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Bernstein operator of rough J-core of triple sequences
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Abstract. We introduce and study some basic properties of Bernstein-Stancu
polynomials of rough J-convergent of triple sequence spaces and also study the
set of all Bernstein-Stancu polynomials of rough J-limits of a triple sequence
spaces and relation between analytic ness and Bernstein-Stancu polynomials of
rough J-core of a triple sequence spaces.

1 Introduction

The notion of rough convergence has firstly been presented by Phu [10-12] in finite di-
mensional normed spaces. The author also illustrated that this set LIM?, is closed, convex and
bounded; and he at the same time proposed the concept about the rough Cauchy sequence.
The author again examined the connections among rough convergence and the other types of
convergence and the dependence for LIM?, on the roughness having degree of r. Aytar [1]
investigated rough statistical convergence and described rough statistical limit points set for a
given sequence and had two important criteria about statistical convergence related to the set
and proved the fact that the set is convex and closed. Meanwhile, Aytar [2] investigated that
the r-limit set of the sequence equals to the intersection of those sets and that r-core of the
sequence equals to the union of those sets. Dundar and Cakan [9] investigated rough ideal
convergence and defined the set of rough ideal limit points of a sequence. The concept of
J-convergence of a triple sequence spaces depended on the very structure for the ideal J of
the subsets of N, where N denotes the natural numbers, is an expected result of the concept
of convergence and statistical convergence.

In the present manuscript, we investigate several fundamental characteristics for rough
J-convergence of a triple sequence spaces in three dimensional matrix spaces. We analyze
the set of all rough J-limits consisting of a triple sequence spaces and at the same time the
connection among analytic ness and rough J-core of a triple sequence spaces.

Let us assume that K is a subset consisting of the set consisting of positive integer num-

bers N? and let us assume this set Ky = {(m,n, k) € K :m <i,n < jk <£}). Under these
Kij|
ij} ’

assumptions, the natural density for K can be denoted by ¢ (K) = lim; ;0 |
stands for the number of elements in K;je.

First applied the notion of (p, g)-calculus in approximation theory and put forward the
(p, @)-analogue of Bernstein operators. Later, depending on (p, g)-integers, several ap-
proximation results for Bernstein-Stancu, Bernstein-Kantorovich, (p,q)-Lorentz, Bernstein-
Schurer, Bleimann, Butzer and Hahn operators etc.

where |Ki j[|
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In recent years, Khalid et al. have presented a very nice application using computer-aided
geometric design and also applied those Bernstein basis to construct (p, g)-Bezier curves and
surfaces depending upon (p, g)-integers, being a step other generalization of g-Bezier surfaces
and curves.

Motivated by the above mentioned work on (p,g)-approximation and its appli-
cation, in this paper we study statistical approximation properties of Bernstein-
Stancu Operators depending on (p, g)-integers. Now we are going to re-
member several fundamental descriptions related to (p,q)-integers. For any
u,v,w € N, the (p, g)-integer [uvw], , is described as

uvw uow

P ifu,o,w> 1,

—4q
[0],4 := 0 and [uvw],, =
Pq X P—q

in which 0 < g < p < 1. The (p, g)-factorial is described as
[0]pq! := 1 and [wow]!, 4 = [11p4[2]pq - - - [w0w]pq if u,0,w > 1.

We can describe the (p, g)-binomial coefficient as

EYOE),, = G s s oy Wl
pg Ml glu—mll,, [nllpglv—nllpy k]! lw—kllpy

v

for all u,v, w,m,n, k € N with (u, v, w) > (m, n, k).
The equality about (p, g)-binomial expansion can be given as

u U w
(u—m)(u—m—1)+(—n)(v—n—1)+(w—k)(w—k—1) m(m—1)+n(n—1)+k(k—1)
(ax+by),, = § § § p z q E :

m=0 n=0 k=0

( u ) (,%) (]"c’) OB ek ) o) k) ek
P

(x+y)uuw = (x+y) (px+qy) (p2x+qu)“.(p(u—1)+(v—1)+(w—l)x+q(u—l)+(v—l)+(w—l)y),

(10" = (1= %) (p - gx) (pz _ qu)__.(p(u—1)+(u—1)+(w—1) - q(u—1)+(u—1)+(w—1)x)’ and

(x)mﬂk = x(px) (p x) (p(u—1)+(v—1)+(w—1)x) _ p%—wk—n
The Bernstein operator of order (7, s, t) is presented as follows
t
=3 3 37 () () 0) £ o 0 < imree
m=0 n=0 k=0 "

in which f is a continuous (either complex or real valued) function on [0, 1].
We can define (p, g)-Bernstein operators as

mim=1)+n(n=1)+k(k-1)
e _m+n+k
E E E 2 .
"éfl?q(f x) r(r 1)“(3 D+i(—1) ( ) X"

m=0 n=0 k=0
(r—m—l) (s—n—1) (t—k-1)
-0 [| o= -q» ][] ¢ -q°x (1.1)
u;=0 uy=0 u3=0

S (p (r=m) [mlpq + pe (n]pq pY [k]p.q
[r]p,q + [S]p,q + [t]P>q

],xE[O,l]
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Also, we have

r N 1
(r=m)(r=m=D+(s=)(s=n=D)+(=R)1=k=1)  mm=D+n(i=D+kk=1) 7 ¥\ 75\ [ F
(10 = D3 P ot pF S RS () ) )
m=0 n=0 k=0
1 LS ¢ ? (m=1)+n(n=1)+k(k-1
r Ky m(m—1)+n(n—1)+k(k—1)
_ s m+n+k
N rst,p,q (f’ .X) - rr=D+s(s—D+i(t=1) Z (m) (I’l) (k) p 2 X
p 2 m=0 n=0 k=0
(r—-m—1) (s—n—1) (t—k-1)
u u u u u U
[Te" -a"0] [w"-g"n] " -q°- (1.2)
u;=0 =0 uz=0

P (p“'") [mlpq + PO []pg P'™ [K]pg + 1
[Pl + []pg + [ + 1

],xe[O,l]

Note that for n = u = 0, (p, g)-Bernstein-Stancu operators in Eq. (1.2) reduces into (p, g)-
Bernstein operators. Also for p = 1, (p, g)-Bernstein-Stancu operators in Eq. (1.1) result in
g-Bernstein-Stancu operators.

A triple sequence (either complex or real) may be described as a function
x : N? — R(C), in which the complex, real and natural numbers are denoted by C, R
and N, respectively. The various types of concepts for triple sequence has been first proposed
and examined initially by Datta et al. [7], Debnath et al. [8], Esi et al. [3—-6], Sahiner et al.
[13, 14], Subramanian et al. [15] and several others.

It is said that a triple sequence x = (X,,,x) is triple analytic when

1
sup | X k| o < o0,
m,n,k

A? usually denotes all triple analytic sequences space.

2 Definitions and Preliminaries

For the rest of the manuscript R? symbolizes the real three dimensional case having the
metric. Take into consideration a triple sequence x = (X,,,x) such that x,,,x € R m,n, k € N,
The following definition are obtained:

Definition 2.1 Assume that f is a continuous function on [0,1]. A triple sequence of
Bernstein-Stancu polynomials (S rst.pg (> x)) is statistically convergent to (f, x) and denoted

by S rstpq (f, X) —yst—lim x (f, x),when for every € > 0, d(A(€)) = 0 is obtained, in which
A€) = {mn, k) €N 2 [S 1y g (f, ) = (£, )] 2 €]

Definition 2.2 Assume that f is any given continuous function on [0,1]. It is said
that a triple sequence of Bernstein-Stancu polynomials (S rst.pg (s x)) is statistically
convergent to (f,x) denoted by S,sp4(f,%) —st=limx (¢ Y providing that the set
{(m, nk)e N3 : lSm»P,q f, x) = (f, x)| > E}, with natural density zero for each € > 0. Un-
der this condition, (f, x) is known as the statistical limit for the sequence of Bernstein-Stancu
polynomials.

Definition 2.3 Assume that f is a given continuous function given on [0, 1]. It is said that a
triple sequence of Bernstein-Stancu polynomials (S rst.pg (s x)) in a metric space (X, |., .|) and
r > 0 be a real number is r-convergent to (f, x), denoted by S, p 4 (f, x) =" (f, %), if for any
€ > 0 there exists N, € N° such that for all m,n, k > N, we have |S rst,pg (> X) = (f, x)| <r+e.
In this case S 15 .4 (f, X) is called an r-limit of (f, x).
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Remark 2.1 We  consider  r-limit  set S,.u,,(f,x) which is denoted by
LIM'S 1y (f, ) and is denoted as LIM'S 1y (f, X) = {f : S ratpg (f, %) = (f,0)}.

Definition 2.4 It is assumed that f is a prescribed continuous function defined on [0, 1]. It
is said that a triple sequence of Bernstein-Stancu polynomials (S rst.pg (s x)) is r-convergent
If LIM'S 11 pq (f, %) # ¢ and 1 is known as a rough convergence degree of S vs p 4 (f,%). If
r = 0 then it is ordinary convergence of triple sequence of Bernstein-Stancu polynomials.

Definition 2.5 Assume that f is a continuous function prescribed on [0, 1]. It is said that A
triple sequence of Bernstein polynomials (B (f, x)) in a metric space (X,|.,.|) and r > 0 is
a real number is r-statistically convergent to (f, x), symbolized by B (f,x) =5 (f, x),
when for any € > 0 we obtain d (A (€)) = 0, in which

A(e) ={(m,n, k) € N ¢ By (f, ) = (£, )| 2 7+ €]

When this happens, (f, x) is known as r-statistical limit of By (f,x). If r = 0 then it is
ordinary statistical convergent of triple sequence of Bernstein polynomials.

Definition 2.6 Iz is said that a class J of subsets consisting of a nonempty set X is an ideal in
X providing that (i) $ € J, (ii) A,Be€J = A\JBeJ, (iii)Ac€J, BCA= Bel Jisknown
as a non-trivial ideal if X ¢ J.

Definition 2.7 Assume that f is a continuous function on [0, 1]. It is said that a triple se-
quence of Bernstein polynomials (B (f, x)) in a metric space (X, |.,.|) and r > 0 be a real
number is rough ideal convergent or r3-convergent to (f, x), denoted by B (f, x) =™ (f, x),
if for any € > 0 we have {(m,n,k) € N> 1 |Bu (f, X) = (f, )| > r + e} € J. In this case
Bk (f, x)) is called rJ-convergent to (f, x) and a triple sequence of Bernstein polynomi-
als (B (f, x)) is called rough J-convergent to (f, x) with r as roughness of degree. If r = 0
then it is ordinary J-convergent.

Note 2.1 Generally, it is assumed that f is a continuous function on [0,1].
A triple sequence of Bernstein polynomials (B (g,x)) is not J-convergent
in usual sense and |Buu(f,X)— Buu(g,x)| < r for all (mynk) € N3 or
{(m, n,k) € N3 ¢ Bk (f, X) = B (g, X)| > r} € J for some r > 0. Then the triple
sequence of Bernstein polynomials (B (f, X)) is rd-convergent.

Note 2.2 [t is clear that rJ-limit of a sequence By, (f,x) of Bernstein polynomial is not
necessarily unique.

Definition 2.8 Let us consider rJ-limit set of f (x), symbolized by J — LIM" B, (f, x) =
{f : Bk (f, x) —J (f, x)}, then the triple sequence of Bernstein polynomials (B (f, X)) is
said to be rJ-convergent if ] — LIM" B,,;. (f, x) # ¢ and r is known as a rough J-convergence
having degree of B (f, X).

Definition 2.9 Assume that f is a continuous function on [0, 1]. It is said that a triple se-
quence of Bernstein polynomials (B.i (f, x)) is J-analytic if there exists a real number M > 0
satisfying

{Omn, k) € N7 ¢ By (f, 01K > M) € 3.

Definition 2.10 [t is said that a point L € X is an J-accumulation point and suppose that f is
a continuous function on [0, 1]. A Bernstein polynomials (B, (f, X)) is a metric space (X, d)
iff for each € > 0 the set

{0,k € N d (B (f,%), f (X)) = 1By (, %) = f (0)] < €] ¢ .

4
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The set consisting of all J-accumulation points of (B (f, X)) is symbolized by
I T (Bunk (f, %)))-

Definition 2.11 Suppose that f is a continuous function on [0, 1]. It is said that a triple se-
quence of Bernstein polynomials (B (f, x)) is rough J-convergent if I—- LIM" By (f, x) # ¢.
It is obvious that if J — LIM" B, (f, x) # ¢ for a triple sequence of Bernstein polynomi-
als (B (f, X)) of real numbers, under these conditions we conclude J — LIM" B, (f,x) =
[T-1im sup B (f,x) — r,d=liminf B, (f, x)+7].

Definition 2.12 Assume that f is a continuous function on [0,1]. It is said that a triple
sequence of Bernstein polynomials (B (f, X)) is rough J — core B; (f, x) is defined to the
closed interval [+o00, —c0].

3 Main Results

Theorem 3.1 Assume that f is a continuous function on [0, 1]. When a triple sequence of
Bernstein polynomials (B (f, X)) of real numbers and I C 2N be an admissible ideal, then
we conclude that diam (J — LIM" B, (f, x)) < 2r. Generally, diam (J — LIM" B, (f, X)) has
an upper bound.

Proof. Assume that diam (LIM" B, (f, x)). Then,

3ank (177 x) ’ ank (f], x) € LIMernk (f, x) EN |ank (P7 )C) - ank (61, x)| > 2r.

Take € € (0, —'B””’k(p’x);B’"”k(q’x)l —r). Because By (P, X), Bk (q, X) € I — LIM" By (f, ), We
have A; (¢) € J and A, (¢) € J for every € > 0, where

A1 (6) = |G, j, k) €N < By (f, %) = Bk (p, )] = 1 + €} and

A2 (€) = {(i, j, k) € N7 - Byyuic (f, %) = Bk (q, 0| > 7+ €}
Using the properties F (J), we get (A1 (6)° (A2 (€)°) € F (J). Thus we write,

|ank (p9 )C) - ank (Qs )C)| < |ank (f9 )C) - ank (pa )C)| + |ank (f’ )C) - ank (Q9 )C)l
<(r+e)+(r+e)<2(r+e), forall (m,n, k)€ A;(e)° ﬂAz(e)"

and this is an clear contradiction. Hence diam (LIM" B, (f, x)) < 2r.

Now, consider a triple sequence of Bernstein polynomials of (B« (f, x)) of real numbers
so that J — limy,ux—co Bk (f, X) = f (X).

Let € > 0. So, it can be written that {(m,n, k) € N3 ¢ | B (f,x)=(f,x)] = e} € J. Conse-
quently, we got

|ank (f’ )C) - ank (P, .X)| < |ank (f’ x) - (fs x)| + |(f’ .X) - ank (P» x)l
< |Bunk (f, X) = (f, 0 +r <r+e

for each B,(p,x) € B.((f.x)) = {B,,,,,k(p,x)eR3 Bk (p,x)— (f,x) sr}. Then, we get
|Byunic (f ) = By (p, X)| < r+€for each (m,n, k) € {(m,n,k) € N> : |Byk (f, X) = (f, X)| < €}.
Because the triple sequence of Bernstein polynomials of B, (f, x) is J-convergent to f (x),
we have

{On,n, k) € N° : |Bpui (f, ) = (f,0)| < €} € F(3).
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Therefore, we get p € J — LIM" B, (f, x). Consequently, we can write
J — LIM" By (f, ) = B, ((f, %)) . (3.1

Since diam (Br ((f, x))) = 2r, this can be usually shown that the upper bound 2r of the diam-
eter of the set J — LIM"B,,,;x (f, x) is not lower bound. m

Theorem 3.2 Assume that f is a continuous function prescribed on [0, 1]. Assume that a
triple sequence of Bernstein polynomials (B (f, x)) of real numbers, 3 ¢ 3Y is an admis-
sible ideal. For a given arbitrary (f,c) € J(['y), we have |Bi (f, x) — (f,c)| < r for every
ank (f’ X) €J- LIMernk (f’ X).

Proof. If we suppose, on the contrariwise, that there is a point (f, ¢) € I (I'y) and B, (f, x) €
J — LIM" By (f, %) 50 that [By (f, X) = (f, )| > r. Define € ;= Lol OV mhen

{Om,n, ) €N 2Byt (f, %) = (f, )l < €] {0m, m, ) €N Byi (f, ) = (F, 0|27 + €} (3.2)

Since (f,¢) ¢ € J(T'y), we have {(m, n, k) € N3 : By (f, %) = (f,0)| < €} ¢ J. But from defini-
tion of J-convergence, since {(m,n,k) € N° : |B,u (f, x) — f(x)| = 7 + €} € J, so by (3.2) we
have {(m, n, k) € N3 By (f,x)—(f,0l < e} € J, which contradicts the fact (f,c) € J(T,).
On the way around, if (f,c) € I(Ty) i.e., {(m,n,k) € N3 : | B (f, X) = (f,¢)| < €} ¢ J, then
{(m,n, k) € N & | B ( f,x)— (f.x)| = r + €}¢7, which is an obvious contradiction to the fact
(f,x) €I = LIM"B (f, x). m

Theorem 3.3 Assume that f is a continuous function on [0, 1]. A triple sequence of Bernstein
polynomials

Byt (f, X)) =7 (f,X) © I = LIM" By, (f, %) = B, ((f, %)).

Proof. Necessity: By Theorem 3.1.

Sufficiency: Let J — LIM" B, (f,x) = B, ((f,x))(# ¢). Therefore the triple sequence
spaces of Bernstein polynomials of (B, (f, x)) is J-analytic. Let us suppose that (f, x) has
got another J-cluster point (f', x) which is differing from (f, x). The point

(Fox) = (o) + g (o0 = (1 0)
(fx)-(f.0 =0 - (f.x)
g [0 0= 0= )]
(7.5) = 0| = [0 = (0| + g [0 = ()
(7o) - 0| = [0 = (| 7>
Since (f',x) € J(Iy), by Theorem 3.2, (f,x) ¢ J = LIM" By (f,x). It is not possible as

’( Fx) = (f. x)‘ = rand J — LIM By (f,x) = B,((f,x)). Because (f,x) is the unique J-
cluster point of (f, x). Hence = B, (f, x) =7 f(x). m
Corollary 3.1 If (X,|.,.]) is a strictly convex spaces and let us assume that f is a continuous

function defined on [0, 1]. A triple sequence of Bernstein polynomials (B, (f,x)) € X, there
exists y1,y> €I~ LIM'B,u(f,x) s0 that lyy — ya| = 2r, then this triple sequence (f, x) — 132,
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Theorem 3.4 IfJ — LIM" # ¢, then J — lim sup By, (f,x) and J — liminf B, (f,x) belong to
the set 3 — LIM* Bpi(f.%).

Proof. We know that J — LIM"B,x (f, x) # ¢, a triple sequence of Bernstein polynomials
of (B (f, x)) is J-analytic. The number J—liminf B,,x(f,x) is an J-cluster point of (f, x)
and consequently, we have |(f, x) —J — liminf B, (f,x)| < r VY (f,x) € I - LIM" (f, x). Let
A = {0m,n,k) € N* 2 |(f,%) = By (f, )| 2 7 + €. Now if (m, n,k) ¢ A, then

1Bk (%) = (T = limind By (f 2N < | Biunic (f ) = (f 201 +|(f ) — (O = liminf By (f,0))] <21 + €.

Thus J — liminf By (f,x) € I — LIM¥ B, (f,x). Likewise, it can be seen that J —
limsup Xy € I — LIM* X, ®

Corollary 3.2 Assume that f is a continuous function given on the prescribed interval [0, 1].
A triple sequence of Bernstein polynomials (B, (f,x)) of real numbers, if J-LIM'B,,;(f,x) #
¢, then I—core {f (x)} CI—LIM?*B i (f.x).

Proof.We now have J— LIM'B,,,,(f,x)=[J-limsup By (f,x) —2r,J—liminf B, (f,x+2r]. Then
the result is followed from Theorem 3.4. m

Theorem 3.5 Assume that f is a continuous function defined on [0,1]. A triple se-
quence of Bernstein polynomials (B, (f, x)) of real numbers. Under these conditions, the
diam (J — core { B, (f, X)}) of the set

J = core{Buu (f,x)} =r <= J—core{f (x)} =T — LIM" B, (f,x).
Proof. diam (J — core B, (f, x)}) = r < (I = limsup B, (f, x))—(J — liminf x,,,,;) = r

— J—core{xpn} = [I = liminf X, I — lim sup B (f, x)]
= [J = limsup By (f, x) — 1, I — iminf B (f, x) + 1] = I — LIM" By (f, ) .

And it can easily be seen that
(1) r > diam (J — core { B (f, x)}) & I — core { By (f, x)} € I — LIM" Byi (f, X),

(ii) r < diam (J — core {Byu (f, x)}) & I — LIM" B, (f, x) C J — core {Bx (f,x)}. ®
Theorem 3.6 Assume that f is a continuous function defined on [0,1]. A
triple sequence of Bernstein polynomials (B (f,x)) of real numbers, if ¥ =
inf{r>0:7J— LIM B,,,x (f,x) # ¢}, then ¥ = radius (J — core { B, (f, X)}).

Proof. When the given set J — core{B,.(f,x)} 1is singleton, then
radius (J — core {B, (f,x)})) = 0 and the triple sequence of Bernstein poly-
nomials is J-convergent, i.e., J — LIMOB,, ( Lx) # . Therefore we obtain

7 = radius (J — core { B, (f, x)}) = 0.

Let us take the assumption that the set J — core {Bx (f,x)} is now not a single-
ton. It can now be written as J — core{B,. (f,x)} = [a,b] in which a = J -
liminf B, (f,x) and b = J — limsup B, (f,x). Again, let us suppose that *

T~

h—a

radius (J — core { By (f, x)}). When 7 < radius (J — core {x,u}), we can define € = —2—.
Now, be definition of 7 implies that I — LIM™ B, (f,x) # ¢, givene > 0]/ e R : A =
{(m,n, k) e N |Bpi (f, ) — f ()| = (F+ & +¢€}ed. Sincer+€< }% which is a contradic-
tion of the definition of a and b. o
When 7 > radius (J — core { B, (f, x)}), then we can define € = z 37 and ¥ = 7 —
b—a

2e. It is obvious that 0 < r < 7 and by definitions of a and b, the number =€ J -

LIM" Bk (f, x). Under these conditions, we have ¥ € {r >0 :J — LIM" B, (f, x) # ¢},
which is a contradiction to the equality 7 = inf {r > 0 : I — LIM" B, (f,X) £ ¢} asr <r. m

X
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Corollary 3.3 Assume that f is a continuous function defined on [0, 1]. A triple sequence
of Bernstein polynomials (B (f, X)) of real numbers, then J — core (B (f,x)} = J —
LIMNank (f: .X).

Example 3.1 Using the symbolic programming software Matlab, we have shown the compar-
isons and some easy-to-understand graphics for the convergence of operators given by (1.2)
to the function f(x) = 1 + x° sin(14x) for various parameters. Looking at figure 1(a), it can
be seen that as the q and p approaches towards 1 provided 0 < g < p < 1, (p, q)-Bernstein-
Stancu operators presented by (1.2) converges towards the function f(x) = 1 + x3sin(14x).
From figure 1(a) and (b), it can be observed that for n = u = 0, as the value the (r, s,t)
increases, (p, q)-Bernstein-Stancu operators (1.2) converges towards the function. Similarly
from figure 2(a), it can be noticed that for n = u = 5, as the value the q and p approaches
towards 1 or some thing else provided 0< g < p <1, (p,q)-Bernstein-Stancu operators by (1.2)
converges towards the function. From figure 2(a) and (b), it is seen that when the value the
[r,s,t] increases, (p, q)-Bernstein-Stancu operators which are presented by f(x) = 1+x3sin(14x)
converges towards the function.

Forq=0.1,p=0.3 Forq=0.1,p=0.3

18 For g=0.5, p=0.65 18 For 4=05, p=0.65
For g=0.95, p=0.99
function

For q=0.95, p=0.99
function

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
x (for r=3, s=3, t=3, =0, ;=0) x (for r=15, s=15, t=15, =0, 1=0)

(@ (b)

Figure 1: (p, g)-Bernstein-Stancu operators

0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1
X (for r=3, =3, =3, 1/=5, i=5) X (for r=15, =15, t=15, =5, =5)

(@) (b)
Figure 2: (p, g)-Bernstein-Stancu operators
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