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Abstract. In this paper, we consider p  Laplacian type Diffusion 
boundary value problem on an arbitrary time scale. We generalize some 
spectral properties of p  Laplacian  Diffusion problem to an arbitrary 
time scale. Moreover, we prove Picone’s identity for this problem.  

1 Introduction  
The theory of time scale calculus was introduced for the first time by Stefan Hilger in his 
Ph.D. thesis in 1988 [1]. A time scale is an arbitrary, non-empty, closed subset of .  
For standard notions and notations connected to time scale calculus, we refer to [2]. 
 The significance of working boundary value problems on time scales was understood 
and some important results were obtained. In 2002, Agarwal et al. [3] studied linear 
dynamic equations and initial value problems on time scales. Guseinov and Kaymakçalan 
[4] considered second order linear dynamic equations and gave some sufficient conditions 
for nonoscillation on time scales in 2002. Erbe et al. [5] gave several comparison theorems 
for second order linear dynamic equation on time scales. In 2003, Guseinov [6] investigated 
Riemann and Lebesgue integration on time scales and gave the fundamental theorems of 
calculus. In 2007, Rynne [7] defined space of square-integrable functions and Sobolev type 
spaces on time scales and gave practices of the functional analytic results to Sturm-
Liouville type boundary value operator. Grace et al. [8] studied second order half-linear 
dynamic equations on time scales and investigated some oscillation criteria in 2009. 
 In recent years, several authors have obtained many important results about p  Lap-
lacian boundary value problem on time scales (see [9-12]). Anderson et al. [13] proved that 
there is at least one positive solution for a one dimensional p  Laplacian delta-nabla dyna-
mic equation on time scales in 2004. He [14] proved that there exists at least double positi-
ve solutions with three-point boundary conditions for p  Laplacian dynamic equation on 
time scales in 2005. Sun and Li [15] considered  a one dimensional p  Laplacian boundary 
value problem and showed existence of this problem on time scales in 2007. Binding et al. 
[16] considered p  Laplacian nonlinear eigenvalue problem on a half line in 2010. Su and 
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Feng [17] studied a second-order p  Laplacian dynamic boundary value problem on a 
periodic time scale and showed existence of solutions of this problem in 2017. 

In this study, we want to prove some basic spectral properties of p  Laplacian 
Diffusion eigenvalue problem of the form 

  ( 1) ( 1) ( 1) 2 ( 1)( ) ( ) ( 1) ( ) 2 ( ) ( ) ( 1) ( ),p p p pLy y t p q t r t y t p y t                    (1)      
with the separated boundary conditions     
                                                      ( 1) ( ( )) 0,py a                                                       (2)         

                                             ( 1) ( 1)( ) ( ) 0,p py b y b                                        (3)      
where   is a spectral parameter and [ ( ), ] .t a b   During this study, we suppose that 

2, [ ( ), ]q r L a b  are continuous functions ; 1; ,p a b   with ( 1) ( 1) ( ),p py y 
   

2 2 ) ., ( 0a b    ( 1) 2 ([ ( ), ], )p
rdy C a b  is eigenfunction of the problem (1)-(3). By 

setting  in (1), we get below classical p  Laplacian Diffusion equation 

                               ( 1) ( 1)2( ) ( ) ( 1)( ( ) 2 ( )) ( ).p py t p q t r t y t                                    (4) 
For 2p  in (4), we have  

                                2( ) ( ( ) 2 ( )) ( ) ( ), [ , ].y t q t r t y t y t t a b                                  (5) 
(5) is known as classical Diffusion equation (or quadratic pencil of differential pencil) in 
literature. There are numerous studies in spectral theory related to this equation. The studies 
of p  Laplacian type Diffusion equation is as follows. In [18], Koyunbakan considered the 
inverse problem for p  Laplacian Schrödinger equation with energy-dependent potential 
function and found asymptotic formulas of eigenvalues, nodal points and nodal lenghts by 
using Prüfer substitution in 2013. In [19], Gulsen and Yilmaz obtained asymptotic formulas 
of eigenvalues and nodal parameters and reconstructed the potential function p  Laplacian 
Diffusion problem in 2016. In [20], Gulsen et al. took into consideration Diffusion and 
impulsive Diffusion eigenvalue problems, respectively and showed some spectral 
properties of these problems on time scales. This study is organized as follows: In Section 
2, we prove some basic theorems and Picone’s identity for the p  Laplacian Diffusion 
equation on .  In Section 3, we give a conclusion to summarize our study. 

 
2 Main Results  
 
In this section, we give some valuable results for p  Laplacian Diffusion problem on a 
time scale  whose all points are right dense. It is well known that the problem (1)-(3) has 
only real, simple eigenvalues and eigenfunctions which are orthogonal to each other for 

  [21]. The following results will generalize these basic results. 
 
Theorem  1. The eigenvalues of the problem (1)-(3) are all simple.  

Theorem  2. Let ( 1) ( 1)

1 2

2, ([ ( ), ], )p p
rdy y C a b   be the eigenfunctions of the problem (1)-

(3). Then, below equalities hold. 

a)  ( 1) ( 1) ( 1) ( 1) ( 1) ( 1)

1 2 2 1 1 2
,( ) ( ) ( ),p p p p p pLy y Ly y W y y          on [ ( ), ] .a b   

b)  ( 1) ( 1) ( 1) ( 1) ( 1) ( 1) ( 1) ( 1)

1 2 2 1 1 2 1 2
, ,, , ( )( ) ( )( ( )),p p p p p p p pLy y Ly y W y y b W y y a                 

where ( 1) ( 1) ( 1) ( 1) ( 1) ( 1)

1 2 1 2 2 1
, .( )p p p p p pW y y y y y y       

  



3

ITM Web of Conferences 22, 01043 (2018)	 https://doi.org/10.1051/itmconf/20182201043
CMES-2018

Feng [17] studied a second-order p  Laplacian dynamic boundary value problem on a 
periodic time scale and showed existence of solutions of this problem in 2017. 

In this study, we want to prove some basic spectral properties of p  Laplacian 
Diffusion eigenvalue problem of the form 

  ( 1) ( 1) ( 1) 2 ( 1)( ) ( ) ( 1) ( ) 2 ( ) ( ) ( 1) ( ),p p p pLy y t p q t r t y t p y t                    (1)      
with the separated boundary conditions     
                                                      ( 1) ( ( )) 0,py a                                                       (2)         

                                             ( 1) ( 1)( ) ( ) 0,p py b y b                                        (3)      
where   is a spectral parameter and [ ( ), ] .t a b   During this study, we suppose that 

2, [ ( ), ]q r L a b  are continuous functions ; 1; ,p a b   with ( 1) ( 1) ( ),p py y 
   

2 2 ) ., ( 0a b    ( 1) 2 ([ ( ), ], )p
rdy C a b  is eigenfunction of the problem (1)-(3). By 

setting  in (1), we get below classical p  Laplacian Diffusion equation 

                               ( 1) ( 1)2( ) ( ) ( 1)( ( ) 2 ( )) ( ).p py t p q t r t y t                                    (4) 
For 2p  in (4), we have  

                                2( ) ( ( ) 2 ( )) ( ) ( ), [ , ].y t q t r t y t y t t a b                                  (5) 
(5) is known as classical Diffusion equation (or quadratic pencil of differential pencil) in 
literature. There are numerous studies in spectral theory related to this equation. The studies 
of p  Laplacian type Diffusion equation is as follows. In [18], Koyunbakan considered the 
inverse problem for p  Laplacian Schrödinger equation with energy-dependent potential 
function and found asymptotic formulas of eigenvalues, nodal points and nodal lenghts by 
using Prüfer substitution in 2013. In [19], Gulsen and Yilmaz obtained asymptotic formulas 
of eigenvalues and nodal parameters and reconstructed the potential function p  Laplacian 
Diffusion problem in 2016. In [20], Gulsen et al. took into consideration Diffusion and 
impulsive Diffusion eigenvalue problems, respectively and showed some spectral 
properties of these problems on time scales. This study is organized as follows: In Section 
2, we prove some basic theorems and Picone’s identity for the p  Laplacian Diffusion 
equation on .  In Section 3, we give a conclusion to summarize our study. 

 
2 Main Results  
 
In this section, we give some valuable results for p  Laplacian Diffusion problem on a 
time scale  whose all points are right dense. It is well known that the problem (1)-(3) has 
only real, simple eigenvalues and eigenfunctions which are orthogonal to each other for 

  [21]. The following results will generalize these basic results. 
 
Theorem  1. The eigenvalues of the problem (1)-(3) are all simple.  

Theorem  2. Let ( 1) ( 1)

1 2

2, ([ ( ), ], )p p
rdy y C a b   be the eigenfunctions of the problem (1)-

(3). Then, below equalities hold. 

a)  ( 1) ( 1) ( 1) ( 1) ( 1) ( 1)

1 2 2 1 1 2
,( ) ( ) ( ),p p p p p pLy y Ly y W y y          on [ ( ), ] .a b   
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where ( 1) ( 1) ( 1) ( 1) ( 1) ( 1)

1 2 1 2 2 1
, .( )p p p p p pW y y y y y y       

  

Above theorems can be easily proved.  
 

 Theorem 3. The eigenfunctions ( 1) ( 1)

1 1 2 2
), )( , ( ,p py t y t    of the problem (1)-(3) 

corresponding to distinct eigenvalues  
1
  and 

2
,  are orthogonal, i.e. 

( 1) ( 1) ( 1) ( 1)
1 1 2 2 1 1 2 21 2

( ) ( )

) ( , ) ( , ) 2( 1) ( , ) ( , ) 0.( 1)( ( )
b b

p p p p

a a

t y t p t y tp y t r t y t   

 

              

 
Proof.  We have  

 
 

( 1) ( 1) ( 1)2
11 1 1

( 1) ( 1) ( 1)2
22 2 2 2

1( ) ( ) ( 1) ( ) 2 ( ) ( ) ( 1) ( ),

( ) ( ) ( 1) ( ) 2 ( ) ( ) ( 1) ( ).

p p p

p p p

y t p q t r t y t p y t

y t p q t r t y t p y t

 

 

 

 





   

   

     

     
 

Multiplying above equations by ( 1) ( 1)

2
, ,

1
p py y    respectively, we have 

          
 ( 1) ( 1) ( 1) ( 1)

1 2 1 2

( 1) ( 1)2
1 1 2

1( ) ( ) ( ) ( 1) ( ) 2 ( ) ( ) ( )

( 1) ( ) ( ),

p p p p

p p

y t y t p q t r t y t y t

p y t y t

  

 





    

 

   

 
             (6) 

       
 ( 1) ( 1) ( 1) ( 1)

2 1 2 2 1

( 1) ( 1)2
2 2 1

( ) ( ) ( ) ( 1) ( ) 2 ( ) ( ) ( )

( 1) ( ) ( ).

p p p p

p p

y t y t p q t r t y t y t

p y t y t

  

 





    

 

   

 
           (7) 

Subtracting (6) by (7) leads to  

            
 

  2

( 1) ( 1) ( 1) ( 1)
2 1 1 22 1 1 2

( 1) ( 1)2 2
2 1 2 1 11 2

( , ) ( , ) ( , ) ( , )

( ) 2( ) ( )( 1) ( ) ( ), , .

p p p p

p p

y t y t y t y t

r tp y t y t 

   

     

     

 




   
                             (8) 

Applying   integral to the last equality from ( )a  to ,b  we get  

 
( )

( 1) ( 1) ( 1) ( 1)
2 1 1 22 1 1 2( , ) ( , ) ( , ) ( , )

b

a

p p p py t y t y t y t t


         
   

2
( )

2 1 2
( )

2 2

2

( 1) ( 1)2 2
2 1 11 2

( 1) ( 1)
11 2

( 1) ( 1) ( 1) ( 1)
1 11 2 2 1

( 1) ( 1) (
11 2 2

( 1)( ) ( ) ( )

( 1) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ( ), ) ( ( ), )

, ,

2 ( ) , ,

, , , ,

b

a

b

a

p p

p p

p p p p

p p

p y t y t

p r t y t y t

y b y b y b y b

y a y a y

t

t





 

 

 

 

 

   

   

 

 

 

     

  

  





 



  

 





2
1) ( 1)

11( ( ), ) ( ( ), ) 0,p pa y a     

 

and then,  

( 1) ( 1) ( 1) ( 1)
1 1 2 2 1 1 2 21 2

( ) ( )

) ( , ) ( , ) 2( 1) ( , ) ( , ) 0,( 1)( ( )
b b

p p p p

a a

t y t p t y tp y t r t y t   

 

              

for 1 2.   Hence, it shows that the eigenfunctions ( 1) ( 1)

1 1 2 2
), )( , ( ,p py t y t    are always  

orthogonal.  
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Theorem 4. The equality  
( 1) ( 1) ( 1) ( 1)

( 1) 2 ( 1) 2

( ) ( )

( , ) ( , ) ( , ) ( , )

2 ( 1) ( ( , )) 2( 1) ( )( ( , )) ,

p p p p

t t
p p

a a

y t y t y t y t

p y p r y 

 

   
 

       

     

 

 


 

       
 

holds where  [ ( ), ]t a b  and    for the problem (1)-(3).  
 
Theorem 5. All eigenvalues of the problem (1)-(3) are real. 
 

Proof.  Let 0  be a complex eigenvalue and ( 1) ( )py t  be an eigenfunction corresponding 

to the eigenvalue 0  of the problem (1)-(3). Then, we obtain 

 
2 2

2 2
0 0 0 0

( 1) ( 1)

( 1) ( 1) ( 1) ( 1)

( 1) ( 1)( ) 2 ( ) .p p

p p p py y y y

p y p y     

      


    
 

If we use   integral for the last equality from ( )a  to ,b  and by considering the 
boundary conditions (2), (3), we get  

( ) ( )
0 0

( 1)( 1) ( 1)2 2
) ( ) 2( 1) ( ) 0( 1)( ( ) ( ) 0,

b b

a a

pp py t p y tp t r t t ty
 

             

for  0 0   and 0 0( 2 ( ) 0) .r t     This is a contradiction and the proof is completed.  
 

Now, we will prove Picone’s identity which is an important formula for the problem 
(1)-(3) to prove oscillation criteria. There are many studies about the Picone’s identity (see 
[22-26]). In 1998, Allegretto and Xi [27] obtained a Picone’s identity for the p  Laplace 
operator and Bal [28] showed a generalized Picone’s identity for the p  Laplace operator 
and then proved Sturmian comparison principle and a Liouville type theorem (see also [29-
31]). Picone’s identity for dynamic equations on time scales was studied in [32-34]. 
 Let denote the kernel of the matrix A  by ,Ker A  and put ,defM dimKerA and 

1 /   for 0  and 0 0.   It is given below Picone’s identity for the problem (1)-(3).  
 
Theorem 6. Let ( 1) ( 1) ( 1) ( 1)( ) ( ) and ( ) ( ),p p p pKer y t Ker x t Ker t Ker x ty       

( 1) 2 ([ ( ), ], )p
rdx C a b   and ( 1)py   is a solution of ( 1) ( 1)2 (1 ) 0.p pLy p y     

Then, 
 

 ( 1) ( 1) ( 1)

( 1) ( 1) ( 1) ( 1) ( 1) ( 1) 2 ( 1) ( 1)

2( ) ( 1)

[ ( ) ( , )] ( ) ( , ),

p p p

p p p p p p p p

L x p x x

x y x y y y W x yW

 



  

          

 

 
 

 
where ( 1) ( 1) ( 1) ( 1) ( 1) ( 1)( , ) .p p p p p pW x y x y y x          
 
Proof.  Suppose that ( 1) ( 1)( )( ) 0.p py y t   Then, we get 
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If t  is left-scattered, ( 1) ( 1) ( 1) ( 1)( ) ( , )p p p py x yx W     is continuous at .t  If t  is left 
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If t  is right-dense point, the Picone’s identity holds.  
 
3 Conclusion 
 

p  Laplacian type Diffusion eigenvalue problems arise from many fields of science 
and have various applications in mathematics and physics. We notice that much attention 
paid on discussing the solutions for this type problems for different operators on time 
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scales. Hence, we have considered some spectral properties for p  Laplacian Diffusion 
eigenvalue problem on an arbitrary time scale and generalized basic results. We have 
obtained some important results to fill the gaps in this area. 
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