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Abstract. In our paper we first define the mixed initial-boundary values prob-
lem in the theory of strain gradient thermoelasticity. With the help of an identity
of Lagrange’s type, we then prove some theorems regarding the uniqueness of
the solution of this mixed problem and also two results regarding the continuous
dependence of solutions on initial data and on the charges. We must ouline that
we obtain these qualitative results without recourse to any laws of conservation
of energy and without recourse to any boundedness assumptions on the coeffi-
cients. It is equally important to note that we do not impose restrictions on the
elastic coefficients regarding their positive definition.
Keywords: Lagrange’s identity; strain gradient thermoelasticity; uniqueness;
continuous dependence results

1. Introduction

We want to underline that in the constitutive equations in the strain gradient thermoelasticity
theory it is contain the second order gradient, of course, along with the first gradient, because
both have contributions to dissipation. The strain gradient theory of thermoelasticity is suit-
able to approach main problems regarding the size effects and to characterize the evolution of
chiral elastic materials which include auxenic media, carbon nanotube, bones, porous com-
posite, honeycomb structures Some papers in this domain are: [5-14]. There are many papers
in the theory of elasticity of in the theory of thermoelasticity dedicated to the uniqueness of
solutions or/and to continuous dependence results, but we need to say that these results are
based almost exclusively on the hypothesis that the tensors of the thermoelastic coefficients
are positive definite. In other studies, the uniqueness or continuous dependence of solutions
are obtained by using a specific law for the conservation of the energy. Green and Lindsay
supplemented in [15] the conditions arising from thermoelasticity with some assumptions
on positive or negative definiteness, in order to prove an uniqueness theorem. We want to
consider that our study is the continuation of many studies which are based on the different
improvements of the Lagrange identity, of which it is worth mentioning the papers [16-18].
From the studies dedicated to Cesaro means, to uniqueness and to continuous dependence re-
sults, we remember [19-21]. Other results for different kind of micro-structures can be found
in the papers [22-29].
In our study we address the mixed problem in the context of strain gradient thermoelasticity
in a new manner, namely our approach is based on the identity of Lagrange. So, we can
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prove that the solution of the mixed problem in this context is unique and obtain the continu-
ous dependence of solutions with respect to loads, that is, body forces and heat supply. Other
continuous dependence of solutions result it is obtained, with respect to initial data. All the
results are deduced in the case of bounded domains from the Euclidean three dimensional
space, but they can be extended without much difficulty in the case of boundless domains,
with some restrictions on behavior to infinity. Again, we outline that the results are obtained
without recourse to any hypotheses regarding the boundedness of the coefficients or to a law
for the conservation of the energy, as well as avoid use of definiteness assumptions on the
thermoelastic coefficients.

2. Basic equations

Let us consider a bounded domain D of three-dimensional Euclidean space R3 which is occu-
pied by the reference configuration of an anisotropic homogeneous linear elastic body, from
strain gradient thermoelasticity theory. The closure of the regular domain D is denoted by D̄
and the bounder of D is ∂D, that is, we have D̄ = D ∪ ∂D.
To characterize the evolution of such kind of media, we will use the vector of the displace-
ment with the components vi and the variation of the temperature, denoted by ϑ, which is
measured from absolute temperature in the reference state, T0, which is assumed be a con-
stant. We will use two strain tensors, of components emn and µmnr, respectively, which are
also called the kinematic characteristics of the body. These are introduced with the help of
the kinematic equations:

emn =
1
2

(
vm,n + vn,m

)
, µmnr = vr,mn (1)

We also will use two tensors of stress, namely the classic stress tensor of components tmn and
the hyperstress tensor of components σmnr, both tensors defined over D. Having the stress
tensors and the strain tensors, we can highlight the connections between them, through the
constitutive equations, which for an anisotropic and homogeneous strain gradient thermoe-
lastic body, have the following form:

tmn = amnklekl + bmnrklµrkl − αmnϑ,

σmnr = bklmnrekl + cklsmnrµkls − βmnrϑ, (2)

η= αmnemn + βmnrµmnr +
a
T0
ϑ − dmϑ,m,

qm = T0

(
dmϑ̇ − κmnϑ,n

)
.

In our following considerations we will use some basic notations and theoretical results in a
manner similar to that used by Iesan in his known book [30].
First, the equations of motion in strain gradient thermoelasticity have the general form (see
also, [30]):

tmn,n + σmnr,nr + Fm = ϱv̈m (3)

The equation of energy is given by

ϑ0η̇ =
1
ϱ

qm,m + r. (4)

The functions used in the previous equations have the following meanings:
- Fm are the components of the body force per unit volume;
- ϱ is the density of mass;
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- η is the notation for the entropy;
- r is the supply of heat;
- qm are the components of the heat flux.

The thermoelastic coefficients amnkl, bmnrkl, cmnrkls, αmn, βmnk, dm, a and κmn are constants
for the characterization of materials from a constitutive point of view and these obey the
following relations of symmetry:

amnkl = aklmn = anmkl, bmnrkl = bnmrkl = bmnrlk,

cmnrkls = cklsmnr = cnmrkls, αmn = αnm, βmnr = βnmr, κmn = κnm. (5)

From Clausius-Duhem inequality, called also the inequality of production of entropy, we can
write:

κmnξmξn ≥ 0, ∀ξm.
In all well-defined points of the set ∂D we consider a surface traction of components tk and a
scalar heat flux denoted by q, with the help of notations:

tk = tklnl, q = qlnl,

where, nl are the components of the normal vector of ∂D.
Together with the differential relations (1-4) we introduce a system of initial data of the form:

vm(0, x) = am(x), v̇m(0, x) = bm(x), ϑ(0, x) = σ(x), x ∈ D̄. (6)

Also, there are prescribed the following boundary conditions:

vm = v̄m on [0, t0) × ∂D1, tk = tklnl = t̄k on [0, t0) × ∂Dc
1,

ϑ = ϑ̄ on [0, t0) × ∂D2, q = qlnl = q̄ on [0, t0) × ∂Dc
2, (7)

where the instant of time t0 can take the infinite value.
Also, the subsets ∂D1 and ∂D2, respectively ∂Dc

1 and ∂Dc
2, are subsurfaces of the set ∂D

satisfying the following conditions:

∂D1 ∩ ∂Dc
1 = ∂D2 ∩ ∂Dc

2 = ∅,
∂D1 ∪ ∂Dc

1 = ∂D2 ∪ ∂Dc
2 = ∂D.

Assume that am, bm, σ, v̄m, t̄k, ϑ̄ and q̄ are given, regular functions, on the domain on which
they are defined.
In the following considerations we will use some hypotheses of regularity, as follows:

(i) the functions which define the thermoelastic coefficients of class C1 on D̄;
(ii) ϱ is a function of class C0 on D̄;
(iii) Fm and r are functions of class C0 on [0, t0) × D̄;
(iv) am, bm and σ are functions of class C0 on D̄;
(v) v̄m and ϑ̄ are functions of class C0 on [0, t0) × ∂D1 and [0, t0) × ∂D2, respectively;
(vi) t̄k and q̄ are piecewise regular functions on [0, t0)×∂Dc

1 and [0, t0)×∂Dc
2, respectively

and continuous in time.
By using the constitutive equations (2), the motion equation (3) and the equation of energy
(4) become

amnklvk,ln + bmnrklvk,lnr + αmnϑ,n + bmnrklvk,lnr +

+cmnrklsvk,lnrs + βmnrϑ,nr + Fm = ϱv̈m, (8)(
κmnϑ,n

)
,m + ϱr = cϑ̇ + T0

(
αmnv̇m,n + βmnr v̇r,mn

)
.

Let us denote by P the mixed problem with initial and boundary values, from the strain
gradient theory of thermoelasticity, in the domain D0 = [0, t0) × D, which consists of the
system of partial differential relations (8) for all (t, x) ∈ D0, the boundary data (7) and the
initial relations (6). Any solution of this problem is an ordered array (vm, ϑ).

3

ITM Web of Conferences 34, 01004 (2020)
Third ICAMNM 2020

https://doi.org/10.1051/itmconf/20203401004



3. Basic results

Let v(t, x) and w(t, x) be two functions of class C1 regarding the variable t. By a simple check,
we can see that the next equality takes place:

d
dt

[v(t)ẇ(t) − v̇(t)w(t)] = v(t)ẅ(t) − v̈(t)w(t),

where, for simplicity, we have omitted to write the time variable and the spatial variables of
the functions v(t, x) and w(t, x).
In the previous identity, we will replace the functions v(t, x) and w(t, x) by the functions
Vm(t, x) and Wm(t, x), respectively, considering that the new two functions are also of class
C1, regarding the variable t. If we integrate the resulting equality, we are led to the following
equality, known as Lagrange’s identity:∫

B
ϱ(x)

[
Vm(t, x)Ẇm(t, x) − V̇m(t, x)Wm(t, x)

]
dV =

=

∫
D
ϱ(x)

[
Vm(0, x)Ẇm(0, x) − V̇m(0, x)Wm(0, x)

]
dV + (9)

+

∫ t

0

∫
B
ϱ(x)

[
Vm(τ, x)Ẅm(τ, x)−V̈m(τ, x)Wm(τ, x)

]
dVdτ.

We introduce the following notations:

wm = v
(2)
m − v(1)

m , µ = ϑ
(2) − ϑ(1)

tmn = t(2)
mn − t(1)

mn, σmnk = σ
(2)
mnk − σ

(1)
mnk, S = η(2) − η(1), (10)

pm = q(2)
m − q(1)

m , fm = F(2)
m − F(1)

m , R = r(2) − r(1),

in which we denoted by
(
v(ν)m , ϑ

(ν)
)
, ν = 1, 2 two solutions that verify of the mixed problem

P, corresponding to the same boundary relations and same initial relations, but to heat sup-
plies and to different body forces, namely:

(
F(ν)

m , r(ν)
)
, ν = 1, 2, respectively.

The constitutive equations become:

tmn = amnklwk,l + bmnrklwr,kl + αmnµ,

σmnr = bklmnrwk,l + cmnrklswk,ls + βmnrµ, (11)

η = −αmnvm,n − βmnrvr,mn +
a
T0
µ − bmµ,m,

pm = T0
(
bmµ̇ − κmnµ,n

)
.

In this way, we see that the differences (wm, µ) verify the equations and conditions that fol-
low:

- the equation of motion:

ϱẅm = amnklwk,ln + bmnrklwr,kln + αmnµ,n +

+bklmnrwr,kln + cklsmnrwr,nskl + βmnrµ,nr + fm; (12)

- the equation of energy:

aχ̇ + ϑ0
(
αmnẇm,n + βmnrẇr,mn

)
=

(
κmnµ,n

)
,m + ϱR; (13)

- the initial conditions:

wm(0, x) = 0, ẇm(0, x) = 0, µ(0, x) = 0, x ∈ D̄; (14)
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- the boundary conditions:

wm(t, x) = 0 on [0, t0) × ∂D1, tmk(t, x)nk = 0 on [0, t0) × ∂Dc
1,

µ(t, x) = 0 on [0, t0) × ∂D2, pk(t, x)nk = 0 on [0, t0) × ∂Dc
2. (15)

Now, we can find a Lagrange identity corresponding to the difference of two solutions of the
mixed initial boundary value problem P.

Theorem 1. Let us consider the difference (wm, χ) of two solutions of the mixed problem P.
Corresponding to this difference the Lagrange identity receives the form that follows:

2
∫

D
ϱwm(t)ẇm(t)dV +

∫
D

1
T0
κmn

(∫ t

0
µ,m(s)ds

) (∫ t

0
µ,n(s)ds

)
dV =

=

∫ t

0
dτ

∫
D
ϱ
[
wm(2t − τ) fm(τ) − wm(τ) fm(2t − τ)] dV + (16)

+

∫ t

0

∫
D

ϱ

T0

[
µ(τ)

∫ 2t−τ

0
R(s)ds−µ(2t−τ)

∫ τ

0
R(s)ds

]
dVdτ, t ∈ [0,

t0
2

).

First application of the identity (16) is the result of uniqueness, from next theorem, with
regards to the solution of the mixed initial boundary value problem P. For this we need to
suppose that the tensor of conductivity κmn is positive definite, that is, we have

κmnxmxn ≥ k0xmxm, ∀xm,

where k0 > 0 is a constant.

Theorem 2 Let us suppose that the relations of symmetry (5) are fulfilled and the set ∂D2
is not empty or the specific heat a(x) is nonzero on B. Thus, the mixed problem P in strain
gradient thermoelasticity has at most one solution.

In our next theorem, we will prove the first result regarding the continuous dependence of
the solutions of the problem P, in relation to heat supply and body force, on the compact
sub-intervals of the interval [0, t0).
To this aim, we consider two solutions

(
v(ν)m , ϑ

(ν)
)
, ν = 1, 2, of the mixed problem P, corre-

sponding to the same boundary data and the same initial conditions, but to different different
body force and heat supply, namely:

(
F(ν)

m , r(ν)
)
, ν = 1, 2. We will use the notations:

fm = F(2)
m − F(1)

m , R = r(2) − r(1).

Theorem 3 Suppose that the relations of symmetry (5) take place. Assuming there exist the
constants Q1, Q2, M1 and M2 and there exists t∗ ∈ (0, t0) so that∫ t∗

0

∫
D
ϱwm(t)wm(t)dVdt ≤ Q2

1,

∫ t∗

0

∫
D

ϱ

T0
µ2(t)dVdt ≤ Q2

2,∫ t∗

0

∫
D
ϱ fm(t) fm(t)dVdt ≤ M2

1 ,

∫ t∗

0

∫
D

ϱ

T0

(∫ t

0
R(ξ)dξ

)2

dVdt ≤ M2
2, (17)

we obtain the following estimation:∫
D
ϱwm(τ)wm(τ)dV+

∫ τ

0

∫
D

1
ϑ0
κmn

(∫ s

0
µ,m(ξ)dξ

)(∫ s

0
µ,n(ξ)dξ

)
dVdτ≤

≤ t∗Q1

[∫ t∗

0

∫
D
ϱ fm(s) fm(s)dVds

]1/2
+t∗Q2

∫ t∗

0

∫
D

ϱ

T0

(∫ s

0
R(ξ)dξ

)2
dVds

1/2 , (18)

where τ ∈ [0, t∗/2) and wm(τ) and µ(τ) are the differences defined in (27).

5

ITM Web of Conferences 34, 01004 (2020)
Third ICAMNM 2020

https://doi.org/10.1051/itmconf/20203401004



Now, we intend to prove the continuous dependence of the solutions with respect to the initial
data.
To this aim, we consider two solutions of the mixed problem P(

v(1)
m , ϑ

(1)
)
,
(
v(1)

m + wm, ϑ
(1) + µ

)
corresponding to the same boundary conditions and to same heat supply and body force, but
to different initial conditions, namely(

v(1)
m (0), v̇(1)

m (0), ϑ(1)(0)
)
,
(
v(1)

m (0) + α0
m, v̇

(1)
m (0) + β0

m, ϑ
(1)(0) + δ0

)
,

where the perturbations
(
α0

m, β
0
m, δ

0
m

)
satisfy the following conditions: there exist the con-

stants M3 and M4 such that:∫
D
ϱ
(
α0

mα
0
m + β

0
mβ

0
m

)
dV ≤ M2

3 ,

∫
B

T0

ϱ
η2

0dV ≤ M2
4

where we denoted by η0 the following expression:

η0 =
a
T0
δ0 − αmnα

0
n,m − βmnkβ

0
k,mn.

With the help of the perturbation wm and µ, we introduce the functions Vm(t) and Θ(t) by
means of the notations:

Vm(t) =
∫ t

0

∫ s

0
wm(τ)dτds, Θ(t) =

∫ t

0

∫ s

0
µ(τ)dτds. (19)

Theorem 4 Suppose that symmetry relations take place and the functions (Vm, Θ) satisfy the
restrictions (30). Then the following estimate takes place:∫

D
ϱVm(t)Vm(t)dV+

∫ t

0

∫
D

1
T0
κmn

(∫ s

0
Θ,m(ξ)dξ

)(∫ s

0
Θ,n(ξ)dξ

)
dVds≤

≤ t∗Q1

[(
t∗+

t∗2

2

)∫
D
ϱα0

mα
0
mdV+

(
t∗2

2
+

t∗3

3

)∫
D
ϱβ1

mβ
1
mdV

]1/2

+ (20)

+t∗7/2Q2
1
√

20

(∫
D

T0

ϱ
η2

0dV
)1/2

, t ∈
[
0,

t∗

2

]
.

References

[1] R.D. Mindlin and N.N. Eshel, On first strain-gradient theories in linear elasticity, In-
ternational Journal of Solids and Structures 4(1), 109-124 (1968).

[2] R.D. Mindlin, Second gradient of strain and surface-tension in linear elasticity, Inter-
national Journal of Solids and Structures 1(4), 417-438 (1965).

[3] D.C. Lam, F. Yang, A.C.M. Chong, J. Wang, and P. Tong, Experiments and theory in
strain gradient elasticity, Journal of the Mechanics and Physics of Solids 51(8), 1477-
1508 (2003).

[4] F. Yang, A.C.M. Chong, D.C. Lam, and P. Tong, Couple stress based strain gradient
theory for elasticity, International Journal of Solids and Structures 39(10), 2731-2743
(2002).

[5] V. Pata and R. Quintanilla, On the decay of solutions in nonsimple elastic solids with
memory, Journal of Mathematical Analalysis and Applications 363, 19-28 (2010).

6

ITM Web of Conferences 34, 01004 (2020)
Third ICAMNM 2020

https://doi.org/10.1051/itmconf/20203401004



[6] F. Martinez and R. Quintanilla, On the incremental problem in thermoelasticity of non-
simple materials, Zeitschrift fur angewandte Mathematik und Mechanik 78(10), 703-
710 (1998).

[7] M. Ciarletta, Thermoelasticity of nonsimple materials with thermal relaxation, Journal
of Thermal Stresses 19(8), 731-748 (1996).

[8] G. Ahmadi and K. Firoozbaksh, First strain-gradient theory of thermoelasticity, Inter-
national Journal of Solids and Structures 11, 339-345 (1975).

[9] M. Aouadi, A.R. El Dhaba, and A.F. Ghaleb, Stability aspects in strain gradient the-
ory of thermoelasticity with mass diffusion, Zeitschrift fur angewandte Mathematik und
Mechanik 98(10), 1794-1812 (2018).

[10] R. Grot, Thermodynamics of a continuum with microstructure, International Journal of
Engineering Science, 7, 801-814 (1969).

[11] R.A. Toupin, Theories of elasticity with couple-stress, Archive for Rational Mechanics
and Analysis 17, 85-112 (1964).

[12] A.E. Green and R.S. Rivlin, Multipolar continuum mechanics, Archive for Rational
Mechanics and Analysis 17, 113-47 (1964).

[13] R.D. Mindlin, Micro-structure in linear elasticity, Archive for Rational Mechanics and
Analysis 16, 51-78 (1964).

[14] N.S. Wilkes, Continuous dependence and instability in linear thermoelasticity, SIAM
J. Appl. Math. 11, 292-299, (1980).

[15] A.E. Green and K.A. Lindsay, Thermoelasticity, Journal of Elasticity 2, 1-7 (1972).
[16] S. Rionero and S. Chirita, Lagrange identity method in linear thermoelasticity, Interna-

tional Journal of Engineering Science 25, 935-946 (1987).
[17] S. Chirita, Some applications of the Lagrange identity in thermoelasticity with one re-

laxation time, Journal of Thermal Stresses 11(3), 207-231 (1988).
[18] M. Marin, A partition of energy in thermoelasticity of microstretch bodies, Nonliner

Analysis: RWA 11(4), 2436-2447 (2010).
[19] W.A. Day, Means and autocorrections in Elastodynamics, Archive for Rational Me-

chanics and Analysis 73, 243-256 (1980).
[20] R.J. Knops, and L.E. Payne, On uniqueness and continuous dependence in dynamical

problems of linear thermoelasticity, International Journal of Solids and Structures 6,
1173-1184 (1970).

[21] M. Marin, On the minimum principle for dipolar materials with stretch, Nonlinear Anal-
ysis: RWA 10(3), 1572-1578 (2009).

[22] M. Marin, On existence and uniqueness in thermoelasticity of micropolar bodies,
Comptes rendus de l’Académie des Sciences Paris, Serie II, B 321(12), 375-480 (1995).

[23] M. Marin, Some basic theorems in elastostatics of micropolar materials with voids,
Journal of Computational and Applied Mathematics 70(1), 115-126 (1996).

[24] I. Abbas and M. Marin,"Analytical solution of thermoelastic interaction in a half-space
by pulsed laser heating, Physica E-Low-Dimensional Systems & Nanostructures 87,
254-260 (2017).

[25] E.M. Abd-Elaziz, M. Marin, and M.I.A. Othman, On the effect of Thomson and initial
stress in a thermo-porous elastic solid under GN electromagnetic theory, Symmetry
11(3) (2019).

[26] C. Itu, A. Öchsner, S. Vlase, and M. Marin, Improved rigidity of composite circular
plates through radial ribs, Proceedings of the Institution of Mechanical Engineers Part
L - Journal of Materials-Design and Applications 233(8), 1585-1593 (2019).

7

ITM Web of Conferences 34, 01004 (2020)
Third ICAMNM 2020

https://doi.org/10.1051/itmconf/20203401004



[27] M. Marin, G. Stan, Weak solutions in Elasticity of dipolar bodies with stretch,
Carpathian Journal of Mathematics 29(1), 33-40 (2013).

[28] K. Sharma and M. Marin, Reflection and transmission of waves from imperfect bound-
ary between two heat conducting micropolar thermoelastic solids, Analele Stiintifice
ale Universitatii Ovidius Constanta 22(2), 151-175 (2014).

[29] S. Vlase, M. Marin, A. Öchsner, et al., Motion equation for a flexible one-dimensional
element used in the dynamical analysis of a multibody system, Continuum Mechanics
and Thermodynamics 31(3), 715-724 (2019).

[30] S. Vlase and P.P. Teodorescu, Elasto-dynamics of a solid with a general "rigid" motion
using FEM model. Part I: Theoretical approach, Romanian Journal of Physics 58 (7-8),
872-881 (2013).

[31] D. Iesan, Thermoelastic Models of Continua (Kluwer Academic Publishers, Dordrecht,
2004) 312 pp .

8

ITM Web of Conferences 34, 01004 (2020)
Third ICAMNM 2020

https://doi.org/10.1051/itmconf/20203401004


