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Abstract. In this study, two-dimensional Burgers’ and coupled Burgers’
equations are examined by the residual power series method. This method
provides series solutions which are rapidly convergent and their
components are easily calculable by Mathematica. When the solution is
polynomial, the method gives the exact solution using Taylor series
expansion. The results display that the method is more efficient, applicable
and accuracy and the graphical consequences clearly present the reliability
of the method.

1 Introduction

Initial value problems (IVPs) of differential equations (DEs) appear in a significant number
of applications such as physical, biological and chemical processes [1-3]. Since solutions of
IVPs cannot be obtained with analytical methods, numerical and approximate methods have
been always constituted to get approximate solutions by some authors (see [4-6]). The
previous studies do not give a methodical way to find solutions of IVPs and also previous
studies require more time and more work to accomplish the results.

In this study, we apply the residual power series method (RPSM) to obtain
approximate solutions of two-dimensional Burgers’ and inhomogeneous coupled Burgers’
equations. RPSM was firstly introduced by Arqub [7] to find series solutions of linear and
nonlinear fuzzy problems in 2013. Arqub applied RPSM to the first-order and second-order
fuzzy DEs and gave series solutions of these equations. Then Al-Smadi [8] carried out
RPSM to linear and nonlinear IVPs in 2013. Alquran [9] fulfilled RPSM to nonlinear time-
fractional foam drainage equation to achieve approximate solution in 2014. El-Ajou [10] et
al. found approximate solution of nonlinear fractional KdV-Burgers equation with time-
space-fractional derivatives with RPSM in 2015. Moaddy et al. [11] utilized RPSM to
differential algebraic equations system in 2015. Tchier et al. [12] considered nonlinear
time fractional reaction-diffusion equation with RPSM in 2016. Momani et al. [13]
introduced RPSM for linear and nonlinear systems of IVPs and carried out on the
effectiveness of RPSM in 2016. Mahmood and Yousif [14] applied RPSM to the coupled
strong system nonlinear Boussinesq-Burgers equations to achieve approximate solutions
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and compared these solutions with other approximate solutions which found in other
methods in 2017. Many scientists have applied RPSM to different equations and found
approximate solutions of these equations (see [15-18]). RPSM is a semi analytical method
which can be directly applied to IVPs to achieve series solution of them without
linearization, perturbation and discretization [7]. In polynomial form, an analytical
approximate solution is established by this method. RPSM and traditional higher order
Taylor series method different from each other. As traditional Taylor series method is very
expensive in high order computations, RPSM is very cheap and applicable to high orders.
In practise this method can be called an alternative method to acquire analytic Maclaurin
series solution of IVPs. Considering error concept for the method, we get a series solution,
indeed this solution is a truncated series solution. The RPSM method consists of the
following steps; firstly the method construct Maclaurin expansion of the solution, exact
solution can be obtained when the solution is polynomial. Furthermore the solutions and all
derivatives can be applied for each arbitrary point. Secondly, RPSM needs less time to
obtain high precision solution with small computational requirements. In this article, we
examine two-dimensional Burgers’ and inhomogeneous coupled Burgers’ equations. The
Burgers equation has been found to explain the appromixate flow theory from a schock
wave moving in a viscous fluid [19,20]. Fletcher [21] used the Hopf-Cole transformation to
get an analytic solution of two-dimensional Burgers’ equations in 1983. Because of the
wide applicability of these equations, many scientists have applied different numerical
methods to find approximate solutions of these equations (see [22-27]). This study consists
of the following steps : In Section 2, we give the fundemental scheme of RPSM on two-
dimensional Burgers’ equation. In Sections 3 and 4, RPSM is applied to two-dimensional
Burgers’ equation and inhomogeneous coupled Burgers’ equation with appropriate initial
conditions and obtained results are shown in graphs. Finally, consequences are given in
section 5.

2 Analysis of Residual Power Series Method (RPSM) for Two-
Dimensional Burgers’ Equation

To demonstrate the fundamental scheme of RPSM, we consider two-dimensional Burgers’

equation
1
ut+uur+vuy——(uw+uw):0, (D
) Re
1
v[+uvx+vvy——(vxx+vyy):0, 2
Re

with the initial conditions
1 3 1 3)

3
u(xuy:o):*_ > V(x:J’:O):*"' 5
4 4[1 +exp (Re(—;c-i—y)j} 4 4(1 +exp (Rd—;f"')’)jj

where Re is the Reynolds number.

The solutions of the equations (1) and (2) depending on the conditions (3) are
expressed as a series expansion around an initial point # =0in the RPSM. Now, suppose
that the solutions have the forms as

w0 = D [, vy =Y g, (", )

m=0 m=0
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where m =0,1,2... . Let us then define the expressions u, (x, y,#) and v, (x, y,t) as the k-
th truncated series of u(x, y,¢) and v(x, y,t), respectively, i.e.

k k
(.0 = Y f (", vy =Y g, (e, (5)

m=0 m=0

where &k =1,2,3,.... Clearly, u(x,y,t)andv(x,y,t) provides the initial conditions (3),
therefore the O-th RPSM approximate solutions of wu(x,y,t) and v(x,y,t) are

u(x,y,0) = f,(x, ) = f(x,), v(x,»,0)=g,(x,») =g(x,). (6)
Then, the estimated initial approach the first RPSM approximation solutions of
u(x,y,t) and v(x, y,t) using equations (5) should be

u (x,y,0) = f(x, )+ fi(x, »)t, vi(x,3,6)=g(x,y)+g(x, ). (7N

So, expansion of equations (5) are reformulated as

k k
(22,0 = FE )+ G+ D )™ v () = g(e ) + g e+ g, ", (8)

m=2 m=2
where k = 2,3,.... To find the values of coefficients f, (x,y)andg, (x,y),m=1,2,3,...,k

in series expansion of the equations (8), one can define the residual functions as

1 1
Res, (x,y,t) = u, +uu, + v, — R—e (uxx +u,, ), Res, (x,y,t)= v Huv, vy, — R—e(vxx + vyy) ©)]
and so the k — th residual functions can be expressed as

1
Resu’k(x,y,l‘) = (uy), +u, (1), +v (), —R—e((uk)xx +(u),,), (10)

1
Res,  (x, y,0) = (v), +u, (v), +v,(v), = . (V) + (V) ) (11)
e
where k=1,2,3,... Clearly, Res(x,y,t)=0, lim Res, (x,y,t) = Res(x, y,t) forall
k—o

xeland t>0. Therefore, when ¢ =0 for each s =0,1,....k, 8'Res(x, y,t)/ ot =0.To
obtain the coefficients f, (x,y)andg, (x,y),m=1,2,3,...,k, we carry out the following
steps: Firstly, to employ the m — th truncated series of u(x, y,#) and v(x,y,t), we put on
the derivative formula &°R es(x,y,t)/ ot =0in Res, (x,y,t),m=1,2,3,..,k. In the

obtained formula, we write #=0and we equate it to zero. Lastly, to achieve the other
coefficients, we solve the found algebraic formula

(8SResk(x,y,t)/6ts) =0(t=0),s=12,3,..,k. (12)
Thus all coefficients of the multiple power series of equations (1)-(4) can be calculated.

3 Application of Residual Power Series Method (RPSM) for
Two-Dimensional Burgers’ Equation

The exact solutions of two-dimensional Burgers’ problem (1)-(4) are
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3 1 3 1 (13)
u(x, y,t)=—-— , v, y,t)=—+ .
4 Re(—t—4x+4y) 4 Re(—t—4x+4y)
4| 1+ exp| ————— = 4 1+exp| ———MmM8M =
[ ( 32 D [ ( 32 D
With the iteration of RPSM for n = 0,1, ... it is obtained
Re(—x+y)
. Rtexp (8 ) (1 4)

3
u (X, y,0) =—— - 7
4 4(1+exp(Rd_;c+y)j\J 128(1+exp(Re(_x+y)jj
8

R —
. p(w)
1 8

3
V](X,y,t):**' + 2
4 4[1 +exp (Re(—;c ) jj 128[1 +exp (Rd_';mj]

and in this way u, (x, y,1),u;(x, y,t),..., and v,(x, y,t),v;(x, y,?),..., can be obtained and
then the solutions are found as following
”(X,yaf) = ul(xsyat) +“2(X,)’at)+----s v(xayst) = vl(xayst) +V2(xayst) +.... (16)

(15)

Figure 1. The surface graphs of the exact solution u(x, y,7) and the approximate solution u, (x, y, 1)

of two-dimensional Burgers’ problem when y =5, R = 50, respectively.

Figure 2. The surface graphs of the exact solution v(x, y,#) and the approximate solution v, (x, y,?)

of two-dimensional Burgers’ problem when y = 5, R = 50, respectively.
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4 Application of Residual Power Series Method (RPSM) for
Inhomogeneous Coupled Burgers’ Equation

We consider inhomogeneous coupled Burgers’ equation

u, —u  +2uu_+wv) =F(x,t), a7
v, —w  +2w + (), = G(x,1), (18)

with the initial conditions
u(x,0)=0, v(x,0)=0, (19)

where
2 32 2 12 7 2
F(x,0)=x" =2t+2x°C +62, G(x,0)=—— 5 ——5+1. (20)
X X X

The exact solutions of inhomogeneous coupled Burgers’ problem (26)-(28) are

u(x,t) = xzt, v(x,t) = L (21)
x

With the iteration of RPSM for n =0,1,... it is found

t
u (x,0) = xzt, v, (x,0)=—, (22)
X
and similarly

3.3 3

u, (x,1) = le, vz(x,t) = i, uy(x,1) = xzt—T , v (x0) =3l?+é, (23)
and in this way u, (x,t), us(x,?),..., and v,(x,?), v5(x,t),..., can be obtained and then the
solutions are found as following

u(x,t) = u (x, 1) +u, (x,) +...., v(x, 1) = v (x,1) + v, (x,1) +.... (24)

Figure 3. The surface graphs of the exact solution u(x,) and the approximate solution w_(x,t) of

inhomogeneous coupled Burgers’ problem, respectively.

Figure 4. The surface graphs of the exact solution v(x,¢) and the approximate solution v, (x,#) of

inhomogeneous coupled Burgers’ problem, respectively.
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5 Conclusion

In this study, approximate solutions of the two-dimensional Burgers equation and

inhomogeneous coupled Burgers equation were calculated by RPSM. It is seen that the
results obtained with the RPSM are very close to the exact solutions. The obtained results
were compared with the exact solutions and the obtained results are shown in graphs.
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