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1Department of Mathematics, İnönü University, 44280, Malatya, Turkey
2Department of Mathematics, Adıyaman University, 02040, Adıyaman, Turkey

Abstract. Triple sequence convergence has an extremly important position in
the basic theory of mathematics. The present manuscript contains four types
of convergence concept of convergence almost surely, convergence incredibil-
ity, trust convergence in mean and convergence in distribution and discuss the
relation ship among those and some mathematical properties of those new con-
vergence.

1 Introduction

Initially Phu [8–10] has presented the concept for the rough convergence in a finite di-
mensional normed spaces. He also illustrated the fact that this set LIMr

x is closed, bounded
and convex; at the same time presented the concept for the rough Cauchy sequence. He again
studied the connections among rough convergence and the other types of convergence and
also the dependence for LIMr

x on the roughness having degree of r.
Aytar [1] investigated rough statistical convergence and gave the definition for the set of

rough statistical limit points of a sequence and also got two important statistical convergence
criteria related to this set and show that it is convex and closed set. Furthermore, Aytar [2]
examined that this r-limit set of the sequence equals to intersection of those sets and also that
r-core of the sequence equals to the union of those sets. Dundar and Cakan [5] studied about
rough ideal convergence and defined the set of rough ideal limit points for a given sequence.

In the present manuscript, we present the concept of rough convergence and the set of
rough limit points of a triple sequence and get two rough convergence criteria related to this
set, also show that the set is closed and convex and investigated the relations among the set
of accumulation points and the set of rough limit points of a triple sequence.

A triple sequence (either complex or real) can also be described via a function defined as
x : N3 → R (C), in which the natural, real and complex numbers are denoted by N, R and
C , respectively. The various types of concepts for triple sequence has been presented and
examined initially by Datta et al. [3], Debnath et al. [4], Esi et al. [6, 7], Sahiner et al. [11]
and several others.

Consider (xmnk) is a triple sequence of rough variables. In this paper we discuss some
convergence notions of rough triple sequence: convergence almost surely (a.s.), convergence
in credibility, trust convergence in mean and also in distribution and some mathematical prop-
erties among them.
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2 Definitions and Preliminaries

Definition 2.1 It is said that a triple sequence x = (xmnk) is rough convergent (r-convergent)
to l, denoted as xmnk →r l, under the assumption that

∀ε > 0,∃ iε ∈ N : m, n, k ≥ iε =⇒ |xmnk − l| < r + ε, (2.1)

or equivalently, if
lim sup |xmnk − l| ≤ r. (2.2)

where r is known as the roughness of degree. When r = 0 is taken, the ordinary convergence
of a triple sequence is obtained.

Definition 2.2 Let a triple sequence of rough variables (xmnk) is said to be convergent al-
most surely to the rough variable l iff there is a set A ∈ A with Tr (A) = 1 such that
limuvw→∞ |xmnk (λ) − l (λ)| = 0 for every λ ∈ A. Under these conditions, we can write
xmnk →a.s. l.

Definition 2.3 Let us assume that r is a real number which is non-negative and (xmnk) be a
triple sequence of rough variables. We say that the triple sequence (xmnk) converges in trust
to the rough variable l if limmnk→∞ Tr {|xmnk − l| ≥ r + ε} = 0 for every ε > 0. Under these
conditions, we can also write (xmnk)→Trv

r l.

Definition 2.4 Let r be any real number which is non-negative and (xmnk) be a triple sequence
of rough variables having finite expected values, the triple sequence (xmnk) converges in mean
to the rough variable l if limmnk→∞ E [|xmnk − l|] = 0. Under these conditions, we can write
(xmnk)→E l.

Definition 2.5 Let us assume thatΦ,Φ1,Φ2, . . ., are the trust distributions of rough variables
l, l1, l2, . . ., respectively. If the triple sequence (Φmnk) converges weakly to Φ, then we say that
(xmnk)→Dis l.

3 Main Results

Theorem 3.1 Let us r be a real number which is non-negative and (xmnk) be a triple sequence
of rough variables, then (xmnk)→a.s. l⇐⇒ for every ε > 0, we have

lim
uvw→∞

Tr


⋃

(m,n,k)=(u,v,w)

{|xmnk − l| ≥ r + ε}

 = 0

Proof. For every (m, n, k) ≥ 1 and ε > 0, we describe

X =
{
λ ∈ Λ : lim

mnk→∞
xmnk (λ) � l (λ)

}
, X = {λ ∈ Λ : |xmnk (λ) − l (λ)| ≥ r + ε} .

It is clear that

X =
⋃
ε>0


∞⋂

(u,v,w)=1

∞⋃
(m,n,k)=(u,v,w)

Xmnk (r + ε)

 .

Note that xmnk →a.s.
r l, if and only if Tr (X) = 0, i.e.,

xmnk →a.s.
r l⇐⇒ Tr


∞⋂

(u,v,w)=1

∞⋃
(m,n,k)=(u,v,w)

Xmnk (r + ε)

 = 0
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lim
uvw→∞

Tr


⋃

(m,n,k)=(u,v,w)

{|xmnk − l| ≥ r + ε}

 = 0

Proof. For every (m, n, k) ≥ 1 and ε > 0, we describe

X =
{
λ ∈ Λ : lim

mnk→∞
xmnk (λ) � l (λ)

}
, X = {λ ∈ Λ : |xmnk (λ) − l (λ)| ≥ r + ε} .

It is clear that

X =
⋃
ε>0


∞⋂

(u,v,w)=1

∞⋃
(m,n,k)=(u,v,w)

Xmnk (r + ε)

 .

Note that xmnk →a.s.
r l, if and only if Tr (X) = 0, i.e.,

xmnk →a.s.
r l⇐⇒ Tr


∞⋂

(u,v,w)=1

∞⋃
(m,n,k)=(u,v,w)

Xmnk (r + ε)

 = 0

for every ε > 0. Since,

∞⋃
(m,n,k)=(u,v,w)

Xmnk (r + ε) ↓
∞⋂

(u,v,w)=1

∞⋃
(m,n,k)=(u,v,w)

Xmnk (r + ε)

it is followed from the continuity of trust measure that

lim
uvw→∞

Tr


∞⋃

(m,n,k)=(u,v,w)

Xmnk (r + ε)

 = Tr


∞⋂

(u,v,w)=1

∞⋃
(m,n,k)=(u,v,w)

Xmnk (r + ε)

 .

Theorem 3.2 Let us assume that r is a real number which is non-negative and (xmnk) be a
triple sequence of rough variables. If (xmnk)→a.s.

r l, then (xmnk)→Tr
r l.

Proof. It is followed from both the convergence a.s. and also Theorem 3.1 that

lim
uvw→∞

Tr


∞⋃

(m,n,k)=(u,v,w)

{|xmnk − l| ≥ r + ε}

 = 0

for each ε > 0. For every (u, v, w) ≥ 1, since we have

{|xuvw − l| ≥ r + ε} ⊂
∞⋃

(m,n,k)=(u,v,w)

{{|xmnk − l| ≥ r + ε}}

the theorem holds.

Theorem 3.3 Let us assume that r be a real number which is non-negative and (xmnk) be a
triple sequence of rough variables. If the triple sequence (xmnk)→mean

r l, then (xmnk)→Tr
r l.

Proof. For any given number ε > 0

Tr {|xmnk − l| ≥ r + ε} ≤ E [|xmnk − l|]
r + ε

→ 0 as m, n, k → ∞.

Thus (xmnk)→Tr
r l.

Thus trust distribution Φ : R3 → [0, 1] of a rough variable l is described as

Φ (x) = Tr {λ ∈ Λ : l (λ) ≤ x} for all x ∈ R3

i.e., Φ (x) is the trust having the rough variable l ≤ x.

Theorem 3.4 Suppose that rough variables are l, l1, l2, . . .,. When triple sequence (xmnk)→Tr
r

l, then (xmnk)→Dist
r l.

Proof. Let us assume x is a prescribed continuity point in the distribution Φ. Again, On the
other side, when y > x, we have

{xmnk ≤ x} = {xmnk ≤ x, l < y}
⋃
{xmnk ≤ x, l > y} ⊂ {l < y}

⋃
{|xmnk − l| ≥ y − x}

=⇒ Φmnk (x) ≤ Φ (y) + Tr {|xmnk − l| ≥ y − x} .
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Since (xmnk)→Tr
r l, we have

Tr {|xmnk − l| ≥ y − x} → 0.

Therefore we have
lim

m,n,k→∞
supΦmnk (x) ≤ Φ (y) for every y > x.

If we let y→ x, then we have

lim
m,n,k→∞

supΦmnk (x) ≤ Φ (x) . (3.1)

Similarly, on the way around, when z < x is taken, we obtain

{l ≤ z} = {l ≤ z, xmnk ≤ x}
⋃
{l ≤ z, xmnk > x}

⊂ {xmnk ≤ x}
⋃
{|xmnk − l| ≥ x − z}

=⇒ Φ (z) ≤ Φmnk (x) + Tr {|xmnk − l| ≥ x − z} .
Since Tr {|xmnk − l| ≥ x − z} → 0, we get Φ (z) ≤ limmnk→∞ infΦmnk (x) for the condition
z < x. If we let z→ x, then we have

Φ (x) ≤ lim
mnk→∞

infΦmnk (x) . (3.2)

This is followed directly from Eqs. (3.1)-(3.2) we get Φmnk (x)→ Φ (x).
Conclusion: This paper contributed to the research area of rough variable triple sequence

were defined and then some mathematical properties of those new convergence are discussed.

References

[1] Aytar S., Rough statistical convergence, Numer. Funct. Anal. Optim. 29(3-4), 291-303
(2008).

[2] Aytar S., The rough limit set and the core of a real sequence, Numer. Funct. Anal. Optim.
29(3-4), 283-290 (2008).

[3] Datta, A. J.; Esi, A. and Tripathy, B. C., Statistically convergent triple sequence spaces
defined by Orlicz function, J. Math. Anal. 4(2), 16-22 (2013).

[4] Debnath S., Sarma, B. and Das, B. C., Some generalized triple sequence spaces of real
numbers, J. Nonlinear Anal. Optim. 6(1), 71–79 (2015).

[5] Dundar, E.; Cakan, C., Rough I-convergence, Demonstr. Math.47(3), 638-651 (2014).
[6] Esi, A., On some triple almost lacunary sequence spaces defined by Orlicz functions,

Research and Reviews: Discrete Mathematical Structures 1(2), 16-25 (2014).
[7] Esi, A. and Catalbas M. N., Almost convergence of triple sequences, Global Journal of

Mathematical Analysis 2(1), 6–10 (2014).
[8] Phu, H. X., Rough convergence in normed linear spaces, Numer. Funct. Anal. Optim.

22(1-2), 199-222 (2001).
[9] Phu H. X., Rough continuity of linear operators, Numer. Funct. Anal. Optim. 23(1-2),

139–146 (2002).
[10] Phu H. X., Rough convergence in infinite dimensional normed spaces, Numer. Funct.

Anal. Optimiz. 24(3-4), 285–301 (2003).
[11] Sahiner, A.; Gurdal, M. and Duden F. K., Triple sequences and their statistical conver-

gence, Selcuk J. Appl. Math. 8(2), 49-55 (2007).

4

ITM Web of Conferences 22, 01059 (2018) https://doi.org/10.1051/itmconf/20182201059
CMES-2018


