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Abstract. Let £ = —A + V be a Schrodinger operator on R”, where V is a
nonnegative potential satisfying the suitable reverse Holder’s inequality. In this
paper, we study the boundedness of the second order Riesz transforms such as
L'V on the spaces of BMO type for weighted case. We generalized the known
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1 Introduction and preliminaries

The study of both function spaces and the boundedness of singular integral operators asso-
ciated with Schrodinger operators arose from practical applications in some mathematical
fields, such as harmonic analysis and partial differential equations, and has become an active
area of research in the last few years. These type of questions have been already considered
by many authors and they are very important questions which appeal to various techniques
from partial differential equations and harmonic analysis.

In recent years, many authors have been interested in the problems of harmonic analysis
associated with Schrédinger operators on R”, see [1-3, 5, 6, 12, 14-17, 19, 21, 25]. More
specifically, boundedness of singular integral versions on stratified Lie group was also
attracted the attention, see [12, 14-16]. Very recently, D. Yang developed the theory
of localized non-weighted BMO spaces associated to admissible functions in spaces of
homogeneous type and eastablished the resuts for the boundedness of the singular integrals
on these space, see [22-24].
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Let £ = —A + V be a Schrodinger operator on R”, where the nonnegative potential V

belongs to the reverse Holder class RH, for ¢ > %, i.e., V satisfies the reverse Holder’s

2 9
inequality: there exists C > 0 such that

1 f i C
— | V(x)4dx)' € — f V(x)dx,
(IBI ) |B
B B
for all ball B ¢ R".
It is well-known that if V € RH, for some g > 1, then there exists € > 0, such
that V. € RH,... We introduce the definition of the reverse Holder index of V as

qo := sup{q : V € RH,}. Under assumption V € RH,, we may conclude gy > m.

Wesay V € RH if V € L7 (R") and

C
Ve Bury < V(y)dy,
VIl (Bex,r) Bo )] f (y)dy

B(x,r)
hold for every x € R" and 0 < r < co. Forevery 1 < p < oo, itis easy to see that RH., C RH,,.
For a weight w, we shall mean w is a nonnegative measurable and locally integrable

function on R". For p € (1, c0), we say that w belongs to the Muckenhoupt class A, if the
following holds: there exists C > 0 such that

( f w(x)dx)( f w P dx) < CIBY, (1.1)

B B
for all balls B in R”.

For p = 1, we say that w € A if there is a positive constant C such that for every ball
B cR”,
1
— fw(y)dy < Cw(x)fora.e. x € B.
|Bl Jg
We set A, = U,31A4,. For the ball B = B(x,r) and 4 > 0, we denote by AB the ball
B(x, Ar).
For @ > 1, we say that the weight w satisfies the doubling property with the doubling
order « if there exists a constant C such that
w(AB) £ CA™w(B),
forall balls B C R" and all A > 1, where w(E) = fE w(x)dx for any measurable subset E of R".

We then denote by D,, the set of all weights w satisfying the doubling property with the
doubling order . It is important to note that if w € A, for p € [1, c0) then w € D,,. Moreover,
if V € RH,, then V belongs to a certain A, class for some p € [1, c0) and hence V € D,,. See
for example [20].

Associated to the potential V, the function of the critical radius is defined by

1
po(x) := sup {r >0: pr f V(y)dy < 1},
B(x,r)
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for all x € R", see [16].

Let p;(x) be the function of the critical radius associated to |VV|. The auxillary functions
p(x), p1(x) play an important role in the problem of harmonic analysis related to Schrodinger
operators.

Definition 1.1. Let 0 < 8 < 1 and w be a weight. The space BM 0{2(w) is defined as the set
of functions f € L\ (R") satisfying

loc

f @) — fal dy < Co(BBFI", (12)

for all the balls B Cc R", with r < p(x), where fg = ﬁ ff(y)dy, and
B

f )iy < Co(B)BP", (13)
B

for all balls B = B(x,r), with r > p(x), where C is a positive constant.

A norm in the space BMOi(a)) can be given by the maximum of the two infima of the
constants in (1.2) and (1.3) respectively. This norm will be denoted by || - ||z, @)
£

We now recall the definition of spaces BM OB(w) forO<p <1,

BMOP(w) = {f € Ly, : P T B f |£(x) = faldx < oo},

IBIﬁ/ "w(B)
with the supremum taken over all balls B and fz = ﬁ f f(y)dy.
B

For brevity, if w = 1, then we will denote BM 0[2, BMOP by BM O[j:(a)), BMOP(w)
respectively . When 8 = 0, we write BMO, BMO instead of BM OBL BMOP respectively.

Inspired by the recent studies on the boundedness of the Riesz transforms in R”, see for
example [1-4, 7, 8] and the references therein. In the case w = 1, it is well-known that if
V € RH, then the integral operators V.£™! is bounded on LP(R") for 1 < p < s, and V2£L"!
is bounded on LP(R") for 1 < p < s, in [19], where s, s depend only on ¢,n. The ranges
of p in these results are optimal. This seminal results of Z. Shen play the crucial role in the
boundedness of the Riesz transform on the other types functional space. When w = 1, and
B =0,J. Dong and Y. Liu [8] proved £~'V? is bounded on BMO[Z

In this paper, we improve the results of J Dong and Y. Liu in [8] by studying the bound-
edness of the second order Riesz transform R* = £~'V? on the spaces BM Oi(a)), BMO®(w).
The next theorems are the main results of this paper.

Theorem 1.2. Suppose that V € RH, for some q > n,|VV| € RH,> such that g} < n,p <
p1 < 1, where g7 := suplq : |VV| € RH,} is the reverse Holder index of |VV|. Let w €

D, N U (Ap/y ﬂRHS) where Il] = % - l. Forany 0 < 8 <@ := min{l —n/q,2 —n/q}} and

1<ax< 1 + T the operator L7'V? is bounded from BMOP(w) into BMOP ().
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In [12], the authors gave some examples for the potential V which satisfy the assumption
p < p1 < 1. By Theorem 1.7 in [8], the authors proved that £~!'V? is bounded on the
space BMO/. Note that, since BMOi(w) c BMO®(w), our results can be considered as
improvements of those in [8], even in the case w = 1.

The organization of this paper is as follows. In section 2, we give some preliminary
results. Section 3 is devoted to the estimates on the size and smoothness of the kernels.
Finally, the proof of the main theorems are also investigated in Section 4. Throughout this
article, all the positive constants are signified as C although they may be different on the same
line. Note that, V means that we are taking all the partial derivaties with respect to the first
variable. We write A ~ B and A < B if there exists some positive constants C, C’ such that
C< % < C’ and A < C'B, respectively.

2 Some preliminary results

Let V € RH, where g > n/2. We begin with the results concerning the estimates on the
potential V which are taken from [4, Lemma 1] and [19, Lemma 1.2], respectively.

Lemma 2.1. The measure V(x)dx satisfies the doubling condition, that is, there exists C > 0
such that

f Vy)dy < C f V(y)dy,
B(x,2r) B(x,r)

for all balls B(x,r) in R".

Lemma 2.2. There exists C > 0 such that, for 0 <r < R < 400,

1 ry2-2 1
2 f Vdy < C(5) " = f V(y)dy.

B(x,r) B(x,R)

Lemma 2.3. Ifr = p(x), then

1
= [ v -1
-

B(x,r)

Moreover,

rn—2

f Viydy ~1  ifand onlyif r~ p(x).
B(x,r)
Lemma 2.4. There exist C > 0 and ly > 0 such that, for any x and y in G,
1 — yl\—l —y\ &
_(1 + |x y|) 0 < FM < C(l + |x y|)10+1.
p(x) p(x) p(x)

C

In particular, p(x) ~ p(y) if |x — y| < p(x).
Lemma 2.5. There exist C > 0 and 1y > 0 such that
V C R I
W < f Vipdy < C(1+ ——)".

|x—yl"=2"" = R"2 p(x)
B(x,R) B(x,R)




ITM Web of Conferences 20, 02005 (2018) https://doi.org/10.1051/itmconf/20182002005
ICM 2018

See [19] for the proofs of Lemmas 2.1 - 2.5.

Lemma 2.6. Let V € RH, with g > n/2 and € > 3. Then, for any constant C\, there exists a

constant C, such that
V 2-n/
f L)fdu < Czre_z(L) q,
| — x|"—€ p(x)

if 0 < r < Cip(x), and

V(u) o T \2Hu=Dbn
———du < Cor(— s
f u— e = (p<x>)

B(x,Cyr)
if r > C1p(x), where u is such that V € D,,.

The proof of this above lemma is similar to that of Lemma 1 in [4]. The following results
give other characterization of the space BM 0[2(w), the proof of this proposition is very simi-
lar with a small modification to that of [4, Proposition 2] and [18, Theorem 2.2], respectively.

Proposition 2.1. Let 0 < 8 < 1 and a weight w € D, for some a > 1. A function f belongs
to BMO/Z(w) if and only if condition (1.2) is satisfied for every ball B = B(x, r) with r < p(x)
and
|f(W)ldy < Cw(B(x, p(x))|p()F, (2.4)
Blxp(x))
forall x € R".

It follows from [18, Theorem 2.2], we have the following lemma.

Lemma 2.7. (John-Nirenberg inequality)
Let 1 <p<o00,0<B<lweA, | <r<p,andr<co. Then f € BMOP(w) if and only if

1,1 o 1r
sup e (o Bf F) = fal @' (0dx) < oo, 2.5)

and, moreover, this quantity gives an equivalent norm.
In what follows we denote 7, = (—A)~'/2 the classical fractional integral of order 1. To

prove the main theorems, we need the following technical lemma.

Lemma 2.8. Let V € RH, withn/2 < g < nand w € RH; N A,y for some s > p’, where
% = é - rll There exists C > 0 such that foranyk > 0,0 < < 1, f € BMOP(w), and any ball
B(x, r),
f £ () = folT1(Vxaeop)@)du < Clk + 1)25MFD
2B (2.6)
2k
X WW(BP 1 0g (=),
11131080y @(B) ﬁ,,,(p(x))
where
t2+yn—n lf > l,
Dpy (1) = {tn—nTHZ—n/q ift<1,

for n and u being the exponent of the doubling property satisfied by w and V respectively.



ITM Web of Conferences 20, 02005 (2018) https://doi.org/10.1051/itmcon{/20182002005
ICM 2018

Proof. We first apply Holder’s inequality to estimate the right-hand side of (2.6) by

I = felcassllpy M 1 (Vw2 p)llp-

To bound the first factor we apply again Holder’s inequality with exponent o such that
. ’ 1 ’ s 1 .
op’ = (p/s’) = v to the functions |f — fp|/P wo7 and w” "v. It is easy to check that
(p' = 1)0’ = sand (%p, = j—p Therefore,

ICF = fslly < ( f w'@dz) f @) - falw'dz)”

2kB 2kB
w(2*B)” /P o v
< ([ 1@ = et o)
2kB
By Lemma 2.7, we come up to
v, 1-v /v
(| 1f@ - fal'w' " ()dz)
2kB
k-1
< ([ V- pufe @) " + @ @B Y Vs S

2kB
< w(2k8>”"|2"BW"||f||BMoﬂ<w> +12*Blw(2*B)™"”

Z sig | 1@ fomalde

2/*1B
We then obtain that
v, 1-v /v
( f £@) = fol'w' ™ (2)dz)
2kB
k—1
< w2'B)"2" B fllpyosiw) + 2 Blw@B) Y " w2/t B)
j=0

j+1 -1
X 27 BPI Y| fllgasos ) -

This implies that

([1r@ - skt craz)

2B
k-1

< W2 B) "Il lsmoro |2 BF" + 12*BIBP™! " 27670
j=0

< w(2*B)"I|fllposien |12 BP"" + k12" BIIBP" |
< (k + Dw(2kB) /2l B/,
By combining the above estimates, we obtain

ICf = falxaslly < (k+ D2K AP0 B0 o BY| fllasoe - 2.7
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On the other hand, due to the boundedness of 7| and V € RH,, we have

V(2k+ZB)

121 (Vxaep)llpy S IVxoeplly < e

where V(2*2B) = [ V(y)dy.
2k+2 B
In the case 27 > p(x(), we apply the second part of Lemma 2.6 to get

L 2k p \24(u=Dn
121 (Vigeep)ll, S 25p) 2711 (== .
1LV x2k2p)Mlp (p(x))

Combining the above estimates we arrive to (2.6). The case 2¢7 < p(x), is handled simi-
larly by using the first part of Lemma 2.6. O

We have the following simple result.

1
Lemma 2.9. For a > 0, we have ——dz <1
|xo — zI"~
B(xo,r)

Proof. Proof of this lemma is straightforward and we omit details here. O

3 Some estimates for the kernels

Let I'(g, h),To(g, h) denote the fundamental solution for the operator —A + V, —A respectively.
The following estimates of the fundamental solution for the Schrédinger operator on the
nilpotent Lie group have been proved in [16].

Lemma 3.1. Let [ > 0 be an integer.
1. Suppose V € RHy,. Then there exists C; > 0 such that for x # y,

C 1

r ’ < .
| (X y)' < (1 + |x_ y|)l(l + |x— y|p(x)_1)l |.x_y|n_2

2. Suppose V € RH,,. Then there exists C; > 0 such that for x # y,
C 1

(I +x = yD'(d + |x = ylo()™H! |x =yl
G 1

(1 + x = yD!(1 + |x = ylo(x) 1 [x — y|*’

where V,V, means that we are taking all the partial derivaties with respect to the first
and second variable, respectively.

(a) IVI(x, y)| + [VoI'(x, y)l <

(b) IVVoI'(x, )l <

Next, we recall the imbedding theorem of Morrey.

Lemma 3.2. (The imbedding theorem of Morrey)
Let the ball B= B(a,R) C R" and u € Wé’p(B) with p > n. Then

lu(x) — u(y)| < CRVN(Vuxsll,,  forall  x,y€ B,

where C = C(n,p),y =1 —n/p.
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The following results give the estimate and the connection between the fundamental so-
lutions of the Schrodinger operator £ and the Laplacian —A. The proofs of these lemmas are
similar to that in [12, 13].

Lemma 3.3. Suppose that V € RH, for some q > n and |VV| € RH,, for some q, > 5. There
exists a constant C; > 0 for each | > 0,

C 1
IV2T(x, y)| < !

(1+ o= yptoyt) oo

VV(2) 1
d f e T )

B(x,2]x—yl)

1=

Lemma 3.4. Suppose that V € RH, for some q > n and |VV| € RH,, for some q, > 5. Then

1 VV(2)
V22, ) - V2To(x )l S ——— f 2
|x -yl [x—z|
B(x,|x—yl)
1 Ix — yl\on L x—ylys
+ + ,
lx = yln! ( P1(y) ) |x — yl”( p(y) )

where 6 =2 —n/qand 61 = 2 —n/qy, if |x — y| < Ap1(x) for some positive constant A.

Lemma 3.5. Suppose that V € RH, for some q > n and |VV| € RH,, for some q, > 5. There
exists a constant C; > 0 for each | > 0,

h o
V2T (x, y + h) — VAT(x, )| < G A

1 _ y|n—2+6
(1+ 1= ylo(n1) K9l

YY) !
d )
= )

B(x,|lx—yl)

where § = 1 —n/t for t > n.

Lemma 3.6. Suppose V € RH, for some q > n/2. Then, for any integer k > 0,

ICCx, ) =Ty, u)| <

o
(1 S
for|x =yl < 31x—uland 0 < & < min{1,2 - 2}.
Lemma 3.7. IfV € RH, for some q > n then

V2T, )l 2o(Boo.RY) < %(1 + }%ywk’
for any integer k > 0.

We will prove the following lemma.

Lemma 3.8. Suppose V € RH, for q > n. Then, for any integer k > 0,

IVI(x,u) = VI'(y, u)| <

|X—y|6 ( |X—M|)—k
|x — ufr=1+9 px) 7’

for|x—yl <clx—ul, 0 <6 <min{l, 1 - g}, and c € (0, 1).
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Proof. Fix x,u € R". Set R = c|x — u|. Then for every h € R" (|h| < c|x — ul), it follows from
the imbedding theorem of Morrey and Lemma 3.7 that

IVE(x + B, u) = VI (x, )| < Clal'="/4( f V2, wdz)

B(x,R)
|h[\1-n/q 1 R \-k
< Cil = 1+ ——
= k(R> Rn—l( p(x))
. ChP ( [x — u )—k
Sl e
This completes the our proof. O

We denote by K* and K* the associated kernels of R* = V?(=A) and R*, respectively.
The following result will play an important role in the sequel.

Lemma 3.9. Let V € RH, with g > n such that |VV| € RH,, with g1 > n/2and 0 < § <

min{l — g, 2— %}. Suppose that p S p1 S 1. Then, there exists a positive constant C such that

1K (. 2) = % (6, 2)] = K (0,2) = K. 2)]|

|X - y|6 (|)C - Z|)2—n/q Ix — y|6 (lx - Z| )Z—n/ql

T =2t p(x) |x — z|"= 1+ py (x) (3.8)
lx —yl° f [VV(u) d
- I — 2 du,
|_x _ Zln—2+6 |Z _ u|n—1
B(z.3|x—z])

whenever |x — z| > 2|x — y| and |x — y| < Ap(x) for some positive constant A.

Proof. We consider two cases.

Case 1. [x — 7] = p(x)/2.

By Lemma 3.5 the lemma is proved .

Case 2. |x — 7| < p(x)/2.
Note that (—A + V)I['(x,y) = 0. By standard arguments, we come up to
—A(VI) = =V(VI).
Moreover, using the fact that A(VIy) = 0, we have

(VI = VLo)(x,2) = —(=A) ' V(VD)(x, 2)
= —fFO(x, w)(VV(u)I'(u, z)du

R
n

—fFo(x, w)V(u)(VI'(u,2))du

R
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Since I'(i, x) = I'(x, u), we obtain

[K*(x,2) = K*(x,2)] = [K*(y,2) = K" (,2)]
- fVl"o(Z, wW(VV@)[IT'(x,u) — T'(y, u)ldu

R
n

- fVFo(z, wV)[VIL(x,u) — VI'(y, u)]ldu
R
= —(Al + Aj).

We claim that

Clx—yl° ( [x —2z| )2—11/(/’

As| <
el < 3 o

(3.9)

To show this, we split R” into 4 regions:

3
E1={M1|X—M|<§|X—y|},

3 1
Ezz{u: zlx—ylslx—u|< zlx—zl},

1
E3={u:5|x—zl$|x—u|<2|x—z|},

Ey={u:|x—u|l>2|x—-z]}.

Write /; = f IV o(z, w)|V(u) VI (x, u) — VI'(y, u)| du for j = 1,2,3,4.
Ej
We have

I < fIVFo(Z, w)VI(x, w)| V(u)du + fIVFo(Z, w)VI'(y, u)| V(u)du

=J1+ /b
We only estimate J; here. The same proof works for J;.

Since |x — z| > 2|x — y| implies |z — u| > %Ix —z|forallu € E|, and since 6 < 1 — n/q, by

using Lemma 2.6 withe=1-dandr =[x —z| < ‘%, we have
C Vv
fIVFO(z, u)VI(x,u)|V(w)duy < ——— f &

|x — "1 |x — ufr!
B(x,2|x-yl)

Clx—yl° Vv

< lx -yl f W

|x_Z|n_1 |x_u|n—l+6

B(x,|x—z)

—_ |6 _ _
< Clx -yl (|X Z|)2 "/fi.
[x — 2"\ p(x)

Using Lemma 3.8 yields /; < f VW ey (1 + b= ”') du for j =2,3,4.

Z u— glp-1 el 1+ p(x)

10
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Note that |x — z| > 2|x — y| implies |u — z| > %Ix —z| for u € E,. It follows from Lemma 2.6
with € = 1 — § and r = §|x — 7| that

2 <

C|X - y|6 f V(L{) < C|X - ylé(lx - Z|)2—n/q
|x_Z|n—1 |x_u|n—l+6 - |X_Z|n+6 p(X) .
B(x,%)

Noticing that E5 C B(z, 3|x — z|), we observe that

6 — 0y — ol 2en
Clx -yl f V(u) du<C|x yl <|x zl)z /q’

3 < ——— <
|x — gln=t+o lu — 2"~ lx = 2"**% p(x)
B(z.3|x—zl)

where we have used Lemma 2.6 in the last inequality with € = 1, r = |x — z| and the fact that
p(2) ~ p(x).

Finally, noticing |x — u| ~ |u — z| if u € E4, we ensures that

V() be—ul ]
I <Clx—yf° 1 du.
4 |x yl !|x—u|2"2+‘5[ + p(x)] u
4

SetFi={ueR":2x—z|<|x—ul <px)}and F; = {u e R" : |x — u| > p(x)}.
Then E4 = F1 U F;. Hence, we can get estimate

V(u) e —ul|*
1 d
! |x _ u|2n2+5|: + p(x) :| u

1

([ viwa)'( [ )

lx = ul
B(x.p(x)) [x—ul>2|x—z]

< p(x)yran f V(u)du

B(x.p(x))

00

1 1/q
X (Z f It — 1@ 207 d”)

i=1_.. .
2i|x—z|<|x—u|<2 | x—7]

< C <|x -7 )an/q
- |)C _ Z|n-¢—6 p(x)

where we have used the definition of p(x) in the last inequality.

11
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Taking into account of n + 6 > 2 — n/q, for sufficiently large k leads us to

V(u) e —ul|*
flx ul~ 2+‘5[ " p(x)] du

V) [ px) \k
< [ () a

[x=ul2p(x)

< p( x)—2n+2—6 Z 9 =Jj@n=2+6+k) f V(u)du
J=1 -l <2p(x)

< p( x)—2n+2—6 Z 9—J@n=2+5+k-Qu) f V(u)du
J=l le-ul<p(x)

5-2
< play (L
lx — 2]
1 <|x -z )Z—n/q
T =20 p(x)

where we have used that V belongs to D, for some u > 1 in the third inequality.

Therefore, we imply that

Clx -yl ( lx —z| )Z—n/q
T x =20 p(x) '

Write J; = f [V o(z, )|(VV ()T (x,u) — I'(y, u)]du for i = 1,2, 3,4. For J;, we majorize

E;
the difference related to I' by the sum of the absolute values of each term and estimate each
integral separately. Since both are similar we work out one of them. First we notice that

|x —z| > 2|x — y| implies |z — u| > %Ix —z| for u € E|. Then, using Lemma 3.1, we deduce that

[VV(u)l
|x — ulr—2

f|VFo(z, W) (x, w)||VV(u)|du < ;_ f
|.X _ Z|n 1

B(x,2|x—yl)

b}

lx =yl (Ix -7 )Z—n/qn
T x =2 py(x)

where in the last inequality we have used Lemma 2.6 with e =2 —§ and r = |[x — y| < 2p(x).

For the remaining regions we will use Lemma 3.6. To estimate J, we use Lemma 3.6 to
get

b=y VY@L, o b=t (b=l
|)C _ Zln—l |x _ u|n—2+6 ~ |.XI _ Z|n—1+6 01 (x)
B(x, -2

2 S

s

where in the last inequality we have used Lemma 2.6 withe =2 -d and r = %Ix -2

To deal with J3 we notice E3 C B(z, 3|x — z|). Using again Lemma 3.6 we arrive to

—_ylo \vj
< lx — yl f VV(u) du

|x _ Zln—2+6 |Lt _ Z|n—l
B(z,3|x~z|)

12
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Finally, for u € E4 we have |x — u| ~ |u — z| and hence, using Lemma 3.6
5 [VV(@w) |x — ul\1*
-l f [x — u?r %+a 1+ ( p(u) )]

We set E, = Ei U EZ, where E}‘ ={u:2x—-17 < |x—ul < p1(x)}. Applying Holder’s
inequality the above integral over E}‘ is bounded by

/ 1 1/4]
(flqu‘)lq'( f |x_ul(zﬁé)q,]du) “

B(x.p1(x)) [x—u[>2[x—z]

C (|x -7 )2—n/41
T =2 pi(2)

[l

where in the last inequality we have used the reverse Holder condition on [VV| and the
definition of p;.

To estimate the integral on E2, we have

pu) < Cp(x)' Ix —ul”,

with 0 < o < 1. Therefore, we set N = k(1 — o) to get

IVV@)l p1(x) \N
f |x_u|2n—3+6(|x_u|) du

l—ul>p1 (x)

< o1 (x)—n+3—(5 Z 2—j(2n—3+5+N) f |VV|
j=1

[x—ul<27p; (x)
Since [VV| satisfies a doubling condition and we can choose k large enough, we have
VV@)l p1(x) \V
f |x_u|2n—3+6(|x_u|) du
[x—ul>p1(x)

< pi( x)—n+3—6 Z 9=J@n=3+5+N) f \a%
j=1

[x—ul<2/p; (x)

< o1 (x)72n+37§ Z 2—j(2n—3+6+N—n,u) f IVV(M)|dM
J=1 lx—ul<p1 (%)

)—n+] -0 < 1 (lx - ZI)Z—n/m

Ix — zI"=1+9% py(2)

S pi(x ,

where we have use that [VV]| belongs to D,, for some u > landn—1+6 > 2 —n/q;.

Now using the estimates in E}‘ and Ei reminding that |x — z| < p;(x), we obtain

|x — y|6 (|X -7 )2—”/‘11
_ Z|n 1+6 ,Dl(x)

The proof is completed. O
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4 Proofs of the main results
First, we prove the following theorem.

Theorem 4.1. Forany 0 < 8 < 1,1 < a < 1+ %, and w € Ax N D,, the operator
R* = (=A)~'V? is bounded on BMOP(w).

Proof. For B := B(xy,r), setg := f — fsp. We write g = g1 + g», with g; = gxsp.

Since R*(fsp) = 0, we have R*(f) = R*(g). Since w € A, we have w € A, for some
1 < p <ooandhence w'™” € A - Since R* is a Calder6n-Zygmund operator, we have

f IR 9(x) — (R g)ldx
B

SI|R*91(X)_(R*QI)B|CZX+flR*QZ(x)_(R*QZ)BIdlel + 1.

B B

By the boundedness of R* and the John-Nirenberg’s inequality, we have

<2 f IR g1] < w(B)"7( f IR* g1 17 w7
B

B

< CoB)"( f = fsl @7V < [ flsmoser(BIBP!.
5B

On the other hand, observe that

1 . «
peg [ [ [ 6-2-%0-20150) - falddry
B B (5BY
Applying Proposition 1.7 in [9], we come up to

Clyl
|x|”+1 ’

K" (x—y) = K" (0| <

&Y
for [y| < 5.

Note that |x — z| > 2|x — y| for x,y € B and z € (5B)°. Therefore, we have

¢ bl
<o ——— —
b= |BI ff f [x — 21 |/ (2) — fspldzdxdy

B B (5B
<cpnt [ Sl
|x0 — Z|n+1
(5B)
SR
= CZ ) f |f(2) = fpldz
J:2 2i+1p
< CP\\fllmoswyw(B) Z(j 4 1y2-JorH1=-na),

=

14



ITM Web of Conferences 20, 02005 (2018) https://doi.org/10.1051/itmcont/20182002005
ICM 2018

. 1- . .
The last series converges provided that @ < 1 + —’B Combining these, we obtain the
n
desired result. O

Proof of Theorem 1.2. Let s > p” such that w € A,;» N RH,. We choose g satisfying

. §—
n2<q<q <m0<p<s<minl-"2- L 1<a<14+2P
q q1 n

S =

and such that w € A, )y for - = L
p1 qi

Let f € BMO®(w). By Proposition 2.1, we need to prove that

f IR* £1 5 1| fllzposwyw(B)IBF™, (4.10)

for all B = B(xp, p(x0)), xo € R", and

f|R*f — (R* Bl 3 11 flsmoewyw(B)IBP", (4.11)

B

with B = B(xp, 1), 7 < p(xg).

First, we prove (4.10). Let B = B(xg, p(x0)), set g = f — fz. We write g = g; + g», with
g1 = gxap- Since R*(fp) = 0, R*(f) = R*(g). Since R* is bounded in L7, 2.7) yields that

* * N\ 1/P N\1/p
[war<imie( [war)” <csrr( [ir-sr)
B B 2B
< I lBpos | BP " w(B).

For g, we estimate the size of K* using Lemma 3.3. Now, note that for x € B and
Z€R"\ 2B, p1(x) ~ p1(x0), X0 — 2| ~ |x — 2|, we have

fIR*gzlﬁffIK*(x,Z)IIf(Z)—fBIdde
B

B (2B)
1
<o [ [ (£ @ - faldeds
|x — ZI Ix =z
B (2B)
x VV(@w) |f(z) = fBl
+ Ckf f p(x) ( f |u _ Z|n—1 du) |)C _ Z|k+n—2 dZdX
B (2By B(z,2|x-2])
=1+ 1.
We have
11 < Ckp(xo)k+l’l |f(Z) fB'd

|)C() Z|k+n
(2B

15
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Note that
j-1
[ir=si< [1r=ponl + 281 Y g
2B 2B =0
< w2 B)2'BP"|| fllssos ()
j-1

+ 2B ) 12'BP" @B fllsmoscw
=0

< 217D (BB fll sros )

j-1

+ 2B w(B) ) 2| fllpasn
=0

< 20D B)BL | fllpyos(e-
Splitting the integral into dyadic annuli and using the doubling property, /; is bounded by

.3, [ 17~ fuz < oo BB D
= 2B =

and the last sum is finite choosing k big enough.

Now, using that for x € Band z € R" \ 2B,
p1(x) ~ p1(x0), |x = z| ~ |x0 — 2|, B(z, 2|x — z|) C B(xo,4lx0 — zI),
we have that
- 1 IVV(u)|
2
L < p~(x0) Z T f (fmdu>|f(z) - faldz.
J=1 2/+1B\2JB  2i+3

Noticing that

VV()
mdu = I1(|VVI,Y2/+BB).

2J+3
We may use Lemma 2.8 and w € D,,|VV| € D, to obtain the bound
- j+2
ClIf lsroswy@(B)p(xo )" P T
j=1

Choosing k large enough to make the series convergent and note p < p; < 1 we arrive to
the desired estimate. Now we take care of the oscillation of R* on a ball B = B(xy, r) with
r < p(xp). Then, we deduce that

f R* £(x) - (R* fldx < f (R* = R)F() — [(R — R)fTaldx
B B
. f R F(3) = (R faldx = 1 + 1,
B

where R* = (=A)"1V2.

16
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Note that BM Oi(w) C BMOP(w). Using Theorem 4.1, we arrive as

J < Cll fllpsosyw(BIBP".

To take care of I, we setg = f—fp. We write g = g1+g2+g3, With g1 = gxsg, 92 = gx(8,\58)
and g3 = gxp;, where By = B(xo, 5p(xp)).

Since (R* — R*)(fp) = 0, (R" — R*)(f) = (R* — R*)(g). Then, we getthat I < I, + I, + I,
where

= [ = Rg)00 - 1 = R gl
B
for j=1,2,3.

Now we proceed to estimate I,. We apply Lemma 3.9 with 8 < 6 < min{l —n/q,2—-n/q;}

1
b f f f K" (5, ) — K (5, 9] — K (5 2) = K (0, DI

B B Bo\5B
X 1f(2) = fpldzdxdy

0 - -n
|B|ff f I)lcx— zﬁlﬂs l);(xfl)z /qlf(z)—fBldzdxdy

B By\5B
-yl vV
|B|f | | G | o st
B By\5B B(z,3|x-2])
[x — y|6 ZI\2-n/a1
— fpldzdxd
|B|fff|x P p(x)) V@)= ldadxdy
B B,\5B

= 12’1 + 12,2 + 12’3.

For every x,y € B and for every z € (5B)°, noting that |x—z| > 2|x—yl, p(xo) ~ p(x), |x—2| ~
|xo — zl and |xo — z| < 5p(x0) < 1,

lx—yl® /lx —zl\2-n/q
b < |B| ff f lx — Z|n+6( p(x) ) |f(z) — fpldzdxdy

B By\5B

e 1f(z) — fal

S p(xO)Z—n/q |.X() _ Z|n+(5 2+n/q
Bo\5B

Let jo be the integer part of log,(50(xo)/r). Then, we have

Jjo
r 2-n/q 1
IERIS (p(xo)) ,z:; Sio Tl f |f(2) = fldz

2i1B\2JB

Jo
r \2-n/q o~ _n—5—
< (=) BB I llsmorw Y, 270
p(xo) =

<( r )n+6—na—ﬁ

< log, (50(x0)/ NIBP" (B fll spos ) -
p(xo)

17
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Using the inequality 1 + log,(f) < Ct*/? for t > 1/8, with & small enough, we get

L < |B|ﬁ/n"-)(B)”f”BMO/3(w)-

We only have to take care of I, by I, 3 is the same as I5 ;. Now, using that for x € B and
7€ R"\ 5B, p(x) ~ p(xo), |x — 2| ~ |xo — zl, B(z, 3|x — z]) C B(x0, 5|xo — z[), we imply that

lf(z) — /5l f [VV(@w)
|

|x0 _ Z|n+6—2 u— Z|n—l
Bo\5B B(xo,5|x0~2])

12’2 < r5+n

~

dudz.

Breaking the integral in z dyadically and setting jo such that 2/0~1r < p(x) < 2/

Jo
1
nas7 ) i f 1£@) = folZ1 (o sV VD@2,
J=3

2/B

We deduce from Lemma 2.8 that

Jo
r n—na—B+2-n/q; i
b < fllsmos (B —— ) D 2l

p(xo) =

Jo
r n—na—f+3-n/q s
< rﬁp<x0>||f||BM0ﬁ<w)w<B>(p(xo)) > jplGmnla)
=3

r )n+6—na/—ﬁ

< Wfllswosiwr@BIBF" logs(5p(x0) ) S

Using the inequality 1 + log,(f) < Ct*/? for t > 1/8, with & small enough, we obtain

Ly < |Ifllmoswyw(B)BP™.

Now we take care of /3. We use the smoothness of each kernel separately. For K™ we use
Calderén-Zygmund condition and for K* we use Lemma 3.5. We have

o [F@-il,
|X() _ Z|n+(5
By

e [ QL T,

|X() —_ Z|k-+—n-+—6—2 |Lt _ Z|n—1
R™M\B(x0,0(x0) B(xo,41x0—2])

=By + Bs.

I3

We estimate B

psr VOBl S b [ 10 s

o — a0 < S L 205
38 J=Jo 2+l

o0 ' 1
< ||f||BMOﬁ(m)|BIﬁ/nw(B) Z I s < ||f||BMOﬁ(w)|BIﬁ/nw(B)~
J=Jo

18
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Moreover

By < Cuplapt P Y S f 1) = folZ1 G5V V()2

J=Jo 2/B

r 3+(u-1)n—k 1
p1<x0>) me-

J=Jo

< Ck||f||BM0ﬁ(w)"8w(B)pl(x0)<

Using the inequality j < = Ean = with € small enough, we arrive at

r )3+(y—1)n —k 1

X 2 jk+2n+6=3-nu-na—e) ’
p1(x0) =

B, < Ck”f”BMO/‘(w)’ﬁw(B)pl(XO)(

Choosing k large enough to make the series convergent we get

r )n+6—na—e

Calllorion®( =

s

and the last factor is bounded since r < p;(xp).

Finally,

n<2 f (R - R (Wldx < f f IK* () — K e )l f ) — foldydx.
B

B 5B

Then, Lemma 3.4 now implies

1 [VV(2)ldz 1 |x — yl\o

11 S ff[ n—2 f ( )n—l + n—l( - ) 1

lx =yl ly -z lx = y" 1 p1(x)
B 5B B(y,|x—yl)

1 |x — yl\o
- yl”( p(x) ) ]'f(!/) — fldydx

= 11,1 + 11,2 + 11!3.

We have

Iz

A

1 |x = y|\o
Bf (5215 il

—— = dx|f(y) - faldy

A
he
)
p—
. 4
—
m%
?

A

f @) = foldy < 1 fllsvosir | BE"w(B).
p(X)
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Since r < p(xgp) < p1(xp) < 1, we also have

1 [x —yl\o
I _ — fpldyd
2 % ffpc—w*l(pl(x)) ) = Joldydx
B 5B
X 1
< P(Xo)_blffmdﬂf(y)—fleldy
x =yl !
< f W) — foldy < | fllavrosio | BE"(B).
p(x)

To estimate I;; we notice that B(y, |x — y|) C 6B for x € B and y € 5B. Applying Lemma
2.8, we imply that

i< f f W) = TV e 0)y

<P f W) = fol T2 (VVlieas ) (@)dy

23B

< rﬁ”w(B)Hf“BMOﬁ(w)(

r )n—na+2—n/q1
p1(x)

where we have used 7 < p(xp) < p1(xp) < 1 in the last inequality. The proof is completed. O

< PwB)| fllpmosw)»
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