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Abstract. This study displays a novel method for solving time-fractional
nonlinear partial differential equations. The suggested method namely
Laplace homotopy method (LHM) is considered with Caputo-Fabrizio
fractional derivative operator. In order to show the efficiency and accuracy
of the mentioned method, we have applied it to time-fractional nonlinear
Klein-Gordon equation. Comparisons between obtained solutions and the
exact solutions have been made and the analysis shows that recommended
solution method presents a rapid convergence to the exact solutions of the
problems.

1 Introduction

In the last decades, fractional calculus were applied to various fields of mathematical and
physical analysis such as modelling some common viruses, estimation financial processes,
diffusion, relaxation processes and so on [1-11]. Especially, modelling the nonlinear
problems in these areas with fractional differential equations was extensively used. In order
to find out the efficiency and superiority of the fractional differential equations, a lot of
studies were emerged by some scientists [12-17]. On the other hand, some important
fractional derivative operators have been developed such as Caputo-Fabrizio [18] and
Atangana-Baleanu [19]. These operators are very important to model the complex nonlinear
fractional dynamical systems and to solve them. In recent years, some scientists have
preferred these operators to other fractional operators which have a singularity [11, 20-23].
In this study, we also use the Caputo-Fabrizio fractional operator to solve nonlinear Klein-
Gordon equation by considering the Laplace homotopy method.

2 Caputo-Fabrizio Operator and its Main Properties

Definition 1. The Caputo-Fabrizio fractional derivative in Caputo sense (CFC) is defined
by [18]
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where M (/) is a normalization function such that M (0)=M(1)=1. The CF definition

e ﬂf M Jf |:_M:|dz', 0<p<l, (1)

can be applied for the functions which do not belong to H' (a,b) and the kernel does not

have singularity for # =7 unlike the Caputo fractional derivative.

Definition 2. The Laplace transform (LT) of ““{ D/ f (¢) is given by [18, 24]:
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Definition 3. Let 0 < < 1. The CFC fractional integral of order f is defined by [25, 26]:
cFC 2(1_ﬁ) 23 [
OIIB = v 77 - dr, >0. 3
=g’ aama) O @

3 Role of the Suggested Fractional Operator in the Fundamental
Method

Consider the following nonlinear FPDE:
DL (x,t)+ 1 (4(x.t))+ 0(9(x,2)) =v(x,2), (x.2)e[0,1]x[0,T], 0<B<I, (4)
with initial condition
#(x,0)=k(x), (5
where “““D’ shows the Caputo-Fabrizio-Caputo fractional derivative of order S,
a)(¢(x,t)) is a non-linear operator and Vv(x,¢) is a known function and ¢(x,¢) is an
unknown function. Using the LT of the CF operator we define £{¢(x,t)}(s) =A(x,s).

Then we have the following homotopies:

A(rs)= (MJ[V(X,S)_L{ﬂ(¢(x,t))+ o(0(x.1))}] +%(¢0 (). (6

where A(x,s)=L{p(x,t)} and V(x,s)=L{v(x,t)}. Applying the suggested method we

N

obtain the approximate solution as
S)=Zp'"Am (x,s), m=0,1,2,..., 7
m=0
where A, (x,s) values are known functions. The nonlinear term a)(¢(x,t)) in Eq. (4) can
be evaluate as

o(o(x.0)) =3 p"n, (x:1), (8)

m=0

and the polynomials 7, (x,7) are given in [27] as
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Substituting Eqgs.(8) and (9) into Eq.(6) we construct the solution series for the main
problem.
o 1— o oo
Zp'"Am (x,s) = —p{[wj[ﬁ{z p"A, (x,t) + meﬂm (x,t)}ﬂ
m=0 m=0 m=0 (10)
o) 0D )
By equating the same powers of p, we construct the homotopy steps of as
1—
)= o) 20D o),
1-
ooty )= 22D e o o ),
1—
priA, (x,s) :_(Mjﬁ{ﬂm (x,0))+ (¢ (x,t))}, (11)

B+s(1-5)

pn+1 :An+1 (X,S) =—[
N

jz:{um, (x.))+ 06, ().

Considering p — 1, we can see Eq.(11) gives the approximate solution for problem (10)
and the solution is given by

3, (x,8)=D A, (x,9). (12)
j=0
Taking the inverse Laplace transform of the sum (12), we have the approximate solution

B (1) =8, (x.0) = LS, (x.5)}.

4 Solution of Nonlinear Fractional Klein-Gordon Equation

Consider the fractional nonlinear homogeneous Klein-Gordon equation (KGE) [28]
CDPP(x,t) -9, (x,t)+¢* (x,t)=0, xeR, >0, 0<p<l, (13)
subject to the initial condition
#(x,0)=1+sinx, xeR. (14)

Firstly, applying the mentioned method in Section 3, to Eq.(13) with the initial condition
(14), we obtain the approximate solution as

1-
Alx,5)= (Mjc{% (x,t)— ¢ (x,t)}+§|:¢(x,0)]. (15)
Then, we consider the inverse Laplace transform of Eq.(15), we have
1—
¢(x1)=(x,0)+ L {(Mjﬁ{%(x,t)—ﬂx,t)}} (16)
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The nonlinear polynomials 77, (x,?) are given in [27] as
1, (#) = (1+sinx)’,
n(¢)= —2(1+sinx)(sin2 x+3sinx+1)(ﬁt—ﬂ+1),

n,(9) =((sin2x+3sinx+1)(ﬂt—,5+1))2 +2(1+sinx)(3sin x—2cos 2x) (Bt - f+1) (17)

+4(1+sin)c)2 (sin2 x+3sinx+1)(,32 —2ﬂ+1+¥—2(ﬂ2 —ﬂ)tj,

Moreover, we use the series solution in Eq.(10), we can write

;p”Am (x,s)=-pKﬂ”( J {ZP ”;pmnm(x,t)}}+§(¢o(x)). (18)

By comparing the coefficients of powers of p, we construct the homotopy steps as in
Eq.(11) and taking the inverse LT of obtained values, we have the iteration steps as
¢, (x,¢)=1+sinx,

¢1(x,t)z—(sin2x+3sinx+1)(ﬂt—ﬂ+1)’

¢, (x,1) :2(1+sinx)(sinzx+3sinx+1)(ﬂ2 —2,B+1+’B;t2 —Z(ﬂz —ﬂ)tj

(19)
+(3sinx—2cos2x)(ft—B+1),

. (n)= L {[M]c{ﬂ(@ (v1))+ (4 w»}}

s
Finally, considering the sum (19), we have the approximate solution
(x.t)= @, (x,t) =1+sinx—(sin® x+2cos 2x +1)( Bt — f+1)

¢approx

+2(1+smx)(sm x+3s1nx+l)(ﬂ2 2ﬂ+l+ﬁt (ﬁz ,B)j

Following figures show the solution functions for some different values of x,7 and
fractional parameter /f.

Fig.1. Solutions of Eq.(13) for g =1 (left) f=0.85 (right)
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Fig.2. Solutions of Eq.(13) for £ =0.5 (left) f#=0.1 (right)
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Fig.3. Solutions of Eq.(13) for x =0.1 (left) x=1 (right)

4 Conclusions

In this study, Laplace homotopy method which is defined with a new fractional operator is
considered. This method presents an efficient solution for nonlinear FDEs without
discretization. Therefore, this method can be applied to nonlinear FDEs easily. The
nonlinear terms in the equation are evaluated by using Adomian polynomials. In this
context, we obtain the approximate-analytical solution of nonlinear KGE of fractional order
by using the LHM. The results obtained in this study carried out that the method is very
efficient and accurate method for solving the fractional nonlinear homogeneous KGE.
Maple software has been used for obtaining the numerical computations and presenting the
solution plots with respect to various values of the variables.
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