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Abstract. In this paper we apply the recently introduced Polynomial Least
Squares Method (PLSM) to compute approximate analytical polynomial solu-
tions for the Bagley-Torvik fractional equation with boundary conditions.

The Bagley—Torvik equation may be used to model the motion of real physical
systems such as the motion of a thin rigid plate immersed in a Newtonian fluid.
In order to emphasize the accuracy of PLSM, we included a comparison with
previous approximate solutions obtained for the Bagley-Torvik fractional equa-
tion by means of other approximation method.

1 Introduction

Solving the equations modeling various problems which arise in the fields of science and
engineering have always been a priority for the researchers. In recent years there has been a
growing interest in the computation of numerical solutions of the equations (with the help of
various software programs) by various methods. One of the goals of such a numerical com-
putation is the minimization of the approximation errors leading to numerical solutions as
close as possible to the exact ones. Many of the physical phenomena from various area such
as: fluid flow, viscoelasticity, electromagnetic waves, acoustics, mathematical biology etc,
are modeled by fractional differential equations. In general it is difficult to solve fractional
differential equations and usually the computation of an exact solution impossible([12],[13]).
This is why different methods are being studied to determine numerical solutions for the frac-
tional differential equation ([5],[7], [9], [10], [11], [14]). One of the recently method used
to compute approximate analytical polynomial solutions for fractional differential equation is
the Polynomial Least Squares Method (PLSM). The PLSM has been used by C Bota and B
Caruntu in 2015 to compute an approximate analytical solution of the fractional order brus-
selator system ([6]). Subsequently the same researchers used the PLSM to find approximate
solutions for the quadratic Riccati differential equation of fractional order ([8]),and other
types of equations ([1]).

In this paper the PLSM is employed to find approximate analytical polynomial solutions for
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the Bagley-Torvik fractional equation with boundary conditions.
We consider the following Bagley-Torvik equation with boundary conditions:

y"(x) + p(y' () + q(x)DLy(x) + r(y(x) = f(x), ey

withn—1<a<n,neN,and

y(0) = 1, y(1) = uo, )

where p; and p, are constants , the functions p,q,r € Cj,p) and f are given such that the
problem ((1)-(2)) has a single continuous solution.

D¢y(x) denotes Caputo’s fractional derivative:

Diy(x) = r; : f x(x -0 @) L Mndr, n-1<a<n. (3)
n-—a) Jo

with ' the Euler Gamma function, is the unique function that simultaneously satisfies

I'(z) = f e x dx,

I'(1) =1andI'(z+ 1) = zI'(z) for all complex numbers z except the non-positive integers,
and I'(n=z) = (n—1)! for all z positive integers numbers z = n,n € N.

In the next section we will introduce PLSM for the Bagley Torvik fractional equation with
boundary conditions and in the third section we will compare the approximate solutions ob-
tained by using PLSM with previous approximate solutions obtained by means of other ap-
proximation methods.

The computations show that the approximate analytical polynomial solutions computed by
using PLSM present an error smaller than the error of the corresponding solutions from other
methods.

2 The Polynomial Least Squares Method

We denote by § an approximate solution of equation (1). In this case the error obtained by
replacing the exact solution y with the approximation 7 is given by the remainder:

R@) = 7°(x) + p(o) (x) + q()D§(x) + r(0)j(x) = f(x) “

x € [a, b, j(a) = vo, §(b) = v

where p(x), g(x) and r(x) are continious functions, and vy and v; are constantes and g(x) # 0.
D?, with @ ¢ Z denotes the fractional differential operator of order a in Caputo’s sense and
given by:

@ ~ _ 1 . * _ A\k=a=1)  ~(k)
D0 = e+ [ =0

k—1<a < kwherek € N.

For € € R,, we will compute approximate polynomial solutions j of the boundary-value
problem ((1)-(2)) on the interval [a, b].
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Definition 1. We call an e-approximate polynomial solution of the problem ((1)-(2)) an ap-
proximate polynomial solution §j satisfying the relations:

IR@)| < € ®)
y(a) = p1, §(b) = pa. (6)

We call a weak e-approximate polynomial solution of the boundary-value problem ((1)-
(2)) an approximate polynomial solution 7 satisfying the relation:

b
f RGN < ™

together with the boundary conditions (6).

Definition 2. Let P,,(x) = ¢y + c1(x) + co(x) + -+ + ¢, X", c; € R,i = 0,1,--- ,m bea
sequence of polynomials satisfying the conditions: P,(a) = 1, Pn(b) = .

We call the sequence of polynomials P,(x) convergent to the solution of the problem ((1)-(2))
if lim D(Py(x)) = 0.

We observe that from the hypothesis of the boundary-value problem ((1)-(2)) it follows
that there exists a sequence of polynomials P,,(x) which converges to the solution of the
problem, according to the Weierstrass Theorem on Polynomial Approximation ([17], [18]).

We will compute a weak € - approximate polynomial solution, in the sense of the Defini-
tion 1, of the type:

m

G = ) did @®)
k=0
where dy, d,, - - - , d,, are constants which are calculated using the following steps:
- By substituting the approximate solution (8) in the equation (1) we obtain the expression:
R@) = §7(x) + p(0)F (x) + g()DG(x) + r(x)j(x) = f(x). ©))

If we could find dy,d;,- - ,d, such R(§) = 0,§(a) = ui,j(b) = uy , then by substituting
do,dy,- - ,d, in (8) we obtain the solutions of the boundary-value problem ((1)-(2)).
- Then we attach to the problem ((1)-(2)) the following functional:

b
J(dyds -+ dy) = f R*(§)dx (10)
where dy, d; are computed as functions of d», ds - - - d,, using the boundary conditions (6).

- We compute the values d°, dg, . d,% as the values which give the minimum of the functional
(10), and the values of d) and d? as functions of d9,d3, - - - d)), using the boundary conditions.

- With constants dj, d3, - - - dY, previously determined we consider the polynomial:
m

My(x) = ) dix* (11)

k=0
Theorem 1. The sequence of polynomials M,,(x) from (11) satisfies the property:

b
lim f RY(M,,(x))dx = 0 (12)

X—00

moreover, Ve > 0,3m, € N,m > my it follows that M,,(x) is a weak e-approximate polyno-
mial solution of the boundary-value problem ((1)-(2)).
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Proof. Based on the way the polynomials M,,(x) are computed and taking into account the
relations (9-12), the following inequalities are satisfied:

b b
0< f R (M, (x))dx < f R(P,y(x))dx,¥m € N,

where P,,(x) is the sequence of polynomials introduced in Definition 2.
It follows that :

b b
0<lim [ R*(M,(x))dx < lim f R2(P,u(x))dx = 0
X—00 a X—00 a

We obtain:

b
lim f R (M,,(x))dx = 0

From this limit we obtain that Ye > 0,3dm, € N,m > my it follows that M,,(x) is a weak
e-approximate polynomial solution of the boundary-value problem ((1)-(2)). q.e.d. |

Remark 1. Taking into account the above remark, in order to find e-approximate polynomial
solutions of the boundary-value problem ((1)-(2)) by using the Polynomial Least Squares
Method we will first determine weak approximate polynomial solutions, §j. If |[R(§)| < € then
7 is also an € approximate polynomial solution of the problem.

3 Applications

In this section we present the Polynomial Least Squares Method to compute approximate so-
lutions for the Bagley-Torvik fractional differential equation with boundary conditions. The
comparison with approximate solutions obtained for the Bagley-Torvik fractional differential
equations by means of other approximation methods illustrates the accuracy of the Polyno-
mial Least Squares Method.

3.1 Application 1

We consider the problem:

7" . pY3 =
{y x)+0.5:- D" y(x) + y(x) = f(x) for x e [0,1] (13)

y(0) =0, y(1) =2

-0.5
where f(x) = 3 + 2 - (rx(z.s) + 1) .

The exact solution of this problem is y(x) = x* + 1.

An approximate solution of this problem with absolute errors larger than 107 was proposed

by Alkan, Yildirim and Secer in [2] and with absolute errors larger than 10~> by Zahra and

Elkholy in [3].

Using PLSM we computed a solution of the type (8): §(x) = do + dy - x + dy - x*.

Taking into account the boundary conditions #(0) = 1 and (1) = 2, we obtain dy = 1,

di = 1 — d, and the approximation becomes: §#(x) = 1 + (1 —d») - x + d» - x%.

(=D (Vx4 -x=3)+3yr2+x-(x - 1))
KRV '

Obviously the value d, = 1 leads to a zero remainder and by replacing this value in j(x) we

obtain the exact solution of the problem: i(x) = x> + 1.

The corresponding remainder (9)is: R(§) =

4
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3.2 Application 2

We consider the following problem:

3

7’ D* =

y"(x) + D2y(x) + y(x) = f(x) For x € [0.1]. (14)
y(0) =0, y(1) =1

where f(x)=2+4- \/E+)c2
n

The exact solutions of this problem is y(x) = x> .

An approximate solution of this problem with absolute errors larger than 10~'3 was proposed
by Karaaslan, Celiker and Kurulay in [4].

Using PLSM we compute a solution of type j(x) = dy + d; - x + dy - x> + d3 - x°.

This solutions should satisfy the boundary conditions of (14). Imposing the conditions 7(0) =
0 and 7(1) = 1 we obtain dy = 0 and d; = 1 — d, — d3 and the approximation becomes:
y(x) =( —dg—d3)~x+d2'x2+d3 X0,

The remainder operator (9) in this case is:

Ax-(dr+2-d3-x—1)
=

We observe that the values d, = 1 and d3 = 0 lead to a zero remainder and thus, by replacing
this values in /j(x) the exact solution of the problem is obtained : §j(x) = x>.

However, if the exact solution is not known, as it is the case for practical problems, such
an observation is probably impossible to make. Using PLSM we proceed to compute the
functional (10) (whose expression is too large to reproduce here):

RG)=dr - Q+x-(x=1D)+x-(1—x+ds-(5+x%)+

1
oy dy) = f R (G)dx
0

We will find the values of d, and d3 by minimizing this functional. In order to do that we
will first find the critical points associated to (10). The critical points are the solutions of the

system:

aJ 0

od,

oJ 0 ’

0ds

707-7-(2-dr+3-d3—2)+1120-(3-dr +4-d3—3)+64- \r-(64-d>+97-d3 —64

Whereg—jz — n(2-dr+3-d3—2)+ ( ;YO.;: )+64- Vr(64-dr +97-d3 )and
o _ 24640-(2-dy+3-d3~2)+64- \[m-(1067-(d, —1)+1860-d3)+11-7-(2121-(dr — 1)+4400-d3)
ody — 23107 :

" We solve this system and obtain again the values d, = 1 and d3 = 0 as the single stationary
point of the system. It is trivial to show that this stationary point is actually the minimum of
the functional and thus we are able to obtain the exact solution of the problem: j(x) = x°.

3.3 Application 3

We consider the boundary-value problem:

{y”m + DO3y(x) = f(x), forx € [0,1] as)

y(0) =0,y(1) =1
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where f(x) = —6x +2 + x> (_r(36A7) — ¥ _r(§.7))

The exact solutions of this problem is y(x) = x2(1 = x).
Using the PLSM we gate the following result for the remainder operator (9)

10x'7(153(ds + d5) — 180x(d> — 1) — 200x3(ds + 1) + 2142x(d> — 1 + 3(1 + d5) + T(0.7))

R@ = 1071 -1(0.7)

for a solution of the type j(x) = dy + di x + dax* + d3x>.
Respecting the boundary conditions of the problem #(0) = 0 and 7(1) = 1 we obtaindy =0,
dl = —d2 - d3 and

j(x) = (=dy — d3)x + d2x2 + d3x3.

We compute the functional (10) and minimize it resulting the aproximate solutions of the
problem (15):  §(x) = 9.51518 - 107 0% + 1 - x> — 1 - x°.

An approximate solution of this problem was proposed by Alkan, Yildirim and Secer in [2]
witch using the sinc-collocation method. In Table 1 we presents the values of the abso-
lute errors corresponding to the solution by Alkan et al - Error (SCM), and our solution-
Error(PLSM).

Table 1. Numerical results for Application 3

X Error(SCM) Error(PLS M)
0.1 3.06x1073 246x10°10
0.2 3.08x10™*  7.24x10710
0.3 349x1073  1.32x107°
04 324x1073  1.94x107°
0.5 149x10* 247x107°
0.6 299x1073  2.80x107°
0.7 3.78x107% 2.82x107°
0.8 1.66x1073  243x107°
09 261x10*  1.53%x107°
1 0 0

3.4 Application 4

We consider the problem:

{y”(x) +2% = DOTy(x) + y(@) = f(x). forx € Q (6)

y(0)=0,y(1) =1

_ 5,6 5_ 4 3 2 _ 120 .43 24 .33
where f(x) = 5x° —3x> — x* + 20x° — 12x “ Xt s

The exact solutions of this problem is y(x) = Yx=1).
With PLSM the remainder operator is :

. 1 03
R(@) 1141427 T(1.3) (x™( (d3 +dy + ds) — 10879d,(20x — 13)+

+200x%(—1419d5 — 40x(43 + 43d, + 50(ds — 1)x))) + 141427(2d,—
—(dy — 5d5 + dy + ds)x — (d3 — 11dy + ds — 12)x*> + 2d* + &*+
+20(ds — 1))x> + (1 + 3d5 + da)x* + (3 + 4dy + ds)x° + 5(ds — DX®) - T(1.3))
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for a solution of the type j(x) = dy + dyx + X + d3x® + dax* + dsx°.
Respecting the boundary conditions of the problem #(0) = 0 and (1) = 1
we obtaindy =0, d; = —d, — d; — ds — ds and

§(x) = (=dy — d3 — ds — ds)x + dox* + d3x> + dux* + dsx°.

We compute the functional (10) and minimize it obtaining the values

dy =1.3919- 10713, d3 = 5.10892- 10713, dy = ~1 and ds = 1.

The approximate solutions of the problem (16) is:

j(x) = =1.22172-107Px + 1.3919 - 10713 - x2 + 5.10892 - 10713 - x3 — x* + »°.

In Table 2 we presents the values of the absolute errors corresponding to the solution by
Alkan et al [2] - Error (SCM), and our solution- Error(PLSM).

Table 2. Numerical results for Application. 4

X Error(SCM) Error(PLS M)
0.1 2.82x107° 8.17x10710
02 1.73x1073  213x107
0.3 331x10* 272x107"
04 1.15x107% 225x10715
0.5 1.75x1073  1.00x 107"
0.6 236x1073  430x107'°
07 149x1073  136x1071
0.8 266x1073  1.36x1071
09 488x1073  6.10x10°'°
1 0 0

Conclusion

In this paper we show the utility of the Polynomial Least Squares Method for solving the
Bagley-Torvik fractional equation with boundary conditions. In the numerical examples the
comparison with approximate solutions obtained for the Bagley-Torvik fractional differential
equations by means of other approximation methods illustrates the accuracy of the Polyno-
mial Least Squares Method.
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