, for all p € P.
Hence
f=h-h

is a proper factorization of f in Int(Z), that is, f is reducible in Int(Z). O

Theorem 1 yields some immediate corollaries. The next one is merely a restatement of
the theorem in case only one prime factor appears in the denominator.

Corollary 3.5. Let G = (g))ie; be a finite family of primitive, irreducible polynomials g; €

iel 9i

Z[x], p € P a prime number and k € N such that f = H—A € Int(Z) is image-primitive.
Then f is irreducible in Int(Z) if and only if for all subsets 0 + J G I

ob (D) + b\ J) <k

The next corollary summarizes how to find all factorizations of a polynomial f € Int(Z)
into not necessarily irreducible factors.

Corollary 3.6. Let G = (gi)ic; be a finite family of primitive, irreducible polynomials g; €
Z[x] such that f = l_}_le—lpgk” € Int(Z) is image-primitive.
PEP

Then every factoriéation of f (into not necessarily irreducibles) is of the form

f= ( Hje/, gj )( Hjej,gj )
[1pes p™r [1pep P

where I = J1 W ---W J, is a partition of I such that for each prime number p € P the following
conditions hold

(i) ob(J) =mpforall 1 <i<t,
(it) myp+---+m, =k, and

Remark 3.7. We can use Corollary 3.6 also to find the factorizations into irreducibles of
f € Int(Z). For this purpose, we need to find all partitions of I which satisfy the conditions
but cannot be “refined” any further.

Example 3.8. We find all factorizations of

2+ 2x+ DO+ 2x + D = 3x7 + 8x + 20)(x° + 5)

! 4

and consider the family of polynomials G = (g1,¢2,93,94) With g; = x> +2x + 1, g» =
¥ +2x+1,95=x-3x> +8x+20and g4 = x> + 5.

The degree of the product is 11, which means that possible prime factors of the fixed
divisor are 2, 3, 5, 7 and 11. By plugging in 0, we can exclude 3 and 7 and by plugging in 1,
we can exclude 5 and 11.

We create a table for p = 2, see Table 3.

It follows that the o6({1,2,3,4}) = 0%({1, 2,3,4}) = 2. Therefore, f is image-primitive.

6
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Table 3. Tables for Example 3.8

g1 | g2 | 93 | 94 || X
0] 0] 0 210 2
1| 2 2 1 1 6
21010 5 0 5
3 1 4 2 5 12

There are 3 partitions of {1, 2, 3,4} which satisfy the conditions of Corollary 3.6. These

are
{1,2,3,4} = {1,3} w {2} w {4}
={2,3}u {1} v {4}
={3,4luw {1} v {2}
It follows that

fe (23 +2x + (3 - 3x% + 8x + 20)

P +2x+ D +53)

4
(x +2x+ D3 4—3x +8x+20)( +2x+ D +5)
(x - 3x? +8);+20)(X +5)( +2x+ D2 +2x+ 1)

are all factorizations of f into irreducibles in Int(Z).

Corollary 3.9. Let G = (gi)ie; be a finite family of primitive, irreducible polynomials g; €
Z[x] such that f = n'f’g' € Int(Z) is image-primitive.

If there exists a prime number p € Int(Z) such that a'G(J) + a'g(l \ J) <k, for all subsets
0+ J S I, then f is irreducible.

The following example shows that the implication in Corollary 3.9 cannot be reversed
in general. A similar observation has already been made by Peruginelli [8] in the case of
square-free denominators.

Example 3.10. We consider the polynomial

X+ D2 -2x+ 53 =522 +6x+5)

f= 20

Wesetg, =x*+4,9, = x> =2x+5and g3 = x> = 5x> + 6x+ 5, G = (g1, g», ¢g3) and compute
a table with respect to v, and vs using the table method which we explained in Remark 3.1,
see Table 4. Possible prime factors of the fixed divisors of the numerator are 2, 3, 5 and 7.
By plugging in 0, one can see that 3 and 7 cannot occur.

We can read off these tables that 05 ({1,2}) + 05({3}) = 2 = kp and o,({2}) + 05({1,3}) =
1 = ks. Hence the lefthand side of the implication in Corollary 3.9 does not hold.

However, f is irreducible according to Theorem 1, since

oc({1) +06(2,3) =0<3 =ky + ks

oe({2) +oc({l,3h) =1<3
oe({3) +oc({l,2h) =2 <3
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Table 4. Tables for Example 3.10

g1 92| g3 || X g1 192 | g3 || Xvs
0(2]0]0 2 00 1 1 2
1701210 2 111 010 1
21310710 3 210 1 1 2
310 3 0 3 31010 1 1
411 010 1

Since for all non-empty subsets J of an index set of size 3, either J or its complement is a
singleton, there are no more subsets to be checked.

4 Open questions
Absolutely irreducible polynomials in Int(Z)
We are interested in a certain subclass of irreducible polynomials in Int(Z).

Definition 4.1. A polynomial f € Int(Z) is absolutely irreducible if for all n € N, f" has
exactly one factorization into irreducibles, that is,

fr=fef
W'—‘/

Remark 4.2. It is easily seen that d(¢g") = d(g)". Hence, if g € Z[x] is primitive and irre-
ducible with fixed divisor dZ, then f = ng is absolutely irreducible.

Polynomials of the form described in Remark 4.2 are not the only types of absolutely
irreducible polynomial as the following example shows.

Example 4.3. The polynomial f = @ is absolutely irreducible: According to Remark 2.6,

any factorization of f” into two non-units in Int(Z) is of the form
P D AN Bl G b
2[ ’ 2n—t

However, d(x) = d(x™) = Z and d(x — 1) = d((x — 1)) = Z for all m. Therefore, it follows
that = £ = k which implies that f is absolutely irreducible.

The following example shows that not every irreducible polynomials is also absolutely
irreducible.

Example 44. Let f = w Using Remark 3.1, we create tables for the prime numbers
2, see Table 5. The prime number 3 can be excluded by plugging in 1. From this table we

Table 5. Tables for Example 4.4

x| 2+2x+5 ] Iwm
0| oo 0 00
110 3 3
2|1 0 1

can see, that f is irreducible in Int(Z). However, it is not absolutely irreducible since

(2 +2x+5)
4

8

(x* +2x+5)

fP=r-f=
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Question: Can we use the table method to recognize absolutely irreducible polynomials?
For example, assume f is an irreducible polynomial in Int(Z) such that there are two polyno-
mials in the numerator g; # g; whose table columns look alike. Then, it is easily seen that
they can be interchanged in every factorization of " with n > 1 and hence such a polynomial
cannot be absolutely irreducible.

If not the table method, is there some other way to recognize absolutely irreducible poly-
nomials?

A Irreducible polynomials in Int(Z,)

The length of factorization of, here a polynomial f € Int(Z,)), into irreducibles is the number
of irreducible factors. The collection of all possible lengths of an element is called its set
of lengths. When we speak of multisets of lengths, then we simply take multiplicities of
lengths into account. Note that we want to count multiplicities only for essentially different
factorizations, that is, if the factors of the two factorizations are not pairwise associated. For
details on factorizations, we refer to Geroldinger and Halter-Koch’s textbook [6].

Question. Which multisets of lengths can occur in Int(Z,))?

It is known that every finite (multi-)set of natural numbers occurs as (multi-)set of a
polynomial in Int(Z), see Frisch [4] and Frisch, Nakato and Rissner [5]. The construction
that was used in these papers cannot immediately be adapted to the local (or semilocal case)
because it strongly relies on the existence of infinitely many prime numbers.

In order to overcome the difficulties, we are trying to answer the following question.

Question. How to construct irreducible polynomials in Int(Z,)) with a prescribed fixed di-
visor?

Another question that comes up in that context is whether Int(Z,,)) is transfer Krull, that
is, there exists a transfer homomorphism to a block monoid. For definitions and further
details, we refer to [6].

It has been shown in [4] that no such homomorphism can exist for Int(Z). More generally,
it is known that Int(D) is not transfer Krull if D is a Dedekind domain with infinitely many
maximal ideals, all of which have finite index, see [5].

Question. Does there exist a transfer homomorphism from the multiplicative monoid of
Int(Zp) to a block monoid?

Acknowledgement

Sarah Nakato is supported by the Austrian Science Fund (FWF): P 27816 and P 30934.
Roswitha Rissner is supported by the Austrian Science Fund (FWF): P 28466.

References

[1] David F. Anderson and Paul-Jean Cahen and Scott T. Chapman and William W. Smith:
Some factorization properties of the ring of integer-valued polynomials, in Zero-
dimensional commutative rings, Lecture Notes in Pure and Appl. Math.,171:125-
142,1995.

[2] Paul-Jean Cahen and Jean-Luc Chabert: Elasticity for integral-valued polynomials,
J. Pure Appl. Algebra, 103:303-311, 1995.

9



ITM Web of Conferences 20, 01004 (2018) https://doi.org/10.1051/itmconf/20182001004
ICM 2018

[3] Scott T. Chapman and Barbara A. McClain: Irreducible polynomials and full elasticity
in rings of integer-valued polynomials, J. Algebra., 293:595-610, 2005.

[4] Sophie Frisch: A construction of integer-valued polynomials with prescribed sets of
lengths of factorizations, Monatsh. Math., 171, no. 3-4;341-350, 2013.

[5] Sophie Frisch and Sarah Nakato and Roswitha Rissner: Sets of lengths of factorizations
of integer-valued polynomials on Dedekind domains with finite residue fields, Submitted.

[6] Alfred Geroldinger and Franz Halter-Koch: Non-Unique Factorizations: Algebraic,
Combinatorial and Analytic Theory, vol. 278 of Pure and Applied Mathematics. Chap-
man & Hall/CRC, 2006.

[7] Giulio Peruginelli: Primary decomposition of the ideal of polynomials whose fixed divi-
sor is divisible by a prime power, J. Algebra, 298:227-242, 2014.

[8] Giulio Peruginelli: Factorization of integer-valued polynomials with square-free denom-
inator, Comm. Alg, 43:197-211, 2015.

[9] Georg Pélya: Uber ganzwertige Polynome in algebraischen Zahlkérpern, J. reine
angew. Math. (Crelle), 149:97-116, 1919.

[10] Wtadystaw Narkiewicz: Polynomial mappings, Lecture Notes in Mathematics, Springer
Berlin, 1995.

10



