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A model of chronic inflammation in atherosclerosis
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Abstract. Atherosclerosis is a chronic progressive disease leading to the for-
mation of atherosclerotic plaques in artery walls, narrowing its lumen. In this
work, we present a mathematical model of atherosclerosis development for the
concentrations of cells and cytokines of innate immunity. This system describes
a chronic inflammatory response in the intima of an artery vessel wall. The sta-
tionary points and their stability for reduced kinetic systems of two and five
ODEs are investigated. The relationship of the obtained results is analyzed, and
their biological interpretation is given.

1 Introduction

Cardiovascular diseases related to atherosclerosis represent one of the major causes of mor-
bidity and mortality worldwide. Although some progress has been made in diagnosis, surgi-
cal treatment and control of high cholesterol level, a decisive progress to fight atherosclerosis
has not yet been achieved. Coronary heart disease and stroke result from a sharp decrease in
blood supply due to atherosclerotic plaque or related thrombosis and vessel occlusion [1].

The process of plaque development can begin with the damage of the endothelial layer,
allowing low density lipoproteins (LDL) to pass from the blood into the intima with fur-
ther oxidizing by free radicals [2, 3]. Sensing the presence of the oxidized LDL (ox-LDL)
in the intima, endothelial cells secrete monocyte chemoattractant protein (MCP-1), which
promotes the recruitment of monocytes in the intima [4]. After entering the intima, mono-
cytes differentiate into macrophages, which endocytose the ox-LDL [5-7]. A large amount
of ox-LDL in the vessel wall promotes the transformation of macrophages into foam cells
[2, 3]. Macrophages M, produce pro-inflammatory cytokines such as IL-6, IL-12 and TNF-«
and the alternatively activated macrophages M, produce anti-inflammatory cytokines such
as IL-10 and TGF-g [6]. Pro-inflammatory cytokines contribute to plaque growth activating
T -helper lymphocytes [8] that produce pro-inflammatory cytokines such as IFN-y and IL-13
and stimulating M| macrophages differentiation, whereas T5-helper cells produce cytokines
such as IL-4 and IL-13 required for M, macrophages differentiation [6]. Together with LDL,
high density lipoproteins (HDL) also enter the intima. HDL acts to prevent the development
of atherosclerosis taking free radicals from oxidizing LDL and possibly removing cholesterol
from foam cells [9].
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Figure 1. Schematic network of atherosclerosis. LDL in the intima are oxidized and converted to
ox-LDL. Ox-LDL activate endothelial cells leading to the recruitment of monocytes. By ingesting ox-
LDL, macrophages are transformed into foam cells. Cytokines C; and C, secreted by T-cells enhance
the activity of macrophages. Macrophages M, and foam cells F secrete pro-inflammatory agents Cs,
which activates T-cells. Macrophages M, secrete anti-inflammatory agents C4, which inhibit T-cells
activation.

2 Mathematical model

In this work, we present a mathematical model of atherosclerosis development based on a
ODE system for the concentrations of cells and cytokines of innate immunity. This system
describes a chronic inflammatory reaction in the intima of the artery wall. The mathematical
model is based on the processes schematically shown in Figure 1. The model includes the
variables listed in Table 1 and the following equations:

Equation for LDL (low density lipoproteins):

dL
—_— :O’L(LO—L)—kLrL. (1)
dt
Here o, is rate of LDL penetration through the vessel wall, L is the concentration of LDL
in the blood, k; is the reaction rate of oxidization, where LDL is consumed [2, 3].
Equation for HDL (high density lipoproteins):
dH
= O'H(H() - H) kH}"H (2)
dr
Here oy is rate of HDL penetration through the vessel wall, Hy is the concentration of HDL
in the blood, ky is the reaction rate of oxidization. HDL comes from the blood and it is
consumed in the oxidation reaction with free radicals [2, 3].
Equation for ox-LDL (oxidized low density lipoproteins):
dLO)C LOX L()X

kL — Ay gy — My = Ay g
dr T e T LM

dLUt 0X+ (3)
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Table 1. The variables of the model

Variable Description [g/cm’]

L Concentration of LDL

H Concentration of HDL

Loy Concentration of ox-LDL

r Concentration of free radicals

Ay Density of A; monocytes

Ay Density of A, monocytes

M, Density of M| macrophages

M, Density of M, macrophages

T, Density of T-helper cells

T, Density of T-helper cells

C Concentration of T -helper cytokines IFN-y, IL-1

C, Concentration of T»-helper cytokines IL-4, IL-13

Cs Concentration of pro-inflammatory agents IL-6, IL-12 and TNF-«
Cy Concentration of anti-inflammatory agents IL-10 and TGF-
F Density of foam cells

Here Az, v, and Ay, u, are the rates of ox-LDL ingestion by M; and M, macrophages, ki,

ox 0x

is ox-LDL saturation for production of MCP-1, d;_ is degradation rate of ox-LDL. Equation
(3) models the production of ox-LDL due to LDL oxidation by reaction with the radicals and
a reduction of ox-LDL through ingestion by M, and M, macrophages [2].
Equation for free radicals:
dr
prialll + AMy = r(k L+ kyH). “)
Here ry is influx of free radical into intima from the surrounding tissues, 4, is radicals pro-
duction rate by macrophages M. Equation (4) models the evolution of radical concentration
through a source term r [2, 3], production by macrophages M; [1] and reduction in concen-
tration through oxidation reactions [2, 3].
Equations for monocytes:

dA, P Cy

— = ———A%-2 ———————— A —dj Ay, 5
dt PAy k]p + k2pP ! Cids kC| + C] + k4C4 ! Al ( )

dA, P, Cs
Sy ——— A — g, —2—
dt Pz kip + kopP 2 Gz kcz +C,

Here Apa, and Apy, is rate of A| and A, monocytes penetration through the vessel wall, A? and
Ag is density of A| and A, monocytes in blood, d, and d,, is death rate of A; and A, mono-
cytes. Here P := C3+ L, corresponds to the activation of endothelial cells (pro-inflammatory
action). Migration of smooth muscle cells depends on the activation of endothelial cells, and
the activation of endothelial cells depends on P [4], so the coefficient k,p includes the ac-
tivation of endothelial cells and the migration of smooth muscle cells. The first term is the
influx of monocytes into the intima from the blood [1], the second term is the differentia-
tion of monocytes into macrophages [5-7], and the third term corresponds to the death of

As = dy,As. ©6)

monocytes.
Equations for macrophages:
dM] C] Lux
=41 A -2 —— M, — dy, M, 7
dt " Mke +Cl kG M L, T ™

ox
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dM2 C2 Lox

2 e —2 Ay — A —2 My — dyp, M. 8
dt O+ Cy e, e ®)

Here first term is the differentiation of monocytes into macrophages [5—7], the second term
describes transformation of macrophages into foam cells [2], and the third term corresponds
to the death of macrophages.

Equations for T-helper cells:

AT .
— = Apr, ————T, —dy T, 9
dt ik kip + kopP 1 il ©)
dT, P

e L — | R 10
dt PTZk]p+k2pP 2 72 (10)

Here Apr, and Apr, is rate of T and T cells penetration through the vessel wall, T? and Tg is
density of T and T cells in blood, dr, and dr, is death rate of T'; and T cells. Equations (9)
and (10) models the influx of T-cells from the blood into the intima (similar to monocytes)
[1] and death of T-cells.

Equations for T-helper cytokines C; (IFN-y, IL-18) and C, (IL-4, IL-13):

dc
d_tl = A¢, T = k¢4, C1A1 — dc, C, (D
dcC
d_tz = /lC2T2 - kC2A2C2A2 - dCZCZ. (12)

Here T-cells produced C; and C; at a rate of A¢, and A¢,, which promotes differentiation A;
and A, monocytes into M; and M, macrophages at a rate of k¢, 4, and kc,4, and consumed
(internalized) due to this interaction [6]. The third term corresponds to the degradation of
cytokines at a rate of dc¢, and d,.

Equation for pro-inflammatory agents (IL-6, IL-12 and TNF-a):

dCs

&8 M+ 2
dt "Mk vy TG,

1
kc4+C4F dc,Cs. (13)
Here macrophages M, and foam cells F' produce pro-inflammatory cytokines C3 at a rate of
Ac,m, and Ac,r activating endothelian cells [6]. It is promote cells penetration. The third
term corresponds to the death of cytokines at a rate of d¢,. Anti-inflammatory cytocines Cy4
downregulate C3 production.

Equation for anti-inflammatory agents (IL-10 and TGF-g):

c,

= e, My~ dc,Ca. (14)

Here M, macrophages produce anti-inflammatory cytokines Cy at a rate of A¢, [5, 6, 10]. It
is prevent cells penetration. The second term corresponds to the degradation of cytokines.
Equation for foam cells:

dF Lox Lo
— =4 — M+ A —— M, — dpF. 15
dt LoxM; kL + LOx 1 Loy M, kL n Lgx 2 F ( )

ox ox

Here M, and M, macrophages that have ingested a large amount of ox-LDL become foam
cells [2]. The third term corresponds to the death of foam cells.
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3 Reduced model

Let us consider the particular case where H = Ay = M, = T, = C, = C4 = 0,
r = Ry = const, A| = A‘l) = const. From equation (5), assuming a quasi-stationary
approximation and Ac,4, = 0, we express A; through P and substitute into equation (7).

Furthermore, if C; is sufficiently large, the term C; /(k¢, + C; +k4C4) can be approximated by
a constant. Thus, system (1)-(15) can be reduced to the following system of five equations:

‘2_1; =o.(Ly— L) -k RoL, (16)

dgt”" = kuRoL = A1 - i"LX My - diL,,, a7

E IRk ey mal T mu R o
dd% _ *3@2—3@’”1 4y, (19)

Li—f =1 T Ifoole —d4F, (20)

where A1 = A, .y, A2 = kadcyay, A3 = ksdeymy and dy = diox, da = duy, d3 = dcy, da = dp.
It is easy to see that system (16)-(20) for 4; = 0 reduces to the system of two equations

dM, 2 C3 +LZX

- — M, 21
dt 2k2+C3+L;X 27 @D
dCs Cs

e ) M, - dsCs, 22
7 oo a6 (22)

where (L, L)) is the equilibrium point of system (16)-(17) for 4; = 0. The reduced system
(21)-(22) of two equations is similar to the model considered in [11]. Thus, for 4; = 0 we
know stationary points and the stability.

Then we analyze the system (16)-(20) for 4; > 0. The analysis shows that for 1; > 0,
similar to the case 4; = 0, three cases are possible. Case 1: only one equilibrium point Ej
which is stable. Here

E _(L* L* M0 F*) M= A2 L:x F* = 4 LZX
07 R BT S T k + L) T dyky+ L,

is the easily determined equilibrium point of system (16)-(20) for C; = 0. The existence
of other (for C3 > 0) equilibrium points is determined, in fact, by the system (17)-(19).
Excluding C5 from the corresponding system of three algebraic equations, we obtain a system
of two equations with respect to L, and M;:

L()X
kiRoL* — A M, -dL,, =0, 23
LRo UL Mi—di (23)

A
Lox+ d_iMl _k3

2
L0x+g—jM1—k3+k2

+ dlLox - kLR()L* - d2M| =0. (24)

Three cases of solving system (23)-(24) are presented in Figure 2 — 4. In case 1, system
(23)-(24) has no positive solutions (Figure 1) and, therefore, system (16)-(20) has only one
equilibrium point Ey, which is stable. In case 2, system (23)-(24) has only one positive
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solution (Figure 2) and system (16)-(20) there are two equilibrium points — Ey, is unstable and
E is stable (the monostable case). The projection E| of the point E1 on the plane (Lo, M1)
is shown in Figure 3. In case 3, system (23)-(24) has two positive solution (Figure 3) and
system (16)-(20) there are three equilibrium points — E and E, are stable and E; is unstable
(bistable case). The projections E’ and E, of the points E1 and E3 on the plane (L,x, M) is
shown in Figure 4. Red lines in Figure 2 — 4 represent graphs of function M;(L,,), and blue
lines represent hyperboles in variables (L,y, M) defined by system (23)-(24).

/4 2 2 4
T2 " 0 2
Lﬂx

2

14
Figure 2. If 2,15 < k3d,d; or Ly small enough Figure 3. If L, large enough and A,4; >
and A3 > kzdpds, system (23)-(24) has no ksdrds, system (23)-(24) has only one positive
positive solutions. solution.

MI
4

Figure 4. If L, is intermediate and A, A3 > ksdads, system (23)-(24) has two positive solutions.

Thus, the analysis of the model of five equations shows that the development of
atherosclerosis depends on the concentration L, of low-density lipoproteins (bad cholesterol)
in the blood. If this concentration is low, then there is only a disease-free equilibrium point,
and atherosclerosis does not develop. For some intermediate values, there are three stationary
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points. Two of them, the disease-free point and the point corresponding to the disease devel-
opment are stable. Each of them has its own basin of attraction. The system approaches to
the second one if the initial perturbation of the disease-free point is sufficiently large. From
the physiological point of view, it can be initiated by some additional factors such as inflam-
mation or injury. Finally, for large concentrations of L, there are two stationary points. Thee
disease-free equilibrium is unstable, and the disease will necessarily develop for any small
perturbation.
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