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Abstract. In this present work, we investigate the concepts of

A" — statistical convergence of order ¥ for double sequences of
real valued functions. Also some definitions we given for

A" — statistical Cauchy sequence for double sequences of real

valued functions and some relations between S(Z 4) A, f

statistical convergence and strong [V7 A, ,u] (Ar, f )—
q

summability are given.

1 Introduction

Zygmund [20] defined statistical convergence in 1935. After that defined statistical
convergence for sequences of real numbers was given by Steinhaus [19] and Fast [6] later
reintroduced by Schoenberg [14] independently. Then, in terms of the sequence spaces is
examined and correlated with the summability theory by Connor [9], Cinar et. al. [1],
Colak [2], Et et. al. ([3],[4],[15],[16]), Fridy [7], Mursaleen [12], and many others

[8],[10]1,[13],[17],[18]). Statistical convergence is related to density of subsets of the set N
of natural numbers. The density of a subset D of N is defined by

. 1<
d(D) = hmn—)oo ;ZZD (K)
k=1

provided that the limit texists. x = (X,) sequences of real numbers is statistically
convergent to & if for every £ > 0, d({n eN: |xn — §| > 8}) =0
Pringsheim[21] defined the convergence of double sequences in 1900 as follows :

X = (xnm) be a double sequences , for every & >0 there exists N € N such

X,, — §| < & whenever n,m > N. In this situation we write P —limx = ¢&.

n

that
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A double sequence x = (xnm ): oo can be defined as bounded if there exists a positive

< o0,

real number 7 such that |x

nm nm

<T forall n and m ,i.e. ||x||= sup|x
n,m=0

Let K < NxN and K(r,s) = {(n,m) :nsr,m<s } The double natural density
of K is defined by

d*(K)=P- 11m—|K r,s), if thelimit exists.[12]

r,s ]/'S
The idea of difference sequences was given Kizmaz [11] and were generalized by Et and
Colak [5].
Throught this work unless said otherwise by for all n,m e Nno we mean for all
n,me Nno except finite numbers of positive integers where
Nno = {no,no +Ln, +2,...} for some n, € N= {1, 2,3,...}
2 Main Result

Definition 1 Let ]7 € (0,1] be given. A double sequence of functions { W } is said to be

AN — (ﬂ,, ,u) statistically convergent of order » to the function f onaset D if for
every £ >0 and for every xeD

{(k el o | f, () -f()ze | =0

u
where [ /1 +1 u] J, [V —-u, +1, V] Then we can  write
S( —lim Ar f kl( ) ( ) on D. The function f is A —(ﬂ,, y) statistical
limit of order 7 of the sequence { kl} . The set of all A" —(ﬂ, y) statistically

lim

uv

convergent sequences of functions order 7 will be denoted by S (a, ﬂ)(Ar ,f ) Then we
57
(4, 1)

write shortly A f,,(x) = f(x).

A — (/1, ,u) statistical convergence of order ¥ is well defined for 7 € (0,1] , butis
not well defined for » > 1. { i } sequence of functions defined as follows
1 k+1=2n

fk,(x):{xkﬁ n:l,2,3...,xe[0,ﬂ

k+1+2n
For 7 >1, Saﬂ)—linlAfkl(x)=2 and S(Z’ﬂ)—linlAfkl(x)z—Z which is

impossible.
Theorem 2 Let { k,} and {g,d} are two double sequences of real valued functions

definedonaset D and J € (O,l].
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018 & 7(0) 5 () and ceR, then e £y () 3 of (2).

(i) It A f(x )S&”) f(x) and Ng, (x)S&—';) g(x). then
N1+ Ay ()5 (0)+ gl

Theorem 3 7,0(0,]]  are given such that 7 <SB  then

S(ZW)(Ar,f)g Sg’ﬂ)(Ar ,f) which is proper.

Proof. It's easy to show that inclusion is provided. To show that the inclusion is strict
define a double sequence { k,} by

1) { 1 kil=n’
W\X) =Y 22 2
1-¢—klc3ll3x2 k’l zn

Then Sf ) —lmAf, (x)=0fr Fe(l.1] . bu f(x)&S] (A f) for
7<04].

C0rollary4If{kl}ES ( rf) then{kl}eS ( rf)

Definition 5 Let 7 € (0, 1] . The sequence {A /i k,} isa (/1, /J) statistically Cauchy
sequence of order 7  provided that for every & >0 there are two numbers
N(= N(g)),M(= M(g)) such that

N £y ()= A fu,(x) <& aalk,l) (7) and for cach x € D

ie.

L lener,r, « [N fu(6) -4 f (x) = 2 |=o.

lim
Ay

foreach x € D.

Definition 6 Suppose that 77 S (0,1] and u is a positive real number. A double
sequence of functions {Ar fkl} is strongly (V7 A, ,u)q summable of order }7 (or

[Va A, ,u]q (Ar ,f )— summable) if there is a function f such that

“Hwﬂf p ZZArsz(x) f( X

u kel, leJ,
Thus it can be written [V ,ﬂ,ﬂ]q —limA' £, (x)= f(x) on D. The set of all

strongly (V7 A, ,u)q (Ar , f )— summable double sequences of functions of order 77 is

[V;,l,y]q

shown by [V7,/1,y]q( r,f) We can write shortly A" £, (x) - f(x)
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Teorem 7 Assume that ¢ is a positive real number and E € (0,1] such that 7 < E
. Then [V;,/L ,u] (Ar,f)g [Vﬁ,/l,,u] (Ar,f) is proper for some ¥ = (S,l‘) and
q q

}7:(u,v) such that 7<ﬁ, s,t,u,veR.

Proof. It's easy to show that inclusion is provided.. To show that the inclusion is strict
define a double sequence { k,} by

klx k= 2
sz(x):{HOklx A l¢:2 xe[1,21

the sequence {A k[} is strongly (VB A, ,u)q summable of order E, for ﬁ E(l 1],

29
the sequence {A kl} is not strongly (V7 A, ,u)q summable of order 7 , for
Ve (0,%] where A, =u, u, =v.

Corollary 8 Let 7, E € (0,1] and ¢ be apositive real number. Then

) it 7= B, then [P7, Aud] (A1) PP ) (&)
(if) [V7,ﬂ,,,u]q (Ar,f)g [V,ﬂ, ,u]q (Ar,f) foreach y € (0, 1] and O <u <oo.

Theorem 9 Let 7, ﬁ € (O,l] such that ¥ < ﬁ and u© be a positive real number. If a
double sequence of functions { kl} is in the [V7 Ay ,u] (Ar, f ) then { kl} is also in
q

the Séyﬂ)(Ar,f).

Corollary 10 Let 7 €(0,1] be given and and u be a positive real number. If
{ kl}e [Vy,/I,,u]q (Arsf) » then { kl}e S(Zyy)(A’,f) -

Theorem 11 Let A=(1,) . u=(u,) o=(c,)p=(p,) be four sequences in
A suhthat A, <o, , u,<p, forall u,veN, 0<7<B<1 and {f,}

be a double sequence of real valued functions defined on a set D.

(i) 1t

LA
lim mf& >0
UV—>0 O.uﬂpvﬁ’

then S@)(A’,f)g S(j:;,p)(Ar’f)’
(i) 1
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25 a
lim2 =1 im*e =1 and  lim e = 1,1im 2 =1
U—>00 G V—00 pv U—>00 Gu V—00 pvﬂ

u

then S&#)(Ar,f)g S(/?,,p)<Ar>f)
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