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Abstract. A generalization of the discrete Fourier transform in the form 

of a parametric discrete Fourier transform is proposed. The analytical and 

stochastic properties of the introduced discrete transformation are 

investigated. An example of the application of the parametric discrete 

Fourier transform in telecommunications is given - a generalization of the 

well-known Herzel algorithm 

1 Introduction 

The methods of vector1 and spectral2 digital signal processing (DSP) play a crucial role in 

information technologies, which are currently widely used in telecommunications [1-6]. 

The relevance of the digitalization of telecommunications is mainly due to two reasons. 

Firstly, DSP methods and algorithms can effectively solve the problems of processing and 

transmitting incoming information to a distance. Secondly, DSP methods and algorithms 

make it possible to obtain reliable information (information) about the state of 

telecommunication complexes and communication channels, as well as analyze and process 

information about the processes and phenomena occurring in them. 

As practice has shown, the classical Fourier analysis based on the discrete Fourier 

transform (DFT), along with a number of advantages, also has fundamental disadvantages, 

which are manifested in the form of specific effects (overlap effects, paling, leakage, 

scallop effect). 

The disadvantages of the DFT are determined by the nature of the DFT, as well as the 

properties of its basis - the system of discrete exponential functions (DEF). In [7–9], it was 

shown that the use of well-known methods to reduce the influence of negative effects 

inherent in DFTs, unfortunately, does not solve the problem of digital Fourier - signal 

processing. 

                                                 
* Corresponding author: ponva@mail.ru  
1 Digital vector signal processing – a set of discrete Fourier methods – processing of discrete signals 

that allow you to get complete information about the harmonic components of the studied signals (the 

amplitude, frequency, phase of each of the components and / or their changes over time). 
2 Digital spectral signal processing is a multitude of discrete Fourier methods – processing of discrete 

signals that allow one to obtain only energy spectra and / or their change in time. 
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The aim of this work is to solve the problem of digital Fourier - signal processing in 
telecommunications by generalizing the DFT in the form of a parametric discrete Fourier 
transform (DFT-P). 

2. Parametric Discrete Fourier Transform  

Parametric Discrete Fourier Transform ((DFT-P) – is the decomposition of a discrete signal 

in a system of parametric DEF (DEF-P):  
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DFT-P in matrix form is given by the following equation:  
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where  T
N NxxxX )1(),.....,1(),0(   – discrete signal )(nx , ,1,0  Nn  represented 

as a vector of a linear N -dimensional space; T  – vector transpose sign; 

 T
N NsssS )),1((),...,,1(),,0(,    – decomposition coefficients of a discrete signal 

)(nx , ,1,0  Nn  according to the DEF-P system defined by a matrix ,NF , presented as 

a vector of a linear N -dimensional space; ,NF  - matrix defining the DEF-P system:  
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DFT-P in algebraic form is given by the following relation: 
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There is an inverse DFT-P (ODPF-P), which in matrix and algebraic form is determined 
respectively by the following relation: 
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DFT-P allows us to generalize the concept of signal periodicity in the form of a 
parametric signal periodicity: 
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where ][int   is the function of removing the fractional part of number and returning 

integer value.  
Let us prove that (7) is really the inverse transformation with respect to (4). To do this, 

multiply the left and right sides of the equality by mkW )(   and add up the result by k : 
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Given the orthogonality of the DEF-P functions, we finally obtain: 
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which coincides with (7). 
The main properties of DEF-P. 

1. DEF-P, unlike DEF, are not functions of two equal variables p  and l . Therefore, the 

DEF-P matrix is asymmetric. 

2. DEF-P are periodic in variable p  and parametrically periodic in variable l  with period 

N : 
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3. The DEF-P system is not multiplicative in the variable p  : 
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and the variable l  is not equal to zero: 
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5. The DEF-P system is orthogonal in both variables: 
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6. The DEF-P system is a complete system, since the number of linearly independent 

functions is equal to the dimension of the set of discrete signals.  

Let us prove that the linearity, shift, correlation, and Parseval theorems are valid for 

DFT-P. We introduce the symbolic notation for DFT-P and DDPF-P, defined respectively 

by relations (4) and (7), as well as for )(nx  relation (8): 
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Given these ratios, we obtain:  
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Correlation theorem. 
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The validity of the Parseval theorem for DFT-P follows directly from the correlation 

theorem. Indeed, if put )(nx )(ny , then: 
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3. Generalization of the Goertzel algorithm based on parametric 

Discrete Fourier Transform  

Goertzel's algorithm implements the DFT as an IIR filter and is widely used in solving 

problems of detecting and decoding DTMF (Dual-Tone Multi-Frequency) used in 

telecommunications. Herzel's algorithm (filter), in addition to being fixed in the set of 

frequencies being analyzed:  Nk2 , 1,0  Nk , where 1,0  Nk , N  – the number of 

signal samples, has a more significant drawback. The fact is that the Herzel filter is on the 

verge of stability.  

Two versions of the generalized Goertzel algorithm based on the DFT-P (Fig. 1, a, b) 

are proposed, which are free from these drawbacks. 

 

 

ADC – analog to digital converter; 
1z  – one sample delay  

Fig. 1. IIR filter structures that implement the generalized Goertzel algorithm at the )( k  frequency 

at 10   

4. Conclusion 

A new, efficient and effective mathematical apparatus for digital spectral and vector signal 

processing in telecommunication information technologies is proposed – parametric 

Discrete Fourier Transform. 

 , 0 (2019) https://doi.org/10.1051/itmconf /201930ITM Web of Conferences 30
CriMiCo'2019

040 4010 10

6



References 

1. W.K. Pratt, Digital image processing (4th edn. Wiley-Interscience publication, 2007) 

2. D.E. Dudgeon, Multidimensional digital signal processing (Prentice Hall, 1995) 

3. S.L. Marpl, Digital Spectral Analysis with applications ( New Jersey, Prentice-hall, 

1986) 

4. L.P. Yaroslavsky, Compression, restoration, resampling, “compressive sensing”, J. 

Optics 17(7), 073001 (2015) 

5. M.N. Favorskaya, L.C. Jain, Development of mathematical theory in computer vision, 

(Springer International Publishing, Switzerland, 2015) 

6. R.C. Gonzalez, R.E. Woods, Digital image processing (4th edn. Published by Pearson, 

2018) 

7. L. Rabiner, L., B. Gold, Theory and application of digital signal processing (New 

Jersey, Prentice-hall, 1975) 

8. W. John, Multidimensional signal, image, and video processing and coding( Academic 

Press is imprint of Elsevier, 2006) 

9. V.A. Ponomarev, O.V. Ponomareva, A.V. Ponomarev, Method for effective 

measurement of a sliding parametric fourier spectrum Optoelectronics, 

Instrumentation and Data Process. 50(2), pp. 1–7 (2014) 

10. O. Ponomareva, A. Ponomarev, V. Ponomarev, Evolution of forward and inverse 

discrete fourier transform, IEEE East-West Design & Test Symp., pp. 313–318 (2018) 

11. O. Ponomareva, A. Ponomarev, N. Ponomareva, Window - presume parametric 

discrete Fourier transform, IEEE East-West Design & Test Symp., pp. 364–368 

(2018) 

12. O.V. Ponomareva, N. Ponomareva, Increased accuracy and extended functionality of 

digital filters based on frequency sampling, Devices and methodsof measuremants, v. 

2(7), p.p. 114-119, (2013) 

13. Favorskaya, M.N., Jain, L.C., Savchina, E.I.: Perceptually tuned watermarking using 

non-subsampled shearlet transform, Computer Vision in Control Systems-3: Aerial 

and Satellite Image Processing, ISRL, v. 135, pp. 41–69. (Springer International 

Publishing AG, 2018) 

14. Petrovsky, N.A., Rybenkov, E.V., Petrovsky, A.A.: Two-dimensional non-separable 

quaternionic paraunitary filter banks, IEEE Int. conf. on Signal Processing: 

Algorighms, Architectures, Arrangements, and Applications, Poznan, Poland, pp. 120–

125 (2018) 

 

 , 0 (2019) https://doi.org/10.1051/itmconf /201930ITM Web of Conferences 30
CriMiCo'2019

040 4010 10

7


