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Abstract. In this study, the (2+1)-dimensional cubic nonlinear Schrodinger equation
with fractional temporal evolution is investigated by using the extended sinh-Gordon
equation expansion method. The idea of conformable fractional derivative is used in
transforming the complex nonlinear partial differential equation to nonlinear ordinary
differential equation. Dark, bright, mixed dark-bright, singular, mixed singular solitons
and singular periodic wave solutions are successfully reached. The parametric
conditions for the existence of valid solitons are given. The 2D and 3D graphics to some
of the reported solutions are plotted.

1 Introduction

Nonlinear Shrodinger’s type equations (NLSEs) are special kind of nonlinear evolution
equations expressing several complex nonlinear aspect in the field of nonlinear sciences such as the
optical fiber, fluid mechanics, plasma physics, biology, hydrodynamics and so on. Several analytical
techniques have been used to find the solutions of various NLSEs [1-12].

In this study, the (2+1)-dimensional cubic nonlinear Schrédinger equation with fractional
temporal evolution [13] is going to be soughted by using the extended sinh-Gordon
equation expansion method (ShGEEM) [14-17].

The (2+1)-dimensional cubic nonlinear Schrodinger equation with fractional temporal
evolution is given by [13]

z‘Dt"‘l//+c(z//xx+1//yy)+a|1//|2z//+bz//=0, ae(0,1), (1.1)
where a,b,c are nonzero constant.

When @ =1, we have the original (2+1)-dimensional cubic nonlinear Schrddinger
equation [13].
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2 The Conformable Fractional derivative

In this section, we give some basic definition, properties and theorem about the
conformable fractional derivative.

Definition 1. Let g: (0,00) — IR, then the conformable fraction derivative of g of order

o, is defined as here, some basic properties of conformable fractional derivative are
presented [18].

1. T, (bg+ch) =bT, (g)+cTa (h),b,c eR,
2. T, ()=, AeR,
3. Ta(gh)nga (h)+hTa (g),
o [£) )23
h n
5.1f g is differentiable, then 7, (g)(#)=1"" %.

Theorem 1. Let g, h: (0, OO) — R be differentiable functions and also ¢ differentiable,
then the following rule holds:

T, (goh)(1)=1"1(1)g'(h(1))- @1
3 Application

In this section, the application of the extended ShGEEM to the (2+1)-dimensional
cubic nonlinear Schrodinger equation with fractional temporal evolution is presented.

Consider the complex time-fractional travelling wave transformation

a a

i t t
v (x0.0) =y (£)e’.0=px+ayer—.&=ul x+y—k—|

3.1
Inserting Eq. (3.1) into Eq. (1.1), we get the following NODE:

(b—c(p2+q2)—r)w+at//3+20u2y/"20 (3.2)
from the real part and the relation k = 2¢ ( p+q ) from the imaginary part.

By the extended ShGEEM, the solutions of any given nonlinear partial differential equation
are assumed to be of the forms [14]

w(0)= i[bj sinh () +a, cosh(e)]j +a, (3.3)

J=1
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v (&)=Y [£ib,sech(£)+a, tanh(f)]j +a, (3.4)

and "

v (&)= [#b, csch(£)+a, coth(f)]j +a, (3.5)
respectively. "

Balancing the terms l//3 and ¥ "in Eq. (3.2), yields m=1.

With m =1, Egs. (3.3)-(3.5) take the forms

v (0) =b,sinh(8)+a, cosh(6)+a, (3.6)
l//(§)=iib1 sech(f)+a1 tanh(§)+a0 (3.7)
and

w (&) =1b csch(&)+a, coth(E)+ay, (3.8)

where I = \/—_land 6 =sinh(6)[14].

Inserting Eq. (3.6) and its second derivative into Eq. (3.2) gives a polynomial in powers of
hyperbolic functions. Summing each coefficient of the hyperbolic functions of the same
power and equating each summation to zero, gives a group of algebraic equations. The
system of algebraic equations is simplified to secure the values of the parameters involved.
For each case, inserting the obtained values of the parameters into each of Egs. (3.6) and
(3.8), yields the solutions to Eq. (1.1). Simplifying the group of algebraic equation, we get

the values of the parameters involved.

Case 1: When

2@ﬂ’ b 0.0 \/b—r—c(qZ va)

a,=0,a =— s
! 1 Ja e (3.9)

we have the following dark and singular

2—cu| tanh (x+y—ktj,u .
o i(pX+qy+rt;)

soliton: (x,t) =— \F € 5 (3.10)
a
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2\—cu| coth [x +y —kt}u} 3
a i(px+qy+rt—)
uz (x,t) = — J; e a ,

c(b—r—c(q2 +,uz))>0

(3.11)

where @€ <04ng for valid soliton.

Case 2: When

N T
Ja 4 e , (3.12)

we have the following bright and singular

2+/—cu| sech (x+y—kt}u 3
i(px+qy+rt;)

a

a,=0,a,=0, b =

soliton: 1y (x,1) =— 7 e , (3.13)
a
e 2 2
where C(b g C(q TH ))>O for valid soliton.
21'»\/;/,1 cschK)Hy—k;j,u} ' P
u, (x,1)= 7 e (3.14)
a

c(b—r—c(q2 +,uz))>0

where for valid soliton.

Figure 1. The 3D and 2D surfaces of Eq. (3.10) under the values of
C=—3,(l=1,k=-0.75,/1=0.3,a=0.2,—15<x<15,—1<y<1 and t:O‘S fOI' the 2D Surface.
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Figure 2. The 3D and 2D surfaces of Eq. (3.13) under the wvalues of

c=-3,a=1k=-0.003, u=03,0=02,y=08,~15<x<15-1<y<1 . 1105 tor the 2D

surface.

4 Conclusion

In this work, the extended sinh-Gordon equation expansion method is used in
extracting various soliton and other solutions such as the dark, bright and singular solutions
to the (2+1) dimensional cubic nonlinear Schrodinger equation with fractional temporal
evolution. Using suitable values of parameters, the 2- and 3-dimensional surfaces to some
of the reported solutions are plotted. The reported solutions in this study may be useful in
explaining the physical meaning of several nonlinear models arising in the different fields
of nonlinear sciences. The extended ShGEEM provides a powerful mathematical tool for

securing family of wave solutions to different kind of nonlinear models.
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