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Abstract. This manuscript is going to seek travelling wave solutions of some
coupled partial differential equations with an expansion method known as Sine-
Gordon expansion method. Primarily, we are going to employ a wave trans-
formation to partial differential equation to reduce the equations into ordinary
differential equations. Then, the solution form of the handled equations is go-
ing to be constructed as polynomial of hyperbolic trig or trig functions. Finally,
with the aid of symbolic computation, new exact solutions of the partial differ-
entials equations will have been found.

1 Introduction

The exact solutions of both ordinary and partial differential equations help scientists to com-
prehend the physical mechanism of the natural phenomena clearly. Thus, being able to obtain
the exact solutions of several equations including but not limited to solitary wave solutions
has become one of the main concerns of many scientists. For the sake of obtaining exact
solutions, several methods and techniques have been developed can be seen in Refs. [1–7].

In the present study, we are going to seek the exact solutions of variant Boussinesq equa-
tion and coupled Klein Gordon equation via Sine-Gordon expansion method [8, 9]. Those
equations have been solved by several authors using different methods and techniques in [10]
and therein.

2 Description of the Sine-Gordon expansion method

In this section, we will introduce Sine-Gordon expansion method which is a well known
and popular method [11, 12]. Let us take into consideration the following widely known
Sine-Gordon equation

uxx − utt = m2 sin u, (1)

where u = u(x, t) is the desired function and m is a constant. When the transformation
u(x, t) = U(ξ) in which ξ = kx + lt is introduced, the Eq. (1) is reduced to a nonlinear
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ordinary differential equation given in the following form

U
′′

=
m2

k2 − l2
sin(U). (2)

When the both sides of Eq. (2) is multiplied by U ′ and integrated once, the following form is
obtained

[

(U
2

)

′]

=
m2

k2 − l2
sin2(

U
2

) + K (3)

in which the integration constant is denoted by K.When K = 0, U
2 = w(ξ), and a2

=
m2

k2−l2 are
taken, the new form of the equation (3) is obtained as follows

w′ = a sin(w). (4)

When a = 1 is taken, the Eq. (4) , the most fundamental form of Eq. (1) is finally obtained as
follows

w′ = sin(w). (5)

It is obvious that the Eq. (5) is obtained from the original Sine-Gordon equation by some
simplification processes. Now, Eq. (5) can be solved more easily than the original Sine-
Gordon equation and its solutions can be obtained as follows

sin(w) = sin(w(ξ)) =
2peξ

p2e2ξ + 1
|p=1= sec h(ξ), cos(w) = cos(w(ξ)) =

p2e2ξ − 1
p2e2ξ + 1

|p=1= tanh(ξ) (6)

where the integration constant is taken as p � 0. It is high time to generalize this approach to
a nonlinear partial differential equation given as

F(u, ux, ut, uxt, utt, ...) = 0. (7)

When, again, the transformation u(x, t) = U(ξ) in which ξ = kx + lt is introduced, Eq. (7) is
converted into the following nonlinear ordinary differential equation

G(U,U ′,U′′, ...) = 0. (8)

In a similar way followed above, it is assumed that the solutionU(ξ) of the nonlinear equation
given in Eq. (8) can be formed as follows

U(ξ) =
N
∑

i=1
tanhi−1(ξ)

[

Bi sec h(ξ) + Ai tanh(ξ)
]

+ A0. (9)

When the Eqs. (6) are taken into consideration, Eq. (9) can also be written as follows

U(w) =
N
∑

i=1
cosi−1(w) [Bi sin(w) + Ai cos(w)] + A0. (10)

When the value of N is determined via the homogenous balance principle, Eq. (10) is sub-
stituted into Eq. (8) and they are compared term by term; a nonlinear algebraic system is
acquired. Solving this new system leads to obtain the travelling wave solutions of Eq. (7) .
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3 Applications
3.1 Variant Boussinesq equation

Let us consider the variant Boussinesq equations handled by Wang [13] in 1995 in the fol-
lowing form

ut+(uv)x + vxxx = 0, vt + ux + vvx. = 0 (11)

In this system, subscripts t and x denote partial derivatives with respect to time and space,
respectively. In Eq. (11) when

u(x, t) = u(ξ), v(x, t) = v(ξ) (12)

are taken, where ξ = αx − ct, under these conditions, the following equations are obtained

−cu′ + α(uv)′ + α3v′′′ = 0, −cv′ + αu′ + αvvx = 0.

By integrating the equations in Eq. (13) once, the following equations are found

−cu + αuv + α3v′′ = r, −cv + αu +
α

2
v2 = s1

where r and s1 are integration constants. When u = c
α
v − 1

2 v
2
+

s1
α
are taken, and s = s1/α

is assumed, the following equation is obtained. When the some required simplifications are
made, we obtain the following equations

α3v′′ −
α

2
v3 +

3c
2
v2 +

(

αs1 −
c2

α

)

v − (cs1 + r) = 0. (13)

Then using the homogenous balance condition we obtain, N = 1. Thus, the solution is formed
as

u(ξ) =
c
α
v(ξ) −

1
2
v(ξ)2

+
s1

α
, v(ξ) = A0 + A1 tanh(ξ) + B1 sec h(ξ)

Substituting the solution given above in reduced equation given in Eq. (13), collecting the
coefficient power of tanh(ξ), sec h(ξ) and sec h(ξ) tanhi(ξ) then equalizing each of coeffi-
cient to zero, we get the following algebraic equation systems in terms of the parameters
A0, A1, B1, c, s, r and α

(sec h(ξ) tanh(ξ))0 : −r − c2A0
α
+

3cA2
0−αA3

0+3cB2
1−3αA0B2

1
2 − cs1 + αA0s1, (tanh(ξ))3 : 2α3A1 −

αA3
1

2 +
3αA1 B2

1
2

(sec h(ξ))1 : − c2B1
α
− α3B1 + 3cA0B1 −

3αA2
0B1−αB3

1
2 + αB1s1, (sec h(ξ) tanh(ξ)) : 3cA1B1 − 3αA0A1B1

(tanh(ξ))1 : −c2A1
α
− 2α3A1 + 3cA0A1 −

3αA2
0A1+3αA1 B2

1
2 + αA1 s1,

(

sec h(ξ) tanh2(ξ)
)

: α3 B1 −
3
2αA2

1B1

(tanh(ξ))2 : 3cA2
1−3αA0A2

1−3cB2
1+3αA0B2

1
2 + α3B1 +

αB3
1

2 .

(14)
Solving the equation system simultaneously, we get the required coefficients for constructing
desirable solution as follows:

{

A1 = ∓2α, B1 = 0, c = αA0, s = 1
2

(

4α2 − A2
0

)

, r = 1
2

(

4α3A0 − αA3
0 − 2cs1

)}

{

A1 = 0, B1 = 2 ∓ iα, c = αA0, s = 1
2

(

−2α2 − A2
0

)

, r = 1
2

(

−2α3A0 − αA3
0 − 2cs1

)}

{

A1 = ∓α, B1 = −iα, c = αA0, s =
α2−A2

0
2 , r =

−2cs+α3A0−αA3
0

2

}

(15)

and the solution is formed as
u1 (x, t) = 2α2sech2 (α (x − A0t)) , v1 (x, t) = A0 ∓ 2α tanh (α (x − A0t))
u2 (x, t) = α2

(

2sech2 (α (x − A0t)) − 1
)

, v2 (x, t) = A0 ∓ 2iαsech (α (x − A0t))
u3 (x, t) = iα2

i∓sinh(α(x−tA0)) , v3 (x, t) = A0 ∓ α tanh (xα − αA0t) − iα sec h (xα − αA0t)



4

ITM Web of Conferences 22, 01006 (2018)	 https://doi.org/10.1051/itmconf/20182201006
CMES-2018

(a) (b)

(c) (d)

Figure 1: Solution of Variant Boussinesq equation for α = c = 0.5, A0 = 2

Additionally, the graphical representation of u3 and v3 is illustrated in Figure 1 for selected
values of some parameters. In the literature; different types of solutions can be found [10, 14]
and there in. However, within the knowledge of the authors, u3 and v3 solutions are new exact
solutions of the Variant Boussinesq equation.

3.2 Coupled Klein Gordon equation

Now, we are going to consider coupled Klein Gordon equation in the form

uxx − utt − u + 2u3
+ 2uv = 0, vx − vt − 4uut = 0 (16)

where u(x, t) = u(ξ) and v(x, t) = v(ξ) and ξ = αx − ct. After these assumptions we can write
the following equations,

α2u′′ − c2u′′ − u + 2u3
+ 2uv = 0, αv′ + cv′ + 4cu u′ = 0 (17)

If we take the integral of the second equation and make some arrangements, we obtain v =
r−2cu2

(α+c) where r is an integral constant. If we write this newly obtained equation in the first
equation in Eq. (17), we obtain (α2 − c2)u′′ + (2 − 4c

α+c )u3
+ ( 2r
α+c )u = 0. Then using the

homogenous balance condition, we obtain n = 1. Following the same procedure presented in
the first example, we get algebraic equations after solving the system, required coefficients
are given, respectively, by

{

A0 = 0, A1 = −i(α + c), B1 = 0, r = 1
2

(

2α3
+ α − 2c3 − 2αc2

+ 2α2c + c
)}

{

A0 = 0, A1 = 0, B1 = −α − c, r = 1
2

(

−α3
+ α + c3

+ αc2 − α2c + c
)}

{

A0 = 0, A1 =
1
2 i(α + c), B1 =

1
2 (−α − c), r = 1

4

(

α3
+ 2α − c3 − αc2

+ α2c + 2c
)}

(18)

Thus, the solutions for u (x, t) and v (x, t) are obtained as follows
u1(x, t) = i(α + c) tanh(ct − αx) u2(x, t) = −(α + c)sech(ct − αx)
v1(x, t) = α2 − c2

+ 2c(α + c) tanh2(ct − αx) + 1
2 v2(x, t) = 1

2

(

−α2
+ c2
)

−2c(α + c)sech2(ct − αx) + 1
2

u3(x, t) = − 1
2 (α + c)(sech(ct − αx) − i tanh(ct − αx))

v3(x, t) = 1
4

(

2 + (α + c)
(

α + 4ic
sinh(ct−αx)−i + c

))

Figure 2 shows selected solutions graphically. In the literature; different types of solutions
related with Variant Boussinesq and Coupled Klein Gordon equations can be found [10, 14]
and there in. However, within the knowledge of the authors, u3 and v3 solutions are new exact
solutions of the considered equations.
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(a) (b)
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Figure 2: Solution of Coupled Klein equation for α = 0.5, c = 0.75

4 Conclusion
The Sine-Gordon expansion method has been successfully applied to Variant Boussinesq
equation and Klein Gordon equation. We have constructed the solutions in terms of hyper-
bolic functions. Also, the behavior of the newly obtained solutions are illustrated for some
special values of the parameters. The method is quite efficient and practically well suited for
use in obtaining the exact solutions of various partial differential equations.
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