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Abstract. In this paper, the application of the simplified the extended
sinh-Gordon equation expansion method to the long-short-wave inter-
action system. We successfully construct various solitary wave solutions
to this nonlinear complex model. The long-short-wave interaction sys-
tem describes the interaction between one long longitudinal wave and
one short transverse wave propagating in a generalized elastic medium.
The 2D and 3D surfaces to some of the obtained solutions are plotted.

1 Introduction

Nonlinear evolution equations (NEEs) and their solutions play a vita role in the field
of nonlinear science. These equations describe various nonlinear physical aspects that
arise in the field of nonlinear science such as fluid mechanics, plasma physics, optic
fibers, solid state physics etc. Various studies have been conducted on such types of
equation by different scientists from all over the world [1 17].

However, in this study, the extended sinh-Gordon equation expansion method
(ShGEEM) is simplified, in the sense that all the ansatzs use for obtaining the
values of the parameters involved are derived from one equation (6 = /& cosh(0)),
which leads to using single system of algebra equations from where the values of
the parameters involved can be obtained. To test the simplicity and efficiency of
the proposed approach, we apply it in investigating the long-short-wave interaction
system (LSWIS) [18].

The long-short-wave interaction system is given by [18]

1t + Qua — QU = 0, (1)
Vg + Vg + (|‘I|2)z = 0,

where ¢ is a complex function, v is a real function, x is the spatial coordinate, and ¢

is the time respectively.

Eq. (1) describes the interaction between one long longitudinal wave and one
short transverse wave propagating in a generalized elastic medium. the function v
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portrays the long longitudinal wave and ¢ is the slowly varying envelope of the short
transverse wave [18].

2 The simplified extended ShGEEM

In this section, we present the general facts of the proposed scheme.

To search for the new travelling wave solutions to a given NEE by using the
proposed scheme, the following analysis is carried out:

Consider the following equation:

F(q, ¢z, @*at. q@sts ---) =0, (2)

where ¢ is a function of the independent variable x, ¢ and the subscripts indicate the
derivative of ¢ with respect to the independent variables and F is the polynomial of
the function q.

Consider the following sinh-Gordon equation [19]:

ozt = )\Sinh(Q)v (3)

where ¢ is the unknown function of z,¢t and A € R\ {0}.

Using the following wave transformation

q=9(), {=z+Ut (4)
on Eq. (3), we get the following nonlinear ordinary differential equation (NODE);

v = %sz‘nh(\ll), (5)

where ¥ = ¥(¢), £ is the amplitude and ¢ the velocity of the travelling wave respec-
tively. Integrating Eq. (5), yields

()] = Fom(3)+ 5 ©

where § is the integration constant, resulting from integrating Eq. (5).

Setting 6 = % and 0 = % = %, yields

0" = /o cosh(f). (7)

Eq. (7) is a variables separable equation, simplifying it, yields the following significant
solutions:

cosh(0) = t(l?”L(\/E(E + d)) or cosh(f) = cot(ﬁ(f + d)), (8)

sinh(0) = sec(\/g(f + d)) or sinh(0) = csc(ﬁ(f + d)), (9)
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where d is the integration constant, resulting from integrating Eq. (7).
When o = —1 and d = 0, Eq. (8) and (9) become

cosh(0) = —i tanh(§) or cosh(0) =i coth(§) (10)

and
sinh(0) = sech(§)) or sinh(0) =i csch(§) (11)

respectively, where i = /—1.

To find the new solutions to Eq. (2), we consider the following equation:

m

= Z cosh*=1(0)[Bysinh(0) + Aycosh(0)] + Ao, (12)
and the set of series solutions

Ztan ( f—l—d)) [Bksec(\/g(g—kd)) :l:Aktan<\/E(§—|—d))} + Ap, (13)

i coth1 ( &+ d)) {Bkcsc(\/(;(f + d)) + Akcot(ﬁ(f + d))] + Ao, (14)

k=1

= i tanh*=1(¢) [Bksech(f) +i Aktanh(f)} + Ay, (15)

= Z coth*=1(¢) [z Bycsch(€) +1 Akcoth(f)} + Ap. (16)

The value of m is determined by balancing the highest power nonlinear term
and the highest derivative in the reduced NODE. Setting each summation of the
coefficients of 6'*sinhi(0)coshi(f), (s =0, 1, 0 < k < m, 0 < j < m) with the same
power to zero, produces a set of algebraic equations. Solving this set of algebraic
equations with the aid of the Wolfram Mathematical package, yields the values of the
coefficients involved. Inserting the obtained values of coefficients into one of Eq. (13),
(14), (15) or (16) along with m, gives the new travelling wave solutions to Eq. (2).

3 Application

In this section, we present the application of the simplified extended Sh\GEEM to the
long-short-wave interaction system [18] given in Eq. (1).

Consider the following complex wave transformation:

q=V()e v=V(), E=x -0t Q=px+rt. (17)

Substituting Eq. (17) into Eq. (1), the relation ¢ = 2p is obtained from the imaginary
part and the following single NODE is obtained from the real part:

(1—2p)0" + 0% — (1—2p)(p> + r)¥ = 0. (18)
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Balancing the terms ¥" and ¥ in Eq. (18), we get m = 1.

Thus, Eq. (12), (13), (14), (15) and (16) take the following forms:

W(0) = Bysinh(6) + Aycosh(0) + Ao, (19)

U(E) = Blsec(ﬁ(g + d)) + Altan(ﬁ(g + d)) + Ay, (20)
U(E) = Blcsc(\/g(f + d)) + Alcot(ﬁ(g + d)) + Ay, (21)
W(E) = Bysech(€) +i Astanh(€) + Ao, (22)

U(E) = i Byesch(€) + i Aycoth(€) + Ao. (23)

Substituting Eq. (19) and its second derivative into Eq. (18), we get an equation in
hyperbolic functions. After making some hyperbolic function identities substitutions,
we collect a group of algebraic equations by equating each summation of the
coefficients of the hyperbolic functions with the same power to zero. To get the
solutions to Eq. (1), we insert the obtained values of the coefficients into one of Eq.
(20), (21), (22) and (23).

1 1 1
Ay =0, Ay = —/o(p— 5), By =y/o(p— 5), r= 5(0—2p2).
Case-II:

Ag=0, A1 =—/(p>?+7r)2p—1), Bi=+v@*+r)(2p—1), 0 = 2(p2 + 7).

The following set of solutions are obtained with respect to each case:

Case-I:

Set-1: Singular periodic waves solutions.

Substituting the coefficients in case-I into Eq. (20) and (21), we have

q1(x,t) = cr( - %) (sec {\/E(x—ther)] +tan [\/E(zprt+d)} )ei (px+%(g_2p2)t),
(24)
i) :
vi(z,t) = T (sec [\/E(x — 2pt + d)} + tan [\/E(:E — 2pt + d)D . (25)
a2(,1) = m tan[5 V(e — 2pt + )¢ (rrtoain) o
ofp_ 1
va(,t) = —gp_2p2)tan2 [%\/E(m — 2pt + d)]. (27)
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g3(z,t) = 0'( — %)cot [%\/E(x _ th—i-d)} ei(pr+%(af2p2)t), (28)
o) ap
vs(x,t) = —ﬁcot [5\/5(.%‘ — 2pt + d)}, (29)

where o > 0 for valid solutions.

Substituting the coefficients in case-IT into Eq. (20) and (21), we have

qa(z, t) =/ (P> +7r)(2p—1) (sec[ 2(p? +r)(x — 2pt + d)}
+tan [\/W (z — 2pt + d)} )ei(f’“”), (30)

vg(z,t) = _(]?-1-17‘2(35—1) (sec [\/2(;02 +7r)(x — 2pt + d)}

ttan [\/W(x —opt+ d)] )2, (31)

g5 (z,t) =/ (p?> + r)(2p — Dtan [\/ P’ ;— " (x — 2pt + d)] glpetrt), (32)

(P +r)(2p—1)
1—-2p

2
pe+r
1)5(1’,t) =

tan? [ (z —2pt + d)] , (33)

q6(z,t) = /(P> +7)(2p — l)cot{ i ;_ " (x — 2pt + d)} elprtrt) (34)

(P +r)(2p—1) P>+

1—-2p

ve(z,t) = — cot? [ (x — 2pt + d)} , (35)

where 2(p? + r) > 0 for valid solution.
Set-2: The soliton solutions

Substituting the coefficients in case-T into Eq. (22) and (23), we have

1 .
qr(z,t) =1/p— 5 (z sech[2pt — x| & tanh[2pt — 95])(3’(’””_%(“'27’2)“7 (36)

vr(x,t) = —(1])__221)) (z sech[2pt — x] & tanh[2pt — x])2 (37)
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1 .
gs(@,t) = \/p—;anh[ (2 — 2pt) ] e'lre= 42700, (38)

vg(x,t) = —<f_22p>tanh2 E(m — th)}. (39)

Substituting the coefficients in case-II into Eq. (22) and (23), we have

go(x,t) = \%\/ﬁ(z sech[ 2(-1—2r)t— x}

:I:tanh[ 2(-1—-2r)t— xDei(WJEJﬂO, (40)
B ( 14 \/ﬂ) .
vg(z,t) = —2(1 A 2T)) (z sech{ 2(—1—2r)t— x]
:i:tanh{ 2(—1—2r)t— x])z, (41)
qro(z, t) = 7\/ -1+ \/ﬂmnh[ (x —V2(-1-2r) )} i<¢?x+”),
(42)
vio(z,t) = — ( _lrveRs 4T) tanh? E (x —/2(—1—-2r) t)}, (43)

2(1 ) zr))

where r < —1 for valid soliton solution.
Set-3: The combine singular soliton solutions

Substituting the coefficients in case-I into Eq. (23), we have

qu1(z,t) = H(coth@pt — z] + csch[2pt — x]) (pm_f(lﬁp )t) , (44)

vi1(z, t) = —(f__i)) (coth[?pt — z] + esch[2pt — x]>2 (45)

Substituting the coefficients in case-II into Eq. (23), we have

! -1+ \/ﬂ(coth[ 2(—=1—2r) t—x}

—|—csch{ 2(—1—2r)t— a:] )ei(TIHt) , (46)

q2(z,t) =

S
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(— 1+ \/ﬂ)
2(1 ] 2r))

—&—csch[ 2(—1—2r) t—xDQ, (47)

vig(x,t) = — (coth[ 2(-1—2r)t— x}

where » < —1 for valid soliton solution.

4 Results and Discussion

In this section, we discuss the previously presented analytical techniques which have
been developed by using the concept of the sinh-Gordon equation and tell the dif-
ferences with our newly presented simplified approach. Under the choice of suitable
values of the parameters, we also present the two- and three-dimensional plots to
some of the obtained solutions obtained in this study.

Yan [20] proposed a sinh-Gordon equation expansion method which obtains the
Jacobi elliptic function solutions to some nonlinear wave equations. In Yan [20], Eq.
(3) is transformed into nonlinear ordinary differential equation (Eq. (5)) by using Eq.
(4). When simplifying Eq. (5) by Yan [20], the constant of integration is considered
to be nonzero and the following Jacobi elliptic functions are obtained:

sinh(0) = cs(&;m) and cosh(0) = ns(&;m). (48)

It is known that when m — 1, ¢s(§;m) — csch(§) and ns(&;m) — coth(€) and when
m — 0, cs(&;m) — cot(§) and ns(&;m) — esc(§). For details, see Yan [20].

Xian-Lin and Jia-Shi [21] extended sinh-Gordon equation expansion method
developed by Yan [20]. In the extended sinh-Gordon equation expansion method
trigonometric and hyperbolic functions solutions can directly be secured. When
simplifying Eq. (5), Xian-Lin and Jia-Shi [21] also considered the constant of
integration to be zero in the following way:

In Eq. (6), Xian-Lin and Jia-Shi [21] considered 2* = a and 22 = b so that
the following equation is secured:

0 = \/a sinh?(0) + b. (49)

Thus, Xian-Lin and Jia-Shi [21] solved Eq. (49) considering the following two cases:
Case-I: When a =1, b =0, Eq. (49) becomes

0" = sinh(6). (50)
Case-II: When b =1, a = 1, Eq. (49) becomes

0" = cosh(6). (51)

Case-I is solved to give hyperbolic functions solutions and Case-II is solved to
give trigonometric functions solutions. This leads to having two individual poly-
nomial equations in the power of hyperbolic functions (6 *sinh*(0)cosh?(0)), (s =
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0,land k, =0, 1, 2, ...) as 6" varies for each case. For details, see Xian-Lin and
Jia-Shi [21].
In this study, we transform the same sinh-Gordon equation Eq. (3) as in Yan [20],

Xian-Lin and Jia-Shi [21] by using Eq. (4). We also consider a nonzero constant of
integration when simplifying Eq. (5), but in different way with Yan [20], Xian-Lin
and Jia-Shi [21], as it can be seen from Eq. (6) in section 2. Doing this, we obtain Eq.
(7). Eq. (7) is a variable separable equation, we simplify it and obtain the following

trigonometric function solutions:

cosh(0) = tan(\/g(f + d)) or cosh(f) = cot(ﬁ(f + d)), (52)

sinh(0) = sec(\/(;(f + d)) or sinh(f) = csc(\/g(ﬁ + d)) (53)

When we consider 0 = —1 and d = 0 in Eq. (52) and (53), we directly obtain the

following hyperbolic function solutions:

cosh(0) = —i tanh(§) or cosh(0) =i coth(§), (54)

sinh(0) = sech(§)) or sinh(0) =i csch(§). (55)
Putting these solutions together, we have the forms of solutions to Eq. (2) presented
in section 2 (that is Eq. (13), (14), (15) and (16)) which can be used to obtain
different travelling wave solutions to various nonlinear evolution equations.

It can be seen that in this study, all the solutions can be generated from Eq. (7)
(v/o cosh(#)) which overcome the use of two individual polynomial equations in the
power of hyperbolic functions (Glssinhk(Q)coshj(G)), (s=0,land k, j=0,1,2, ...)
as we have only one 0. Thus, one single polynomial equation can be used in collecting
the system of algebraic equations and this is enough to obtained the solutions of the
considered nonlinear model after obtaining the values of the parameters involved by

solving the system of algebraic equations.

latxl *
37\

latxt
i

LR

<

RO G2 s vy

Figure 1. The 3D and 2D surfaces of Eq. (26) under the values o = 0.35, p = 1, d = 0.5,
—25 < x <25, =12 <t < 12 and t = 0.5 for the 2D graphic.
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Figure 2. The 3D and 2D surfaces of Eq. (36) under the values p = 1, -5 < & < 5,
—2 <t < 2andt=0.5 for the 2D graphic.

latx,t

Figure 3. The 3D and 2D surfaces of Eq. (38) under the values p = 1, —10 < z < 10,
—5 <t <5 andt=0.5 for the 2D graphic.

5 Conclusion

In this study, we present the simplified version of the extended sinh-Gordon equation
expansion method. The efficiency of the simplified approach is tested with the long-
short-wave interaction system. We successfully construct singular periodic waves,
soliton and singular soliton solutions to this nonlinear model. We observed that the
simplified sinh-Gordon equation expansion method is easy, direct and powerful math-
ematical approach that can be used to solved various nonlinear evolution equations.
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Figure 4. The 3D and 2D surfaces of Eq. (44) under the values p = 1.5, —10 < = < 10,
—5 <t <5 andt=0.5for the 2D graphic.
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