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Abstract. In this paper, we present the simplified version of the ex-
tended sinh-Gordon equation expansion method. The newly proposed
approach is based on the well-known sinh-Gordon equation and a trav-
elling wave transformation. We successfully employed this approach to
the (2+1)-dimensional nonlinear Chiral Schrodinger’s and various soli-
tary wave solutions to the studied nonlinear model are successfully con-
structed. The (2+1)-dimensional nonlinear Chiral Schrodinger’s equa-
tion describes the edge states of the fractional quantum hall effect. The
2D and 3D surfaces of some of the obtained solutions are plotted.

1 Introduction

Nounlinear evolution equations (NEEs) and their solutions play a vita role in the field
of nonlinear science. These equations describe various nonlinear physical aspects that
arise in the field of nonlinear science such as fluid mechanics, plasma physics, optic
fibers, solid state physics etc. Various studies have been conducted on such type of
equations by different scientists from all over the world [1-9].

However, in this study, the extended sinh-Gordon equation expansion method
(ShGEEM) is simplified, in the sense that all the ansatzs use for obtaining the val-
ues of the parameters involved are derived from one equation (6 = (/o cosh(d)),
which leads to using single system of algebra equations from where the values of the
parameters involved can be obtained. To test the simplicity and efficiency of the pro-
posed approach, we apply it in investigating the (2+1)-dimensional Chiral nonlinear
Schrédinger equation [10].

The (241)-dimensional Chiral nonlinear Schrédinger equation is given by [10]

iqt + ez + Qyy) + i<bl(qq§2 —q"qz) + ba(qq; — q*qy))q =0, (1)

where ¢ is the complex function of x and ¢, a is the coefficient of the dispersion terms
and b1, by are nonlinear coupling constants.

The (241)-dimensional Chiral nonlinear Schrédinger equation describes the edge
states of the fractional quantum hall effect [10].
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2 The simplified extended ShGEEM

In this section, we present the general facts of the proposed scheme.

To search for the new travelling wave solutions to a given NEE by using the
proposed scheme, the following analysis is carried out:

Consider the following equation:

F(q, 49zs @, quts ---) =0, (2)

where ¢ is a function of the independent variable x, ¢ and the subscripts indicate the
derivative of ¢ with respect to the independent variables and F' is the polynomial of
the function gq.

Consider the following sinh-Gordon equation [11]:

qzt = )\Sinh(Q)v (3)
where ¢ is the unknown function of z,t and A € R\ {0}.

Using the following wave transformation

g=V(), E=x+0 (4)
on Eq. (3), we get the following nonlinear ordinary differential equation (NODE);

"

A
U = Esmh(\ll), (5)

where U = ¥(¢), ¢ is the amplitude and ¥ the velocity of the travelling wave respec-
tively. Integrating Eq. (5), yields

Uy\12 0 20 Y Ad
)= L) 2 6
G) | =T (3)+ T ®
where ¢ is the integration constant, resulting from integrating Eq. (5).

Setting § = % and o = % = %‘s, yields

0" = /o cosh(f). (7)

Eq. (7) is a variables separable equation, simplifying it, yields the following significant
solutions:

cosh(0) = tcm(ﬁ(é + d)) or cosh(f) = cot(ﬁ(g + d)), (8)
sinh(0) = sec(ﬁ(f + d)) or sinh(f) = csc(ﬁ({ + d)), 9)
where d is the integration constant, resulting from integrating Eq. (7).
When o = —1 and d = 0, Eq. (8) and (9) become

cosh(0) = —i tanh(§) or cosh(0) =i coth(§) (10)
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and
sinh(0) = sech(§)) or sinh(0) =i csch(€) (11)

respectively, where i = v/—1.

To find the new solutions to Eq. (2), we consider the following equation:

U(0) = cosh*1(0)[Bysinh(6) + Axcosh(6)] + Ao, (12)
k=1
and the set of series solutions

V() = itan’“l <\/E(§+d)> [Bksec<\/5(§+d)) :l:Aktcm<\/E(£+d))} + Ay, (13)
k=1

V(¢ = i cott~1 (\/E(f + d)) [Bkcsc(ﬁ(f + d)) + Akcot(ﬁ(ﬁ + d))] + Ao, (14)
k=1

V() =Y tanh*1(€) [Bksech(g) +i Aktanh(g)] + Ay, (15)
k=1

V(€)= Z coth*=1(¢) [z Bycsch(€) +1 Akcoth(f)} + Ap. (16)
k=1

The value of m is determined by balancing the highest power nonlinear term
and the highest derivative in the reduced NODE. Setting each summation of the
coefficients of 6'*sinh’(0)coshi(6), (s =0, 1, 0 < k < m, 0 < j < m) with the same
power to zero, produces a set of algebraic equations. Solving this set of algebraic
equations with the aid of the Wolfram Mathematical package, yields the values of the
coefficients involved. Inserting the obtained values of coefficients into one of Eq. (13),
(14), (15) or (16) along with m, gives the new travelling wave solutions to Eq. (2).

3 Application

In this section, we present the application of the simplified extended ShGEEM to the
(241)-dimensional Chiral nonlinear Schrédinger equation [10] given in Eq. (1).

Consider the following complex wave transformation:

g=U()e, E=ar+ By —0t, Q=rz +sy+wt+ ¢ (17)
into Eq. (1), we get the relation

¥ = 2a(ar + Bs) (18)
from the imaginary part and
a(0® 4 B2)U" + 2(rby 4 sbo) VP — (a(r? + ) + w)¥ = 0 (19)

from the real part.
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Balancing the terms ¥" and ¥ in Eq. (19), gives m = 1.

Thus, Eq. (12), (13), (14), (15) and (16) take the following forms

U(0) = Bysinh(0) + Aicosh(0) + Ao, (20)

U(E) = Blsec(ﬁ(g+d)) ﬁ:Altan(ﬁ(§+ d)) + Ay, (21)
U(E) = Blcsc(ﬁ(g + d)) + Alcot(ﬁ(ﬁ + d)) + Ao, (22)
U(E) = Brsech(€) +i Astanh(€) + Ao, (23)

W(E) = i Byesch(€) + i Aycoth(€) + Ao. (24)

Substituting Eq. (20) and its second derivative into Eq. (19), we get an
equation in hyperbolic functions. After making some hyperbolic function identities
substitutions, we collect a group of algebraic equations by equating each summation
of the coefficients of the hyperbolic functions with the same power to zero. To get
the solutions to Eq. (1), we insert the obtained values of the coefficients into one of
Eq. (21), (22), (23) and (24).

—ow(a?+B2)

Case-I: 40 =0, Ay = By = _\/2(—252—2r2+a'(o¢2+[32))(Tb1+5b2)7

a = 2w
T o(a?+pB2)—2s2—-2r2"

\/a3/20(o¢2+[32) <\/2(a(72s2+6(a2+ﬁ2))72w) b1+2sb2\/ﬁ>

Case-II: g =0, 4y = By = - 2¢/(a(—2s2+0(a2+52))—2w)b? —2as2b3 ’

_ V(=252 +0(a?+5%)) -2
T = V2a .

Utilizing these coefficients with Eq. (21), (22), (23) and (24)), we pursue the
following set of solutions:

Set-1: The singular periodic wave solutions

Substituting the coefficients in case-I into Eq. (21) and (22), we have

—O'(AJ(O[2 + 52)
2(—2s2 — 2r2 + o(a? 4 52))(rby + sba)

QI('r7y7t) = \/

dw(ar + Bs) t)}

x(:ttan[\/g(d—kax—kﬂy— o(a? + 32) — 252 — 22

4w(ar + BS) i(re+sytwt+ep)
e = =0l K
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( 0 —ow(a? + (?)
x,Y, = -
Ry V2(25% — 22 + o(a® 1 B%))(rbs 1 sba)
1 dw(ar + Bs i(rotsytw
Xcot [iﬁ(d + azx + Py — e ;2) - 252)— 53 t)}e (ra+sy+ t+<p), (26)
( 0 —ow(a? + ?)
x,Y, = -
sl y V20257 22 1 o(a® 1 5%)(rby + sba)
1 dw(ar + Bs (b sy
xtan bﬁ(d +azx + By — e 5(2) - 252)— o t)} eilratsytwite) (27)

where o > 0 for valid solution.

Substituting the coefficients in case-IT into Eq. (21) and (22), we have

\/a3/20 a? 4+ (?%) (\/2 —252 +o0(a?+ (?)) —2w) by + 2sb2\/6)
2¢/(a(—2s2 + (a2 + B2)) — 2w)b? — 2as2b3

x(itan[ﬁ(d—l—aa:—&—ﬁy—Za(ﬁs aya(o(a? + 57) _282)_2“))1?)}

qa(z,y,t) =

V2a

_sec[ﬁ<d+ax+ﬁy—2a(ﬁ av/a(o(a? +\/5227a—252)—2w)t)}>

2 2 2yy
z‘(sy— SR CL R 2wm+wt+¢)
e

\/a3/20 a? 4+ (%) (\/2 —252 +o0(a?+ (?)) — 2w) b1+2sb2\/6>
2¢/(a(—2s2 + (a2 + B2)) — 2w)b? — 2as2b3
av/a(o(a? + 52) — 2s2) — 2w
7 )]

. a(—2s2+0(a2+B2))—2w
X;(Sy_\/( +¢(x +582)) $+wt+¢)

a5 (z,y,t) = —

xcot{%ﬁ(d-ﬁ- ax + By — 2a(68

(20)

\/a3/20(a2 + ?) <\/2(a(—252 +o(a? + 52)) — 2w) by + 23b2\/a>
- 2¢/(a(—2s2 + (a2 + 2)) — 2w)b? — 2as2b3

xtan{%\/c;(d—k azx + By — 2a(55 a\/a (o? +\/l82ia —28%) - 2w)t)}

i(syf a(7232+‘\7/(f+52))72w m+wt+<p)
Xe

(30)

ij(l',y,t) -
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where o, 2a(a(o(a? + 82) — 2s%) — 2w) > 0 for valid solution.
Set-2: Combine dark-bright soliton solutions

Substituting the coefficients in case-I into Eq. (23), we have

w(a? + 5?)
V/2(282 +2r2 + a2 + 32)(rby + sbo)

4(ar + Bs) t}
282 4+ 2r2 + a2 + (32

Q7(1‘7 Y, t) =

X (z sech [ax + By +

4(0[7" + /BS) i(re+sytwt+
+tanh [aw + By + 57 192 o 1 2 t} eilre+sy 28 (31)

where 2w(a? + 32)(2s% + 2r2 + a? + 32)(rby + sby) > 0 for valid soliton.

Substituting the coefficients in case-IT into Eq. (23), we have

\/_as/z(az + 32) (\/—Qa(2s2 +a? 4 32) — 4w by + 2sb2\/5>
2¢/(a(2s2 + a2 + 82) + 2w)b? + 2as2b3
(252 + a2 + 2) — 2w)t]
V2a
252+ a? + §?2) 72w )

qS(‘r?y?t) =

X (z sech [aﬂc + By — Za(ﬂs ay/~a

+tanh [ax + By — 2a (63 — a\/ o T3a

. V—a(2s2a2+52)
1| sy— :c+wt+<p
xe ( V2

where a®/2(a?+ (%) < 0, (2a(25%4 a2+ %) +4w) < 0, 2a(a(2s*>+a?+ %) +2w) < 0,
(a(2s% + a2 + B2) + 2w)b? + 2as%b3 > 0 and a > 0 for valid soliton.

Set-3: The dark soliton solutions

Substituting the coefficients in case-I into Eq. (24), we have

(042 +62)
qo(,y,t) =
V/2(282 + 272 + a2 + B2)(rby + sba)
1 dw(ar + Bs) i(ra+sy+wt+
xtanh [5 (ao: + By + 952 1 22+ o 1 2 t)] et Y ¢)7 (33)

where 2w(a? + 32)(2s% + 2r2 + o + 32)(rby + sby) > 0 for valid soliton.

Substituting the coefficients in case-II into Eq. (24), we have
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\/—a3/2(a2 + 32) (\/—2a(232 +a?+62)—4dwb + 2sb2\/a)
2 /(a5 T aF 1 5) T 2% T Zavil
ay/—a(2s% + a? + B2) — 2w)t)}
V2a

1| sy—r—"——F———ztwtt+yp
xe ( V2e ,  (34)

qo(z,y,t) =

xtanh [% (ax + By — Qa(ﬁs —

where a®/2(a?+52) < 0, (2a(2s®+a?+ %) +4w) < 0, 2a(a(2s> +a?+ %) +2w) < 0,
(a(25* + a® + %) + 2w)b? + 2as%b3 > 0 and a > 0 for valid soliton.

Set-4: Singular soliton solutions

Substituting the coefficients in case-I into Eq. (24), we have

w(a? + 52)
QI1($7yat) = -
V/2(252 + 272 + a2 + B2)(rby + sba)
1 4(.4)(0&7“ + /65) i(re+sytwt+
x coth [5 (aa: + By + 557 1212 1 of 1 B2 t)}e (re+sy ¢) (35)

Substituting the coefficients in case-I into Eq. (24), we have

\/a3/2(a2 + 52) (\/—Za(252 +a?+52) —4dwb + 25b2\/a>
2¢/(a(2s2 + a2 + B2) + 2w)b? + 2as2b3

ot (aw + 5y — 2a(ps - Y UEEL L LTI S,

1| sy—r——F—————Fxtwtt+e
e

Q12(x7y7t) =

, (36)

where 2a(a(2s* + a® + %) + 2w) < 0 for valid soliton.

4 Results and Discussion

In this section, we discuss the previously presented analytical techniques which have
been developed by using the concept of the sinh-Gordon equation and tell the dif-
ferences with our newly presented simplified approach. Under the choice of suitable
values of the parameters, we also present the two- and three-dimensional plots to
some of the obtained solutions obtained in this study.

Yan [12] proposed a sinh-Gordon equation expansion method which obtains the
Jacobi elliptic function solutions to some nonlinear wave equations. In Yan [12], Eq.
(3) is transformed into nonlinear ordinary differential equation (Eq. (5)) by using Eq.
(4). When simplifying Eq. (5) by Yan [12], the constant of integration is considered
to be nonzero and the following Jacobi elliptic functions are obtained:
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sinh(6) = cs(&;m) and cosh(f) = ns(&;m). (37)
Tt is known that when m — 1, ¢s(&;m) — csch(§) and ns(&;m) — coth(€) and when
m — 0, cs(&;m) — cot(§) and ns(&;m) — csc(§). For details, see Yan [12].

Xian-Lin and Jia-Shi [13] extended sinh-Gordon equation expansion method
developed by Yan [12]. In the extended sinh-Gordon equation expansion method
trigonometric and hyperbolic functions solutions can directly be secured. When
simplifying Eq. (5), Xian-Lin and Jia-Shi [13] also considered the constant of
integration to be zero in the following way:

In Eq. (6), Xian-Lin and Jia-Shi [13] considered % = a and % = b so that
the following equation is secured:

0 = \/a sinh?(6) + b. (38)

Thus, Xian-Lin and Jia-Shi [13] solved Eq. (38) considering the following two cases:
Case-I: When a =1, b =0, Eq. (38) becomes

0" = sinh(6). (39)
Case-II: When b =1, a =1, Eq. (38) becomes

0" = cosh(h). (40)

Case-I is solved to give hyperbolic functions solutions and Case-II is solved to
give trigonometric functions solutions. This leads to having two individual poly-
nomial equations in the power of hyperbolic functions (6'¢sinh*(0)cosh?(6)), (s =
O,land k, j=0,1, 2, ...) as 0" varies for each case. For details, see Xian-Lin and
Jia-Shi [13].

In this study, we transform the same sinh-Gordon equation Eq. (3) as in Yan [12],
Xian-Lin and Jia-Shi [13] by using Eq. (4). We also consider a nonzero constant of
integration when simplifying Eq. (5), but in different way with Yan [12], Xian-Lin
and Jia-Shi [13], as it can be seen from Eq. (6) in section 2. Doing this, we obtain Eq.
(7). Eq. (7) is a variable separable equation, we simplify it and obtain the following
trigonometric function solutions:

cosh(0) = tcm(ﬁ(é + d)) or cosh(f) = cot(ﬁ(g + d)), (41)

sinh(0) = sec(\/g(f + d)) or sinh(f) = csc(x/g(é“ + d)) (42)

When we consider 0 = —1 and d = 0 in Eq. (41) and (42), we directly obtain the
following hyperbolic function solutions:

cosh(0) = —i tanh(§) or cosh(8) =i coth(§), (43)

sinh(0) = sech(£)) or sinh(f) =1 csch(§). (44)

Putting these solutions together, we have the forms of solutions to Eq. (2) presented
in section 2 (that is Eq. (13), (14), (15) and (16)) which can be used to obtain
different travelling wave solutions to various nonlinear evolution equations.
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It can be seen that in this study, all the solutions can be generated from Eq. (7)
(v/o cosh(#)) which overcome the use of two individual polynomial equations in the
power of hyperbolic functions (G/Ssinhk(ﬁ)coshj(ﬁ)), (s=0,land k, j=0,1,2, ...)
as we have only one 6. Thus, one single polynomial equation can be used in collecting
the system of algebraic equations and this is enough to obtained the solutions of the
considered nonlinear model after obtaining the values of the parameters involved by
solving the system of algebraic equations.

5 Conclusion

In this study, we present the simplified version of the extended sinh-Gordon equa-
tion expansion method. The efficiency of the simplified approach is tested on the
(2+41)-dimensional nonlinear Chiral Schrédinger equation. We successfully construct
singular periodic wave, dark soliton, combine dark-bright soliton, singular soliton and
combine singular soliton solutions to these nonlinear complex models. We observed
that the simplified sinh-Gordon equation expansion method is easy, direct and pow-
erful mathematical approach that can be used to solved various nonlinear evolution
equations.
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