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Abstract. The Vandermonde matrix is ubiquitous in mathematics and engineering. Both the Vandermonde 

matrix and its inverse are often encountered in control theory, in the derivation of numerical formulas, and 

in systems theory. In some cases block vandermonde matrices are used. Block Vandermonde matrices, 

considered in this paper, are constructed from a full set of solvents of a corresponding matrix polynomial. 

These solvents represent block poles and block zeros of a linear multivariable dynamical time-invariant 

system described in matrix fractions. Control techniques of such systems deal with the inverse or 

determinant of block vandermonde matrices. Methods to compute the inverse of a block vandermonde 

matrix have not been studied but the inversion of block matrices (or partitioned matrices) is very well 

studied. In this paper, properties of these matrices and iterative algorithms to compute the determinant and 

the inverse of a block Vandermonde matrix are given. A parallelization of these algorithms is also 

presented. The proposed algorithms are validated by a comparison based on algorithmic complexity. 

1 Introduction  

The Vandermonde matrix is very important and its uses 

include polynomial interpolation, coding theory, signal 

processing, etc. Literature on Vandermonde matrix goes 

back to 1965 and even before, where many papers deal 

with the study of its properties, its inverse and its 

determinant [1-5]. In [6], the author proved that every 

generic nxn matrix is a product of a Vandermonde 

matrix and its transpose, and in [7] a Vandermonde 

matrix is decomposed to obtain variants of the Lagrange 

interpolation polynomial of degree≤n that passes through 

the n +1points . 

One of the first papers where the term block 

vandermonde matrix (BVM) is used, to my knowledge, 

is [8] but it is in [9] and [10] that the concept is fully 

studied; the block Vandermonde matrix is defined and its 

properties are explored. A method, based on the 

Gaussian elimination, to compute the determinant is also 

proposed. In [11], the author gives a method to 

determine the biggest integer n=v(q,t) for which there 

exist t×t matrices {A1…An}with the highest power q such 

that the BVM 
1( , )i

jV A i j n−
= ≤ is invertible. In [12], 

linear diffusion layers achieving maximal branch 

numbers called MDS (maximal distance separable) 

matrices are constructed from block Vandermonde 

matrices and their transposes. Under some conditions 

these MDS matrices are involutory its inverse is itself) 

which is of great value in cryptography.    

Methods to compute the inverse of a block 

vandermonde matrix have not been studied but the 

inversion of block matrices (or partitioned matrices) is 

very well studied! The method to compute the inverse of 

a 2×2 block matrix is known, under the conditions that at 

least one of the two diagonal matrix entries must be non-

singular. In [13], this condition is overcome by using 

three new types of symbolic block matrix inversion. 

In [14], the properties of block matrices with block 

banded inverses are investigated to derive efficient 

matrix inversion algorithms for such matrices. In 

particular, a recursive algorithm to invert a full matrix 

whose inverse is structured as a block tridiagonal matrix 

and a recursive algorithm to compute the inverse of a 

structured block tridiagonal matrix are proposed. 

Block Vandermonde matrices constructed using 

matrix polynomials solvents are very useful in control 

engineering, for example in control of multi-variable 

dynamic systems described in matrix fractions (see [15]). 

It is in these particular BVM that we are interested. 

Parallelization may be a solution to problems where 

large size matrices, as BVM, are used. Large scale 

matrix inversion has been used in many domains and 

block-based Gauss-Jordan (G-J) algorithm as a classical 

method of large matrix inversion has become the focus 

of many researchers. But the large parallel granularity in 

existing algorithms restricts the performance of parallel 

block-based G-J algorithm, especially in the cluster 

environment consisting of PCs or workstations. The 

author of [16] presents a fine-grained parallel G-J 

algorithm to settle the problem presented above. 

In this paper a new algorithm to compute the inverse 

and the determinant of a block Vandermonde matrix 

constructed from solvents are given. An implementation 

using Matlab has been undergone, in order to obtain the 

speed-up of the proposed algorithms compared to Matlab 

built-in functions.  
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After this introduction, some needed mathematical 

preliminaries are presented in section 2, and then the 

main results come in section 3. A parallelization of the 

proposed algorithms is given in section 4.  A conclusion 

finishes the paper. 

2 Mathematical preliminaries  

For a set of n m × m matrices {A1, A2, …, An}, the 

corresponding block Vandermonde matrix (BVM) of 

order t is defined as follows: 

1 2

1 1 1

1 2

n

t t t

n

I I I

A A A
V

A A A
− − −

 
 
 =
 
 
 

⋯

⋯

⋮ ⋮ ⋮ ⋮

⋯

                                 (1) 

 

The block Vandermonde matrices, we will be dealing 

with, are constructed from solvents of matrix 

polynomials. In this section a recall on matrix 

polynomials, solvents, and their properties, will be 

given. 

2.1 Matrix polynomials 

Definition 1: An mth order, rth degree matrix 

polynomial (also called λ-matrix) is given by [15]: 

1

1 1 0( ) r r

r rA t A t A t A t A
−

−= + + + +⋯                     (2) 

where Ai are m × m real matrices and t a complex 

number. 

 

Definition 2: Let X be an m × m complex matrix. 

A right matrix polynomial is defined by: 

1

1 1 0( ) r r

R r rA t A X A X A X A
−

−= + + + +⋯           (3) 

And a left matrix polynomial is defined by: 

1

1 1 0( ) r r

L r rA t X A X A XA A
−

−= + + + +⋯            (4) 

 

Definition 3: The complex number λi is called a latent 

value of A(t) if it is a solution of the scalar polynomial 

equation det(A(t)) = 0. The non-trivial vector vi, solution 

of the equation A(λi)vi = 0, is called a primary right latent 

vector associated to the latent value λi. Similarly, the non 

trivial row vector w, solution of the equation wA(λi) = 0 

is called a primary left latent vector associated with λi 

[15]. 

2.2 Solvents 

Definition 4: A right solvent (or a block root) R of a 

polynomial matrix A(t) is defined by: 

1

1 1 0( ) 0r r

r r mA R A R A R A R A
−

−= + + + + =⋯    (5) 

and the left solvent L of a polynomial matrix A(t) is 

defined by: 

1

1 1 0( ) 0r r

r r mA L L A L A LA A
−

−= + + + + =⋯       (6) 

Theorem 1: If the latent roots of A(t) are distinct, then 

A(X) has a complete set of solvents. 

Proof 1: see [9]. 

 

A solvent is automatically non-singular. The 

determinant is non-null because its latent values 

(eigenvalues) are distinct; the latent vectors 

(eigenvectors) must be linearly independent. 

2.3 Block Vandermonde matrices 

As for an eigenvalue system, a block Vandermonde 

matrix can be defined for solvents with particular 

properties [15].  

Let a set of r right solvents Ri (m×m matrices) of a 

corresponding matrix polynomial A(t). A row block 

Vandermonde matrix of order r is a rm × rm matrix 

defined as: 

1 2

1 1 1

1 2

m m m

r

r r r

r
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⋯

⋯

⋮ ⋮ ⋮ ⋮

⋯

                               (7) 

And given a set of r left solvents Li (m×m matrices) 

of a polynomial matrix A(t) a column block 

Vandermonde matrix of order r is a defined as: 

1

1 1

1

2 2

1

r

m

r

m

r

m r r

I R R

I R R
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−

−

−
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⋯

⋯

⋮ ⋮ ⋯ ⋮

⋯

                                     (8) 

Theorem 2: If A(t) has distinct latent roots, then there 

exists a complete set of right solvents of A(X), R1, …, Rm, 

and for any such set of solvents, The BVM V is 

nonsingular. 

Proof 2: see [9] 

 

Remark 1: In [17] the general right (left) block 

Vandermonde matrix constructed by solvents, where a 

right (left) solvent Ri (Li) with multiplicity mi exists, is 

given. 

2.4 Non-singularity 

Definition 5: If we let σ[A(t)] denote the set of all latent 

roots of A(t) and σ[Ri] the set of eigenvalues of the right 

solvent Ri, then a complete set of right solvents is 

obtained if we can find r right solvents such that [10]: 

[ ] [ ]
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1
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∪
                                           (9) 
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and the block Vandermonde matrix thus constructed is 

nonsingular. 

 

Just as for the right solvents, the existence of a left 

block root depends on the existence of a set of m linearly 

independent left latent vectors. A complete set of left 

block roots is obtained if we can find r left block roots 

where each block root involves a distinct set of m latent 

roots of A(t). This in turn requires that for each such a 

distinct set, we can find a corresponding set of linearly 

left latent vectors. 

 

Remark 2: A complete set of right or left solvents will 

then describe completely the latent (eigen) structure of 

A(t). 

3 Main results  

The following results are mainly given on a row-BVM 

constructed from right solvents. The same procedures 

can be applied to a column-BVM constructed from left 

solvents. 

3.1. Iterative construction of BVM  

Let V1 = Im, where Im is the m×m identity matrix, then 

BVM of order 2 constructed from two solvents is as 

follows: 

                                                      (10) 

 If we define the following matrices: B1=Im, C1=R1 

and D1=R2 Then a BVM of order three (3 solvents) is as 

follows: 

 

                                                        (11) 

 

where ,  and . 

The following theorem is a deduction from previous 

results: 

 

Theorem 3: A BVM of order r, constructed from r 

solvents, is as follows: 

 

                                    (12) 

 

where  ,   

  

and . 

 

Proof 3: It is straight forward from the block partitioning 

of the BVM Vr as follows: 
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     (13) 

3.2 Inverse of a BVM  

From [18], the inverse of a block partitioned matrix is 

given as follows: 

1 1 1 1

1 1

* * *

*

A A

A A

A B A E S F E S

C D S F S

− − − −

− −

 + − 
=   

−   
   (14) 

if A-1 exists and SA ,  the Shur Complement of matrix A, 

is nonsingular. 

,  , . 

A similar inverse formula exists if D
-1

 exists and SD, 

the Shur complement of matrix D, is nonsingular. 

Let us compute the inverse of a BVM of order r as 

given in equation 7 by using equation 14. In our case 

both diagonal entries are non-singular. 

1 1 1

1 1 1 1

1 1

1 1

* * *

*

r r r

r

r r

V E S F E S
V

S F S

− − −

− − − −

− −

− −

 + −
=  

− 
              (15) 

where Sr-1 is the Shur complement of matrix Vr-1 

(computed at iteration r-1)  

1

1 1 1 1 1* *r r r r rS D C V B
−

− − − − −= −                                (16) 

,   

and Dr-1, Cr-1, Br-1 are as given in equation 12. 

The same procedure will be used to determine the 

inverse of the BVM Vr-1. So the algorithm is an iterative 

procedure. 

Algorithm: Let a complete set of solvents {R1, ..., Rr} 

and the corresponding BVM Vr as given in equation7. 

From the matrix Vr, all sub-matrices (Bi, Ci, Di and Si) 

will be first constructed, and then the inverse is 

computed. The algorithm uses a function which 

computes the inverse of the Shur Complement. 

Step1: Let INV = Im 

Step2: 

for i = 2*m to r*m with step=m 

Bi-1 = Vr(1:i-2, i-1:i); 

Ci-1 = Vr(i-1:I, 1:i-2); 
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Di-1 = Vr(i-1:I, i-1:i); 

Ei-1 = INV*Bi-1; 

Fi-1 = Ci-1 * INV; 

Si-1 =Di-1-Ci-1*INV*Bi-1; 

INV = 

1 1

1 1

1 1

1 1

* * *

*

i i

i i

INV E S F E S

S F S

− −

− −

− −

− −

 + −
 

− 
 

endfor 

Algorithmic Complexity: The iterative algorithm 

requires r-2 iterations. The procedure consists of a set of 

affectations and the computation of the inverse of Sr. The 

size of Sr is m × m and Matlab uses Gaussian elimination 

method rather than an inverse algorithm. The Gaussian 

elimination has a complexity of O(m
3
).  

The overall complexity of our algorithm is: O((r-2) *m
3
). 

3.3 Determinant of a BVM  

From [18], the determinant of a block partitioned matrix 

is as follows if A
-1

 exists: 

1
det det *det( * * )

A B
A D C A B

C D

− 
= − 

 
     (17) 

A similar determinant formula exists if D
-1

 exists. 

 

Using this equation and the block decompositions 

given in the previous sections we deduced the 

determinant of a BVM of order r as given in equation 7 

by using equation 17.  

1 1det det *detr r rV V S− −=                                      (18) 

where Sr-1 is the Shur complement of matrix Vr-1 (defined 

in equation 16). 

Remark 2: The determinant is, in general, needed 

with the inverse. So the inverse of Vr-1 is computed using 

the previous algorithm. 

Algorithm: Let a complete set of solvents {R1…Rr} 

and the corresponding BVM Vr as given in equation 7. 

From the matrix Vr all sub-matrices (Vi, Bi, Ci, Di and Si) 

can be constructed and the determinant computed. The 

algorithm uses a function which computes the 

determinant of the Shur Complement. 

Step1: Let Det = 1 

Step2: 

for i = 2*m to r*m with step=m 

Vi-1 = Vr(1: i-2, 1:i-2) ; 

Bi-1 = Vr(1: i-2, i-1:i); 

Ci-1 = Vr(i-1: I, 1: i-2); 

Di-1 = Vr(i-1:I, i-1:i); 

Si-1 = Di-1 – Ci-1 *  * Bi-1; 

Det = Det * determinant(Si-1); 

endfor 

Algorithmic Complexity: As for the inverse 

algorithm, the determinant iterative algorithm needs r-2 

iterations. The procedure consists of a set of affectations, 

the computation of the inverse of a BVM and of the 

determinant of S. The size of S = m×m and Matlab uses 

the triangular factors of Gaussian elimination method to 

compute the determinant and the inverse of a square 

matrix. The Gaussian elimination has a complexity of 

O(m3).So the complexity depends also on the size of Sr.  

The overall complexity of our algorithm is: O((r-2) *m
3
). 

4 Parallelization  

For both Determinant and Inverse, a parallelization is 

possible because of the decomposition step in the 

proposed algorithm. Even though the iterative approach 

is difficult to optimally parallelize! The above 

decomposition is useful only if a parallel execution is 

possible, otherwise the benefits are negligible. 

There exist two kinds of parallelization of matrix 

calculus: data or tasks (calculus) decomposition. 

Because data decomposition is already performed, so 

task decomposition is proposed. 

4.1 Parallel inverse of BVM 

From the data decomposition, a master-slave task 

decomposition was performed on the sequential 

algorithm. The master task will execute the data 

scattering and gathering, and sequential instructions and 

at least three (3) slave tasks will execute the parallel 

blocks. 

 

Algorithm: 
Step1: Let INV = Im 

Step2: for i = 2*m to r*m with step=m 

Parallel block 

Bi-1 = Vr(1:i-2; i-1:i); 

Ci-1 = Vr(i-1:i; 1:i-2); 

Di¡1 = Vr(i-1:i; i-1:i); 

End 

Parallel block 

Ei-1 = INV*Bi-1 ; 

Fi-1 = Ci-1*INV ; 

Si-1 = Di-1 –Ci-1*INV*Bi-1; 

end 

iS = 
1

1iS
−

− ; 

Parallel block 

INV =
* * *

*

INV E iS F E iS

iS F iS

+ − 
 

− 
 

end 

end 

4.2 Parallel determinant of BVM 

As for the precedent algorithm, a master-slave task 

decomposition has been performed, and the master task 

will execute the data scattering and gathering and 
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sequential parts, and at least four (4) slave tasks will 

execute the parallel blocks. 

 

Algorithm: 
Step1: Let Det=1 

Step2: for i = 2*m to r*m with step=m 

Parallel block 

Vi-1 = Vr(1:i-2; 1:i-2); 

Bi-1 = Vr(1:i-2; i-1:i); 

Ci-1 = Vr(i-1:i; 1:i-2); 

Di-1 = Vr(i-1:i; i-1:i); 

End 

Si-1 = 
1

1 1 1 1* *i i i iD C V B
−

− − − −−  ; 

Det = Det*determinant(Si-1); 

end 

4.3 Algoithmic complexity 

The overall time complexity of the two algorithms is the 

same as before: O((r-2)*m3). But the detailed complexity 

is slightly better. 

An implementation using Matlab has been done. 

Matlab (classical) offers parallel execution of a set of 

instructions (parallel block) using parfor. Matlab uses 

the number of cores available on the used computer 

using matlabpool. 

4 Conclusions 

In this paper new results on the computation of the 

inverse and the determinant of a particular block 

Vandermonde matrix are given. Efficient algorithms are 

proposed with their algorithmic complexities.  

We used the ”tic/toc” functions of Matlab to 

determine the execution time of our algorithms to be 

compared to the execution time  of Matlab functions, and 

the proposed inverse algorithm is found 10 times 

quicker, and the determinant algorithm is 14 times 

quicker. The parallel execution time was greater than the 

sequential execution time, because of the large amount 

of data flowing between the cores at each iteration. 

These new computation techniques are very useful in 

control theory, where systems are described in matrix 

fractions description and their properties are deduced 

from solvents. In this case block Vandermonde matrices 

constructed from solvents, their inverse and determinants 

are needed. The future work is within this axis and it 

consists in proposing a parallel algorithm to solve the 

Compensator (Diophantine) equation where block 

Vandermonde matrices constructed using matrix 

polynomial solvents are involved. 
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