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Abstract. Reproducing kernel functions are obtained for the solution of gener-
alized Kuramoto–Sivashinsky (GKS) equation in this paper. These reproducing
kernel functions are valuable in the reproducing kernel Hilbert space method.
They will be useful for interested researchers.

1 Introduction

We consider the following problem[1]:

∂v

∂t
+ v
∂v

∂x
+ α
∂2v

∂x2 + β
∂3v

∂x3 + γ
∂4v

∂x4 = 0, (1)

where α , β and γ are nonzero [2]. This equation has been obtained in the context of plasma
instabilities, flame front propagation, and phase turbulence in reaction–diffusion system [3].
We obtain reproducing kernel functions to get approximate solutions of the following prob-
lem:

Example In this example, we consider the Kuramoto–Sivashinsky equation [5]

vt + vvx + vxx + vxxxx = 0,

with the initial condition [5]

v(x, 0) = exp(−x2),

and the boundary conditions

v(a, t) = 0, v(b, t) = 0, vx(a, t) = 0, vx(b, t) = 0.
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2 Reproducing kernel functions

We define V5
2 [0, 1] as

V5
2 [0, 1] =


v, v′, v′′, v′′′, v(4) are absolutely continuous functions,

v(5) ∈ L2[0, 1], v(a) = v′(a) = v(b) = v′(b) = 0.



We give

〈v, S z〉V5
2 [a,b] = v(a)S z(a) + v′(a)S ′z(a) + v′′(a)S ′′z (a) + v′′′(a)S

′′′

z (a)

+ v(4)(a)S (4)
z (a) +

b∫

a

v(5)(t)S (5)
z (t)d(t).

We obtain

〈v, S z〉V5
2 [a,b] = v(a)S z(a) + v′(a)S

′

z(a) + v′′(a)S ′′z (a) + u′′′(a)S ′′′z (a)

+ v(4)(a)S (4)
z (a) + v(4)(b)S (5)

z (b) − v(4)(a)S (5)
z (a)

− v(3)(b)S (6)
z (b) + v(3)(a)S (6)

z (a)

+ v′′(b)S (7)
z (b) − v′′(a)S (7)

z (a) − v′(b)S (8)
z (b)

+ v′(a)S (8)
z (a) + v(b)S (9)

z (b) − v(a)S (9)
z (a)

−
b∫

a

v(t)S (10)
z (t)d(t).

We have

S z(a) = 0

S z(b) = 0

S
′

z(a) = 0

S
′

z(b) = 0

by boundary conditions. Therefore, we obtain

〈v, S z〉V5
2 [a,b] = v′′(a)S

′′

z (a) + v′′′(a)S ′′′z (a) + v(4)(a)S (4)
z (a)

+ v(4)(b)S (5)
z (b) − v(4)(a)S (5)

z (a) − v(3)(b)S (6)
z (b) + v(3)(a)S (6)

z (a)

+ v′′(b)S (7)
z (b) − v′′(a)S (7)

z (a) −
b∫

a

v(t)S (10)
z (t)d(t).
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z (a)

+ v′′(b)S (7)
z (b) − v′′(a)S (7)

z (a) −
b∫

a

v(t)S (10)
z (t)d(t).

We have

S
′′

z (a) − S (7)
z (a) = 0

S
′′′

z (a) + S (6)
z (a) = 0

S (4)
z (a) − S (5)

z (a) = 0

S (5)
z (b) = 0

S (6)
z (b) = 0

S (7)
z (b) = 0

Therefore, we obtain

〈v, S z〉V5
2 [a,b] = −

b∫

a

v(t)S (10)
z (t)d(t) = v(z).

Thus, we get

S (10)
z (t) = −δ(t − z).

When t � z

S (10)
z (z) = 0.

Then, we acquire

S z(t) =



10∑
i=1

ci(z)ti−1 , t ≤ z,

10∑
i=1

di(z)ti−1 , t > z.

3 Conclusion

In this paper, we obtained very useful reproducing kernel function for solving the generalized
Kuramoto–Sivashinsky equation. This reproducing kernel function is very useful to apply
reproducing kernel Hilbert space method.
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