
1,2 3 4,∗
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L∞

ut + 3au2
x + 3au2ux + 3auuxx + auxxx = 0,
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α u
t x u(x, t)

a = 1

ut + 3u2
x + 3u2ux + 3uuxx + uxxx = 0.

P (u, uxu
2 ux, ut, . . .),

u(x, y, z, t) = U(ξ) ξ = x+ y+ z− ct

Q(U, U
′
U

′′
, U3, . . .),

U(ξ) =

∑n
i=0 aiG

i

∑m
j=0 bjG

j
=

a0 + a1G+ a2G
2 + . . .+ anG

n

b0 + b1G+ b2G2 + . . .+ bmGm
,

G
′
= wG+ dGM , w �= 0, d �= 0, M ∈ R \ {0, 1, 2},

F = F (ξ)
Ψ(G) G

Ψ(G) = ρsG
s + . . .+ ρ1G+ ρ0.

n m M

Ψ(G)
a0, . . . , an b0, . . . , bn

w d

G(ξ) =
[−d

w
+

ε

ew(M−1)ξ

] 1
1−M

, w �= d

G(ξ) =

[
(ε− 1) + (ε+ 1)tanh

(
w(1−M)ξ

2

)

1− tanh
(

w(1−M)ξ
2

)
] 1

1−M

, w = d, ε ∈ R.

G

2
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F = F (ξ)
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Ψ(G) = ρsG
s + . . .+ ρ1G+ ρ0.
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Ψ(G)
a0, . . . , an b0, . . . , bn

w d

G(ξ) =
[−d

w
+

ε

ew(M−1)ξ

] 1
1−M

, w �= d

G(ξ) =

[
(ε− 1) + (ε+ 1)tanh

(
w(1−M)ξ

2

)

1− tanh
(

w(1−M)ξ
2

)
] 1

1−M

, w = d, ε ∈ R.

G

∆x

∆t

xi = a + i∆x, i = 0, 1, 2, ..., N
N = b−a

∆x , tj = j∆x, j = 0, 1, 2, ...,M M = T
∆t

u (x, t)
u (xi, tj) ≈ ui,j

ui,j u (x, t)
(xi, tj)

Htui,j = ui,j+1 − ui,j ,

Hxui,j = ui+1,j − ui,j ,

Hxxui,j = ui+1,j − 2ui,j + ui−1,j .

Hxxxui,j = ui+2,j − 2ui+1,j + 2ui−1,j − ui−2,j .

∂u

∂t

∣∣∣∣
i,j

=
Htui,j

∆t
+O((∆t)),

∂u

∂x

∣∣∣∣
i,j

=
Hxui,j

∆x
+O((∆x)),

∂2u

∂x2

∣∣∣∣
i,j

=
Hxxui,j

(∆x)2
+O((∆x)2),

∂3u

∂x3

∣∣∣∣
i,j

=
Hxxxui,j

(∆x)3
+O((∆x)2),

Htui,j

∆t
+ 3

(Hxui,j

∆x

)2

+ 3u2
i,j

Hxui,j

∆x
+ 3ui,j

Hxxui,j

(∆x)2
+

Hxxxui,j

(∆x)3
= 0.

3
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ui+1,j =
1

6

(
1

(∆x)
+ 6ui,j − 3(∆x)u2

i,j −
1√

(∆t)(∆x)

(
(∆t)

+6(∆t)(∆x)ui−2,j − 12(∆t)(∆x)ui−1,j + 12(∆t)(∆x)ui,j

+12(∆x)4ui,j − 36(∆t)(∆x)2ui−1,jui,j + ui,j + 66(∆t)(∆x)2u2
i,j

+9(∆t)(∆x)4u4
i,j − 12(∆x)4ui,j+1 − 36(∆t)(∆x)2ui,jui,j+1

−6(∆t)(∆x)ui+2,j

) 1
2

)
.

ui,0 = u0(xi)

u = U(ξ) ξ = x − kt

U3 − kU + 3UU
′
+ U

′′
= 0.

U3 U
′′

n+ 1 = M +m M = 3 m = 1 n = 3

m = 1 n = 3

U(ξ) =
a0 + a1G(ξ) + a2G

2(ξ) + a3G
3(ξ)

b0 + b1G(ξ)
=

Φ

Ω
,

U
′
(ξ) =

Φ
′
(ξ)Ω(ξ)− Φ(ξ)Ω

′
(ξ)

Ω2(ξ)
,

U
′′
(ξ) =

Φ
′′
(ξ)Ω(ξ)− Φ(ξ)Ω

′
(ξ)

Ω2(ξ)
− [Φ(ξ)Ω

′
(ξ)]

′
Ω2(ξ)− 2Φ(ξ)[Ω

′
(ξ)]2Ω(ξ)

Ω4(ξ)
,

G
′
= wG + dG3 w �= 0 d �= 0

G

G

w �= d

4
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U(ξ) =
a0 + a1G(ξ) + a2G

2(ξ) + a3G
3(ξ)

b0 + b1G(ξ)
=

Φ
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U
′
(ξ) =

Φ
′
(ξ)Ω(ξ)− Φ(ξ)Ω

′
(ξ)

Ω2(ξ)
,

U
′′
(ξ) =

Φ
′′
(ξ)Ω(ξ)− Φ(ξ)Ω

′
(ξ)

Ω2(ξ)
− [Φ(ξ)Ω

′
(ξ)]

′
Ω2(ξ)− 2Φ(ξ)[Ω

′
(ξ)]2Ω(ξ)

Ω4(ξ)
,

G
′
= wG + dG3 w �= 0 d �= 0

G

G

w �= d

a0 = −2wb0, a1 = −2wb1, a2 = −4db0, a3 = −4db1, k = 4w2

u(x, t) = 2w

(
1 +

2εw

de2w(x−4w2t) − εw

)
.

w = 2 d = 0.2
ε = 0.3 −13 < x < 13 −2 < t < 2 t = 0.0000001

ξn

un
m = ξneimΦ,

i =
√
−1

u2
x u2ux uux

û1 = 3ux û2 = 3u2 û3 = 3u
3u2

x 3u2ux 3uuxx

û1ux û2ux û3uxx (2)

ut + û1ux + û2ux + û3uxx + uxxx = 0.

(25)

ξ = X + iY,
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X =
1

((∆x)2 + (∆t)û3)

(
(∆x)2 + (∆x)(∆t)û1 + (∆x)(∆t)û2 + 2(∆t)û3

−(∆x)(∆t)û1cos(Φ)− (∆x)(∆t)û2cos(Φ)− (∆t)û3cos(Φ)
)

Y = − (∆t)sin(Φ)

(∆x)((∆x)2 + (∆t)û3)

(
− 2 + (∆x)2û1 + (∆x)2û2 − (∆x)û3 + 2cos(Φ)

)
,

|ξ|2 = X2 + Y 2.

|ξ| ≤ 1 ,

(∆x) (∆t)

2 ∞

L2 L∞ L2 L∞

L2 =
∥∥uexact − unumeric

∥∥
2
=

√√√√h

N∑
j=0

∣∣uexact
j − unumeric

j

∣∣2,

L∞ = ||uexact − unumeric||∞ = Max
j |uexact

j − unumeric
j |.

w = 2 d = 0.2 ε = 0.3

u(x, t) = 4

(
1 +

1.2

−0.6 + 0.2e4(x−16t)

)
.

t = 0

u0(x) = 4

(
1 +

1.2

−0.6 + 0.2e4x

)
.

(∆x) = (∆t) =
0.0000001
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ui+1,j = 1.0666× 10−13
(
1.5625× 1019 + 9.375× 1012ui,j − 468750u2

i,j

+
(
2.44141× 1038 + 1.46484× 1032ui−2,j − 2.92969× 1032ui−1,j

+2.9296× 1032ui,j − 8.78906× 1026u2
i,j

+2.19727× 1011u4
i,j − 2.92964× 1018ui,j+1

−8.78906× 1025ui,jui,j+1 − 1.46484× 1032ui+2,j

) 1
2
)
.

L2 L∞

xi tj
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Numerical Solution
Exact Solution
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∆x
0
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