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Abstract.A pointwise error estimation of the form 0 (ph®), h is the mesh size, for the approximate
solution of the Dirichlet problem for Laplace's equation on a rectangular domain is obtained as a
result of three stage (9-point, 5-point and 5-point) finite difference method; here p = p(x,y) is the
distance from the current grid point (x,y) € IT" to the boundary of the rectangle 1.

1 Introduction

A highly accurate corrected scheme is one of the compact approximations for decreasing the number of
unknowns, that gives the effective numerical solution of differential equations.

In [1] a two-stage difference method was given on the way of solving the Dirichlet problem for Laplace's
equation on a rectangular parallelepiped. It was assumed that the sixth order derivative of the boundary functions
which are given on the faces of a parallelepiped satisfy the Holder condition, and on the edges, besides the
continuity they satisfy the compatibility condition for second derivatives, which results from the Laplace equation.
It was proved that by using a simple 7-point scheme in two stages the order of uniform error can be improved up
to O(h*In k™).

In this paper, a new three-stage difference method to solve the Dirichlet problem for Laplace's equation on the
rectangular domain is given. By using at the first stage the 9-point, and at the second and the third stages the 5-
point schemes for error of the approximate solution a pointwise estimation of order 0 (ph®) is obtained, where
p = p(x,) is the distance from the current grid point (x,y) € 1" to the boundary of the rectangle I1. Numerical
experiment is given to support the theoretical analysis made.

The weighted estimates for the approximate solutions by the finite difference method of the Dirichlet problem
for the Laplace and Poisson equations, at the rate as (p + h)?h? 0 < o < 1, were obtained in [2]. A highly
accurate finite difference approximations by correcting the right hand term using the high order differences of the
numerical solution of differential equation without the weighted estimates was constructed in [3], [4].

2 Finite Difference Problem

Let IT={(x,y):0 <x <a,0<y<b} be rectangle, a/b be rational, y;(y;),j = 1,2,3,4, be the sides,
including (excluding) the ends, numbered counterclockwise begining by the left side (Yo = ¥4, Y1 = ¥s) and let
y =U;-*=1 y; be the boundary of I1. Denote by s the arclength, measured along v, and by s; the value of s at the
beginning of y;. We say that f € C kA(D), if f has kth derivatives on D satisfying a Holder condition where 0 <
A<1

We consider the following boundary value problem
Au=0onll, u= (;bj(s) ony;, j=12,34, @))

where 4 = 9%/9x* + 0%/9y?, ¢; are given functions of s. Assume that
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¢, ECMy;), 0<A<1, j=1234, Q)
$;°(s) = ~D20(s), 4 =0,...5. (©)
On TI1, we introduce the functions u™, m = 4,8 defined by
_ (1 aMu(x,y) M u(x,y)
w =) = (3)((Foe) + (D)), @

where u is the solution of Dirichlet problem defined by (1).

It is easy to check that for each of m = 4,8 the function (4) is the solution of following boundary value problem

Au™ = 0 onll, %)
um™ = Y =9M(y) ony,, k=13, 6)
u™ = Pr =Pn(x) ony, l =24, @)
where
am am
pm(y) = (dy‘f;k),k =13, Y"(x) = (dxf;l) =24 8)

From (2), (3) and (8) it follows that the following (12 — m) — th order derivatives are bounded on IT:

alZ*Tﬂum

max  sup < oo,m=4,8. 9

os;;slzz‘m (xy)el

axzpaylz—m—zp

Leth > 0,b/h =8 and a/h = 8 where a/h and b/h are integers. We define IT" a square grid net on IT with
step size h, obtained by the lines x,y = 0, h, 2h,.... Let yjh be a set of nodes on the interior of y;, and let

4 4
Y= ny.fq— =y Ny, 7h= U(th uy;), mt=m"uph
j=1 j=1

Let the operator B?,p € {0,1} be defined as follows:

BPu(x,y) = (ﬁ) {fux+hy)+ulx—hy)+ul,y+h)+ulxy—h)}

1_
+(Tp){u(x+h,y+h)+u(x—h,y+h)+u(x+h,y—h)

+u(x — h,y — h)}. (10)

We consider for the approximation of problems (5)-(7) by the following system of difference equations:
up = Bout on 1", ujt = ¥} on yj" Uy, j=1234; (11)
uj = Blup onII",uf = ¥} on y}-h, j=1,234. (12)

By the maximum principle (see[5], Chap.4), problems (11) and (12) have the unique solution.

Consider the following systems:

BPqy, + gn,on 11", g, = 0ony,, (13)

qdn
Gn = BPq, + gnon 1", g, = 0onyy, (14)

where BP, p € {0,1} is the operator defined by (10), g and g, are given functions, and |g,| < gnon IT™.
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Lemma 1. The solutions g, and g, of systems (13) and (14) hold the inequality
lqn| < Gn on 11"
Proof.Lemma 1 follows by the Comparison theorem (see Chapter 4 in [5]).m

In what follows and for simplicity c, ¢, c4, ... defined the positive constants which are independent of h and the
nearest factor, the similar notation is eonvenient for varied constants.

Let @ be a solution of the problem
Aw =0 onll, @w = 0;(s) ony;, j =1,234, (15)
where 6;, j = 1,2,3,4are given functions and
6 €C” (), 0<A1<1, j=1234 pe{01} (16)
0°9(s)) = (-176°P(s;), g=0,...3— 2p. 17)
According to Taylor formula, we have

max. |BPw — w| < ch?’ ¥, where p € {0,1} (18)

where @ is the solution of problem (15)-(17) on IT".

Lemma 2. For the solution of problem

qn = BPq, + k¢ on 11", q, = 0 ony,, wherep € {0,1} (19)
the following inequality holds:

qn < kpdh*2on ",

where k is a positive constant defined by follows,

5
k=13 Yr=0
2, ifp=1,

£ > 2 isaninteger, d = max{a, b}, and p = p(x,y) is the distance between the boundary of the rectangle /T and
the current point (x,y) € IT".

3 Approximation of the solution using three stage method
Lemma 3. The estimation holds
[ul* — u™| < cph'®™™, where m € {4,8} (20)

where uj is the solution of system (11) when m = 4, and of system (12) when m = 8, u™ is the trace of exact
solution of problem (5)-(7) on IT".

Proof. Let
& =u —u™on MMM (1)
It is obvious that

&, = BPe, + (BPu™ —u™) on 1", &, = 0ony™. (22)
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By virtue of Lemma 2, for the solution of problem (22), we obtain
len| < cph0P. (23)

From equations (21) and (23) follows the proof of Lemma 3.m

Let uf and u8 be the solutions of difference problem (11) and (12), respectively. The solution of the problem
(1) on the grid IT" is approximated by a solution u;, of the following difference problem

n* h® .
u, = Btu, — (—) up — (E) uy on 1", up, = ¢; onyl, j=1,234. (24)

4!

Theorem 1. On IT", the pointwise estimation is true
lup, — u| < cph®, (25)
where wu is the trace of the problem defined by (1) on IT*, u;, is a solution of system (24).

Proof. By Taylor's formula, we have

u(rny) = B'u(my) - (&) u'tey) - (£) ¥ y) - r(xy) (26)

where (x,y) € IT", u* and u® are the functions defined by (4),

re) = () ((‘”’“”;jjff””) ¥ (a””“ﬁ*"z))). o < Li=12 @7

2x12! ady

By (9), we have

[r(x,v)| < ch™ (28)
We put

&, =u, —u on II" (29)
where u is the solution of Dirichlet problem (1) and uy, is the solution to the system (24).
In the view of (24), (26) and (29), we get

e, = Blep + (Z—T) (up(x,y) —ut(x, ) + (’;T?) (up(x,y) —u(x, ) + 1 on I, (30)

g = 0 on yjh. 3D
By virtue of Lemma 3 and (28) it follows that

(%T) |u* —up| + (%E:) [u® —ul| + |r] < c1ph*® + c,h*? < c5h™° on MM, (32)
Now, from (30)-(32) we have

&, = Bley +gponl®,

g, = Oonyh,
where

|gnl < csh™.
Let g, be a solution of the problem

&, = Ble, + csh*® on I,
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& = Oony".

Then, by Lemma 1 and Lemma 3 , we obtain
len] < len| < 2csdh®p

or
len] < ch®p,

where ¢ = 2¢3d, d = max{a, b}, and p = p(x,y) is the distance between the boundary of the rectangle IT and
the current point (x,y) € IT".

Remark 1. The proposed method can be generalised for the mixed boundary value problem for Laplace’s
equation.Furthermore, the idea of the proposed method can be applied to increase an accuracy of the finite
difference approximation of KdV equation used in [6].
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