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Abstract. Mathematical modeling of biochemical, chemical reaction 
processes facilitates understanding. The kinetics of these reaction 
processes can be analyzed mathematically and kinetics are presented as 
systems of differential equations. Mathematical model of a reaction kinetic 
is studied in this study. Bernoulli-Sub equation function method is used in 
this study. This example can be new model for food engineering 
applications. 

1 Introduction 
       Reaction kinetic is a science that examines the fast and mechanisms of reactions. 

Mechanism of reaction is defined as the detailed description of the reaction based on the 
behavior of atoms, molecules and ions. Many reactions occur with mechanisms involving 
multiple steps. Various chemical or biochemical reactions occur during the processing 
and storage of food. Food quality can be lost with these reactions. The aim is to obtain the 
good  quality product by ensuring these reactions at the lowest level. Knowledge the rate 
and mechanism of reactions allows for the preparation of the good condution in 
performing any food process and establishment of storage conditions [1].  

        About a mathematical reference on chemical kinetics see, for instance, [2] and for food 
reaction technology reference see, for example, [3]. About references on mathematical 
models, see [4, 5, 6].  

        According to [7] mathematical modeling is used in cases where experimental studies 
are limited or impossible. Mathematical modeling has widely potential for application in 
food processing research and food industry in Turkey. According to another explanation, 
the expression of models inactivation of microorganisms in food is important because 
these models allow later estimation in similar cases without experiment [8]. 
      Mathematical modeling can be used in areas different food engineering such as food 
chemistry, food microbiology, food processing. Recently, some scientists have focused on 
food engineering in mathematical modeling. For example, quality properties of traditional 
fermented sausage including total mesophilic aerobic bacteria, lactic acid bacteria, total 
Enterobacteriaceae and Staphylococcus/Micrococcus counts and other quality features 
were studied during storage duration, and kinetic model estimation for the changes in 
these quality characteristics were applied [9]. 
       Moreover, nowadays mathematical modeling is essential to determine the growth 
kinetics of microorganisms and it is significant that can determine the temperature the 
relationship in perishable foods. 
       There are many different models used to symbolize from various real world problems 
to specific case studies [10,11,15]. 
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          This report is arranged as follows: In section 2, we describe the Bernoulli Sub- 
Equation function method (BSEFM), In section 3, we consider the following kinetic model 
defined as  
 

                 𝑑𝑑[𝐵𝐵]
𝑑𝑑𝑑𝑑  =𝑘𝑘₊[𝐴𝐴][𝐵𝐵] − 𝑘𝑘₋[𝐵𝐵]² ,                                          (1a) 

          where [𝐴𝐴] is concentration and [𝐵𝐵] is concentration, 𝑘𝑘 is the rate constant, 𝑘𝑘₊ is 
forward side, 𝑘𝑘₋ is back side, t is time [12]. 
 
         Moreover, for simplicity, we can rewrite Eq.(1a) as following 

                                                       𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑  = 𝐶𝐶𝐶𝐶 − 𝑃𝑃𝑈𝑈2,                                                           (1b) 

          where 𝑈𝑈 = [𝐵𝐵], is dependent variable, 𝐶𝐶 = 𝑘𝑘₊[𝐴𝐴] and 𝑃𝑃 = 𝑘𝑘₋ are real constants with 

non- zero. 

          We apply the tool to the model which ordinary differential equation. Finally, we 
introduce a general conclusion about the results obtained by BSEFM in section 4.   

 
2 Fundamental Properties of Bernoulli-Sub-Equation Function 
Method 

An approach to the mathematical models including partial differential equations will be 
exhibited in this sub- section of study. The steps of the this technique can be taken as 
below [13,14]. 

       Step 1: We theorize the partial differential equation in two variables such as x, t and 
a dependent variable 𝑢𝑢; 

   P(𝑢𝑢𝑥𝑥  , 𝑢𝑢𝑡𝑡, 𝑢𝑢𝑥𝑥𝑥𝑥  , 𝑢𝑢𝑥𝑥𝑥𝑥  …) = 0,                                          (2) 

 and take the wave  transformation   

                             𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑈𝑈(𝜂𝜂),  𝜂𝜂 = 𝑥𝑥‒ 𝑐𝑐𝑐𝑐 ,                                        (3) 

where  c⍯0. Substituting Eq.(3) into Eq.(2), it gives us the following nonlinear ordinary 
differential equation ; 

𝑁𝑁 (𝑈𝑈, 𝑈𝑈´, 𝑈𝑈´´, 𝑈𝑈´´´, … ) = 0,                                            (4) 
 

where  𝑈𝑈 = 𝑈𝑈(𝜂𝜂), 𝑈𝑈´ = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑  , 𝑈𝑈´´ = 𝑑𝑑2𝑈𝑈

𝑑𝑑𝑑𝑑²  , …….. 

        Step 2: Taking the trial solution for Eq. (4) as: 

𝑈𝑈(𝜂𝜂) = ∑ 𝑎𝑎𝑖𝑖Fin
i=0 (η)= 𝑎𝑎0 + 𝑎𝑎1F (η)+𝑎𝑎2F²(η)+…….+𝑎𝑎𝑛𝑛Fⁿ(η),     (5) 

                                                     𝐹𝐹´ = 𝛼𝛼𝛼𝛼(η)+𝛽𝛽𝐹𝐹𝑀𝑀(η),                                                     (6) 
 

where  α⍯0, β⍯0, M∈ R\{0,1,2}, and F(η) is Bernoulli differential polynomial. 
Substituting above relations into Eq.(4), we acquire an equation of polynomial Ω (𝐹𝐹(𝜂𝜂)) of 
𝐹𝐹(𝜂𝜂); 

 Ω(F(η)) = ρSFS(η)+…+ρ1F(η)+ρ0=0.                                        (7) 
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According to the balance principle, we can get values of and M and n. 
 
        Step 3: Let us assume the coefficients of Ω(𝐹𝐹(𝜂𝜂)) all be zero, we will obtain an 
algebraic equations system: 
 

    ρi =0, i=0,….,s.                                                           (8) 
 

Solving this system, we will determine the values of  𝑎𝑎0 ,…. 𝑎𝑎𝑛𝑛. 
 
        Step 4: When we solve nonlinear Bernoulli differential equation that is Eq. 6, we 
obtain the following to situations according to α and β; 

 
                            𝐹𝐹(𝜂𝜂) = [_ 𝛽𝛽

𝛼𝛼 + 𝐸𝐸
𝑒𝑒𝛼𝛼(𝑀𝑀−1)𝜂𝜂] 

1
1−𝑀𝑀 , α≠β,                                   (9) 

 

  𝐹𝐹(𝜂𝜂) = [
(𝐸𝐸−1)+(𝐸𝐸+1) tanh(𝛼𝛼(1−𝑀𝑀)𝜂𝜂  

2 )

1−tanh(𝛼𝛼(1−𝑀𝑀)𝜂𝜂
2 )

]
1

1−𝑀𝑀, α=β, E ϵ R.                    (10) 

Using a complete discrimination system for polynomial, we obtain the solutions to Eq.(4) 
via some computer programming and classify the exact solutions to Eq.(4). For a better 
comprehension of findings found in this way, we can plot two and three imensional 
surfaces of solutions by taking into consideration favorable parameter values. 
 
3 Application of BSEFM 
 
In this section, it has succesfully applied the BSEFM to the equation for getting some new 
complex travelling wave solutions. If we consider Eq.(1b), as a simplicity, [𝐵𝐵] = 𝑈𝑈, we co-
write following. 

𝑈𝑈´ − 𝐶𝐶𝐶𝐶 + 𝑃𝑃𝑃𝑃² = 0.                                                 (11) 

Applying the homogeneous blancing technique between the highest derivative 𝑈𝑈´ and the 
highest nonlinear term 𝑈𝑈², yields the following relationship among n and M; 
 

   M= n+1,   n,M∈Z+.                                                      (12) 

If we  take as n=3 and M=4 in Eq. (5), we can write following equation; 

           𝑈𝑈 = 𝑎𝑎˳ + 𝑎𝑎₁𝐹𝐹 + 𝑎𝑎₂𝐹𝐹² + 𝑎𝑎₃𝐹𝐹³.                                    (13) 

For the first derivation of  𝑈𝑈, we can write following equation; 

𝑈𝑈´ = 𝑎𝑎₁𝛼𝛼𝛼𝛼 + 𝑎𝑎₁𝛽𝛽𝛽𝛽⁴ + 2𝑎𝑎₂𝛼𝛼𝛼𝛼² + 2𝑎𝑎₂𝛽𝛽𝛽𝛽⁵ + 3𝑎𝑎₃𝛼𝛼𝛼𝛼ᵌ + 3𝑎𝑎₃𝛽𝛽𝛽𝛽⁶,           (14) 

where 𝑎𝑎3⍯0, α⍯0, β⍯0. When we put Eq.(13,14) in Eq.(11), we obtain an algebraic 
equation including various power degree of 𝐹𝐹. When we consider to zero all coefficients of 
𝐹𝐹, we can find an algebraic system. Solving this system with the help of computer 
programming, we can detect many values of parameters, If we choose the suitable values of 
such parameters, we detect the following solutions; 
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 Case 1: For α⍯β, it can be considered the following coefficients; 

𝑎𝑎₁ = 0, 𝑎𝑎₂ = 0, 𝛼𝛼 = − 𝑃𝑃𝑎𝑎0
3  , 𝛽𝛽 = − 𝑃𝑃𝑎𝑎3

3  ,  𝐶𝐶 = 𝑃𝑃𝑃𝑃₀ 

Substituting these coefficients in Eq. (13) along with Eq.(9), we obtain the following  
exponential function solution for Eq.(1b); 
 

𝑈𝑈(𝑡𝑡) = 𝑎𝑎˳ +  𝑎𝑎3
𝑒𝑒𝑝𝑝𝑝𝑝𝑎𝑎0𝐸𝐸𝐸𝐸−𝑎𝑎3

𝑎𝑎0
  ,                                         (15) 

where 𝐸𝐸𝐸𝐸, 𝑎𝑎0, 𝑎𝑎3, 𝑃𝑃 are real constants with non-zero.  

 
Fig.1. The 2D surface of Eq.(15) under the values of 𝑃𝑃 = 2, 𝐸𝐸𝐸𝐸 = 3, 𝑎𝑎₀ = 4, 𝑎𝑎₃ = 5, -0.6<t<0.6 

 

4 Conclusions 
 
       In this paper, the BSEFM is applied to the nonlinear kinetic model equation. We 
successfully obtained exponential function solution. We presented the 2D graphs of the 
obtained solution with the help of some powerful software program.  
       It has been observed that this solution can be converted into the exist result introduced 
to the literature when we use exponential function properties.  
       This result comes from only Case-1.  Moreover, if we chose as M=5 and n=4. 
                                   

𝑈𝑈 = 𝑎𝑎˳ + 𝑎𝑎₁𝐹𝐹 + 𝑎𝑎₂𝐹𝐹² + 𝑎𝑎₃𝐹𝐹3 + 𝑎𝑎4𝐹𝐹4. 
Where 
                                                              𝐹𝐹´  𝛼𝛼𝛼𝛼 + 𝛽𝛽𝛽𝛽⁵. 
 
        This will gives more different solution. Finally, if we consider M=6, n=5, then, we can 
write another different solution form as following;  
 
                                   𝑈𝑈 = 𝑎𝑎˳ + 𝑎𝑎₁𝐹𝐹 + 𝑎𝑎₂𝐹𝐹² + 𝑎𝑎₃𝐹𝐹3 + 𝑎𝑎4𝐹𝐹4 + 𝑎𝑎5𝐹𝐹5.  
With 
                                                            𝐹𝐹´  𝛼𝛼𝛼𝛼 + 𝛽𝛽𝛽𝛽6.  

          The values of M and n is infinitive. This property is belong to the BSEFM. We can 
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          The values of M and n is infinitive. This property is belong to the BSEFM. We can 

obtain some other new traveling wave solutions to the nonlinear kinetic model equation. As 
far as we know, the application of BSEFM  to the model considered in this paper has not 
been submitted to the literature in advance. Therefore, this method is a powerful and 
efficient mathematical tool that can be used to handle various nonlinear mathematical 
models. 
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