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Abstract. In this paper, we study the initial inverse problem for a class of fourth
order strongly damped linear wave equations. In the beginning, we show that
the problem is ill-posed in the sense of Hadamard. Next, we propose the method
called: the Fourier truncation method for stabilizing the problem. Convergence
estimates are established under a priori regularity assumptions on the problem
data.
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1 Introduction

Throughout this paper, H will denote a Hilbert space endowed with the inner product (-, -)
and the norm || - ||. Let T be a positive number and € be an open, bounded and connected
domain in Q € R (d > 1) with a smooth boundary dQ. We consider the problem of finding a
function u: [0, T] — H satisfes the initial boundary value problem for a class of fourth order
strongly damped linear wave equations

Uy — Au+ Au—yAu, = R(x, 1), (x,£) € Qx[0,T], (1.1)

subject to the conditions

{uzgo, u =y, (x1)eQx{T}, (12)

u=A~Au=0, (x,) e QA x[0,T].

There exists a sequence of positive real eigenvalues of the operator —A, which denoted by
{A}i=1 where

{O<Alsﬂgs/13s...s/lks..., (13)

Ay > o as k — oo,
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Moreover, there exists an orthonormal basis {&;}x>1, Where & is an eigenfunction corre-
sponding to A

{ —A&(x) = Lé(x), x€Q, (L.4)

&(x) =0, x € 0Q.

And y > 2 is a positive constant, satisfies (y> — 4)4; — 4 > 0.
In practice, the data (¢, ) € H X H is obtained by measurement contaminated with noise.
Hence, instead of (¢, x), we have the observation data (¢“, y*) satisfying

lle — @Il + Iy —x“Il £ a, (1.5)

where the constant o > 0 represents a bound on the measurement error.

In the last years, the class of fourth order strongly damped wave equations has been in-
vestigated by many researchers, for example, existence, global classical solution, attractor,
well-posedness, decay estimates, blowup, controllability, bootstrapping (e.g., [3]-[10]). An-
other important aspect of the qualitative study for the solutions of strongly damped wave
equations is ill-posedness (in the sense of Hadamard).

In 2013, Xu Runzhang and Yanbing Yang [11] considered the global existence and
asymptotic behaviour of solutions for a class of fourth order strongly damped nonlinear wave
equations but they did not regularize it. Our work provide a regularization method for the
solution of the ill-posed problem (1.1) - (1.2).

There are three sections in this paper. In Section 1, we have introduced our problem. The
exact solution and ill-posedness of the inverse problem (1.1) - (1.2) are given in Section 2.
Moreover, in Subsection 2.2, we give an example to show that the problem (1.1) - (1.2) is
not stable. In Section 3, we develop a regularization method based on the truncated Fourier
method and the stability estimate is established.

2 Exact solution and ill-posedness of the inverse problem
2.1 Exact solution

Assume that the problem (1.1) - (1.2) has a unique solution in the series form

00

u(x,0) = Y (&0 2.6)

k=1
Then u(x, t) satisfies the following system
d? d )
@uk(t) + 'y/lk_t”k(t) + (A + (1) = R (1), 1€(0,T),
u(T) = @, Euk(T) = Xk

Q2.7)

where ux = (u, &k)s ok = <@, &)y Xk = ), Rie = (R, €k)-
For any y > 2 satisfies (y> — 4)1; — 4 > 0, the solution of (2.7) is given by:

_ i expr(T = 0) = g (T =) expf(T = 1) = explr(T =)
= k — k

uy (1)

Mg~ My i
T Hs—1) - (S —1
Y e AL AR AERY
. My — Hy
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where we define

1 1 1 1
i =S+ 60) o= S(-60) 6= - - 44 29

Let us define the operators G(f) and K(#) as follow

[e]

M exp(u; ) — py exp(u 1)
G(w = Z k k — k k
=1 Hie = Hy

(w, &) &, (2.10)

and

K= 3 TRUDZOPUD (e, @.11)

k=1 HE = Hy

for w € H. From above observations, we can rewrite (2.8) as

T
u(x,t) = G(T - ) — K(T — )y + f K(s — HR(s)ds. (2.12)

2.2 lll-posedness of the inverse problem

In this subsection, we give an example which shows that the solution u*(x,?) of problem
(1.1) — (1.2) (if it exists) is not stable.
e Let¢", x*, and R* be defined as follows

00

X * % « m(X " 2exp(—yT A,
WL T) =" () =0, du'(x,T) = x"(x) = 5\/;_;, R = n; %. (2.13)
Then u* satisfy the integral equation
T
u'(x, ) = -K(T - t)y* + f K(s — R’ (s)ds. (2.14)
t
We have
. exp(u; (T — 1)) —exput(T — )\ 1
IIK(T—I)X|I2=( PG, T = D) = Xk )—
M — Mo /lm
_expQui(T = 0) (1= exp (~(T -1 V5,))
B O ’

where 6, = (y* — 4)22, — 44, noting that u, — i, = V&,
This leads to

expui(T - ) (1 = exp (- = 1) o2 = DB = 24,.))

K(T — o) *|I* =
” ( )X ” /lm [(72 - 4)/13" - 4/lm]
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It is easy to see that the function f(¢) = exp(u; (T —1)) (1 —exp (—(T -1 4/(y? - 4)/1% —42 ))

is a decreasing function for ¢ € (0, T'), we deduce that

exp(ui(T = D) (1 = exp(~(T =) |Jor* - 2% - 441

VA (2 = 92 = 42,]

exp(uT) (1 —exp (—T V@2 =HA2 - 4/11))

VA [ = D2 - 42,]

exp (%T) (1 —exp (—T NV 4/11))

> . (2.15)
\//lm [('}’2 - 4)/1%1 - 4/1111]

sup “K(T )4
0<t<T

> sup
0<t<T

On the other hand, we get

T T
f K(s — DR*ds|| < f
! ! m=1

T oo o+ _ _ - _ 2 _
(ool P =D ot~ e,

i exp(i;, (s — 1) — exp(us(s — ) |* 4 eXp(-2yTAy) |
M = Hin e ’

m=1

Using the inequality | exp(—y) —exp(—z)| < |y —z|, for y, z > 0 and noting that y;’, + (1}, = YA,
we obtain

T
f K(s —HR*ds

t

T o0 -

m=1

T 2s=1) 1
< < —, 2.1
< [ HPas< g 2.16)

Combining (2.15) and (2.16), we have
T
- ‘ f K(s — HR*(s)ds
t

. eXP(MT'"T>(1 ‘eXP(_T \/W)) 1

|| > ||K(T = £

B N [07 = D2 = 44,] T
As m — oo, we get
1
lim (lonll + lbeml) = Tim —— = 0. 2.17
Jim (lgmll + [heml) LT (2.17)
' . exp(%T)(l —exp(—T,/(y2 -4 —4/11))
rzglgoHM*HC(lo,Tl;ﬂ) = Vll_l}(}o 7= (2.13)

VA [(2 = 92 = 42,]

o Letp™ = y™ = R*™ =0, we deduce u** = 0. This shows that a small perturbation of a
physical measurement makes the corresponding solution have a large error. Thus the problem
(1.1)-(1.2) is ill-posed in the sense of Hadamard.

Next section, we propose a regularization method for stabilizing the problem.

4
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3 Fourier’s truncation method

Let N = {k € Nsuch thatk > 1 and 4 < A(a)}. Without loss of generality, we assume that
A(a@) be a regularization parameter satisfying

lim A(a@) = oo.
a—0

For w € H, let us define the truncated version of (2.10) and (2.11) as

My eXp( 1) — py expu )

Grw(®w =" & W, &) &, (3.19)
keN Fie = Hy
and
o1 - ot
K= Y ZRUDZIPUD (g (3.20)
keN Fie = Hy

Note that we pick A(a) so large that G, K are retained.
Let us define the regularized solution by Fourier’s truncation method as follows

T
uh@ = GA(Q)(T - t)goa - KA(Q)(T - [)Xa + f KA((,)(OJ - HR(x, w)dw. (3.21)
t

We have the following lemma which shall be useful in next results.

Lemma 3.1 Fort € [0,T], we have

[Gaw@ (@)

4T
o) S €XP (vA@)) (2 + 7),

||KA<G)(I)H 20 < €XP (tyA(a))T.

Proof.
e From (2.9) and (3.19), let w € H , we have

+ - — - +A1?
N e L

keN ’u; _/J/:
+ _ L Y — -\ 12
= 3 exp (26 +45) [” i oxp (= ) it exp (I ")} (w, &0
keN Hie = M
i exp(—mf) —ppexp(— )P
< Zexp (Zty/\(a)) W, &), (3.22)
keN \/6_1‘

where ;. + p = yAc and g — pi; = oy
On the other hand, using the inequality (a+b)* < 2(a*+b*) and | exp(—a)— exp(—b)| < |a - bl
for a, b > 0, we have

(u,? exp (- 1) — pt; exp (—

Vor

exp (~ 1) —exp (- w,;))2

)\’
) =(eXp(—tuZ)+u; o
k

< 2exp(—2n) + 2|,u,:|2t2

2t
<2+ k

2
4T
<o+ ) <oy (3.23)
(7/11( + V5k)

),2
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Combining (3.22) and (3.23), we get

4T \2
[Ga@@u]” < exp (2rvA@)) (2 + y—f) llwll. (3.24)

e From (2.9) and (3.20), let w € H , we have

- + 2
I A Ou]|” = Z(exp(ﬂk? xp U t)) (w, &)

ken Hie = Hy
o [exp (= 1) —exp (- )\’
= > exp (20 +41)) ( | W&
keN Hoe = Hy
< Z exp (2tyA(a))T? (w, &) = exp (2tyA(@)) T2 |wll*. (3.25)
keN
This completes the proof of Lemma 3.1. O

Before we formulate the main theorem, we also introduce the Gevrey class of functions of
order p > 0 and index r > 0, see e.g. [1], defined by the spectrum of the Laplacian is denoted

by
B,, = {f e LX(Q): i AP expran f. &) < oo}, (3.26)
=
and their norms given by
Iflls,, = J kil A expra)(f, ()2, (3.27)

Theorem 3.1 Let A(a) be a regularization parameter such that

Ala) >

4
e where (1113(1) A(a@) = co and (IYILI(I) exp (TyA(a/))a =0.

Suppose that the problem (2.8) has a unique solution u € L*(0,T;Bg,r) and the integral
equation (3.21) has a unique solution u™® € C([0, T1; H). Then the estimate between the
exact solution and the regularized solution is given by

|l = ™| < exp (yA@))Taser + 435 exp (—ytdye) lllz=orm,,0.  (3:28)
aT . . . ..
where Tyqx = max(2+ —,T| N is the integer part of A(a) and y > 2 is a positive
Y
constant, satisfies (y> —4)A; — 4 > 0.

Proof.
First of all, we denote

T
UMNY(1) = Ga)(T — D¢ — Ka)(T — )y + f K (w — HR(x, w)dw. (3.29)
t

Estimating (3.28) is divided into 2 steps.
Step 1. Estimate [|u@(-, 1) = UN@(, 1)
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Using (1.5), (3.21), (3.29) and Lemma 3.1, we have
[0y = U D] < [[Gao (T = 1) = )| + [Ka@(T = D0 =1
417
< exp (tyA(@)) (2 + 7) (¢ — @) + exp (tyA(@))T (x - x*)

< exp (tyA@)) T s, (3.30)

4T
where T, = max (2 + =, T).

Step 2. Estimate [[u(-, 1) — UNO(,1)||.
It is easy to see that

N7

T
D w0 = Ga(T = D + Koy (T = 1)y = f K po)(@ = DR, w)dow.
k=1 t

Therefore, using Lemma 3.1, we obtain

N7 N°
a5y = UNOC D] < Jlu 1) = D we@éd| + || we@ée = UMD, )
k=1 k=1

SJ DT A exp (=2ytwe) AP exp 2yt lu(0)?

k=Nv+1
< Ayla exp (=y1 o) lull .78, (3.31)
Thanks to triangle inequality ||u — u@|| < |ju — UA®|| + [|ut@ — UA@)]|, combining (3.30)
and (3.31) we have completed the proof of Theorem 3.1. O
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