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Tykhonov triples and convergence results for history-
dependent variational inequalities
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Abstract. We deal with the Tykhonov well-posedness of a time-dependent vari-
ational inequality defined on the unbounded interval of time R, = [0, +0), go-
verned by a history-dependent operator. To this end we introduce the concept of
Tykhonov triple, provide three relevant examples, then we state and prove the
corresponding well-posedness results. This allows us to deduce various coro-
llaries which illustrate the continuous dependence of the solution with respect
to the data. Our results provide mathematical tools in the analysis of a large
number of history-dependent problems which arise in Mechanics, Physics and
Engineering Sciences. To give an example, we consider a mathematical model
which describes the equilibrium of a viscoelastic body in frictionless contact
with a rigid foundation.
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1 Introduction

The concept of well-posedness in the sense of Tykhonov was introduced in [23] for a mi-
nimization problem and then it has been generalized for different optimization problems.
References in the field include [10, 26], [11] and [2], where the concepts of extended
well-posendess, Levitin-Polyak well-posendess and generic well-posedness for minimization
problems have been introduced, respectively. For more details on well-posedness of opti-
mization problems we refer the readers to the monographs [3, 15]. The well-posedness in the
sense of Tykhonov (well-posedness, for short) has been extended to variational inequalities
in [13, 14] and to hemivariational inequalities in [6]. General results concerning the well-
posedness of various classes of inequalities can be found in [5, 9, 20, 24, 25], for instance.
A careful analysis of the above mentionned papers reveals the fact that the concept of well-
posedness for a given problem is based on two main ingredients: the existence and uniqueness
of solution of the problem and the convergence to it of any approximating sequence. Based
on this remark, a general framework which unifies the view on well-posedness for abstract
problems in metric spaces was recently considered in [21, 22].

The approch used in [22] was based on the concept of Tykhonov triple 7~ = (I,Q,C)
where [ is a set of parameters, Q represents a family approximating sets and C is a set of
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sequences which defines a criterion of convergence. Following the arguments presented there,
the well-posedness of a problem P with respect to the Tykhonov triple 7~ implicitely provides
a convergence result, namely the convergence of the approximating sequences. This remark
suggests that the Tykhonov triples could be used to prove some convergence results, in the
following way: given a problem # which has a unique solution u and given a sequence
{u,}, we are looking for an appropriate Tykhonov triple 7~ with whom problem % is well
posed and, moreover, {u,} is a 7 -approximating sequence. Then, using the well-posedness
of P with respect to 7, we deduce that {u,} converges to u. Note that this strategy can be
applied for a general problem # which could be either a nonlinear equation, a variational
inequality, a hemivariational inequality, an inclusion, a sweeping process, a saddle point, a
fixed point or an optimization problem, defined on a metric space. Details, examples and
appropriate reference can be found in our recent papers [8, 22]. Nevertheless, this represents
only a theoretical principle since the choice of such an appropriate Tykhonov triple remains
an open question which depends on the problem we consider and the convergence result we
are interested in, as well.

In this current paper we intend to illustrate the principle above and to underlie the im-
portance of the choice of the Tykhonov triple in the study of various convergence results.
Even if the method we present can be used in the study of various problems, as mentioned,
we restrict here to the study of a particular class of time-dependent variational inequalities
in Hilbert spaces, for simplicity. Everywhere in this paper we use N to represent the set of
positive integers, i.e. N = {1,2,3,...} and R, to denote the set of real positive numbers, i.e.,
R, = [0, +o0). Unless stated otherwise, X will be a real Hilbert space. We use (-, -)x, || - |lx
and Oy for the inner product, the associated norm and the zero element of X, respectively.
We also denote by C(IR,; X) the space of continuous functions on R, with values in X and,
for U c X, we use C(IR,; U) for the set of continuous functions on IR, with values in U.
Recall that C(IR;; X) can be organized in a canonical way as a Fréchet space, i.e., as a com-
plete metric space in which the corresponding topology is induced by a countable family of
seminorms. The convergence of a sequence {v,} to an element v, in the space C(R; X), can
be described as follows:

v, = v in C(Ry;X) as n — oo if and only if

(1.1

max ||v,(r) —v(t)|]lx = 0 as n — oo, forall m € N.
1€[0,m]

We also mention that, unless stated otherwise, all the limits below are considered as n — oo,
even if we do not mention it explicitly.

LetKCX,A: X > X,S:CR;X) » C(Ry;X) and f : R, — X. With these data, the
time-dependent inequality problem we study in this paper is stated as follows.

Problem P. Find a function u € C(R,; K) such that, for all t € R, the following inequality
holds:
(Au(t),v — u(®)x + (Su(®),v — u(?))x = (f(t),v —u(?))x forallve K. (1.2)

Note that here and below when no confusion arises, we use the shorthand notation Su(t) to
represent the value of the function Su at the point ¢, i.e., Su(t) = (Su)(¢).

Our aim in this paper is three fold. The first one is to study the well-posedness of the
inequality (1.2) with respect to various Tykhonowv triples. This will allow us to deduce various
convergence results, which represents our second aim. Finally, our third aim is to illustrate
how these results could be applied in the study of variational models of contact. Process
of contact between deformable bodies arise in industry and daily life. Their importance
in various real word applications made that, in the last decades, a considerable effort has
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been put into their modeling, analysis and numerical simulations. The literature on this field
includes [4, 7, 12, 16] and, more recently, [1, 17, 18].

The rest of the paper is structured as follows. In Section 2 we introduce the concept of
well-posedness for the history-dependent variational inequality (1.2) and then we prove its
well-posedness with respect to three relevant Tykhonov triples. The proofs are based on argu-
ments of monotonicity, various estimates and the properties of history-dependent operators.
We then use these well-posedness results in Section 3. There, we prove various convergence
results which show the continuous dependence of the solution with respect to the data. Next,
Section 4, we present additional examples, including an example arising in Contact Mechan-
ics. We end this paper with Section 5 in which we present some concluding remarks.

2 Tykhonov well-posedness results

We start by recalling an existence and uniqueness result in the study of Problem #. To this
end, we consider the following hypotheses.

K is a nonempty closed convex subset of X. 2.
A: X — X is a strongly monotone Lipschitz continuous operator, i.e.,
there exists my4, M4 > 0 such that

(@) (Au—Av,u—v)x = myllu -}, 2.2)

(b) [lAu — Avllx < Myllu —vllx,

forall u, v e X.

S: C(;X) — C(I;X) is a history-dependent operator, i.e.,

for any m € N, there exists L™ > 0 such that

¢ 2.3)
ISu(®) — Sv()|lx < meo [lu(s) — v()llx ds

forall u, v € CR;; X), t € [0, m].

feCR;X). 2.4

We have the following existence and uniquenss result.

Theorem 2.1 Assume that (2.1)—(2.4) hold. Then, Problem P has a unique solution u €
C(I; K).

A proof of Theorem 2.1 can be found in [17, 19]. It is based on standard arguments of
elliptic variational inequalities and a fixed point argument for history-dependent operators.

We now move to the concepts of Tykhonov triple and well-posedness of inequality (1.2)
with respect to a given Tykhonov triple. These concepts have been introduced in [22] in
the framework of an abstract problem on metric spaces. Here we adapt them to the history-
dependent variational inequality (1.2) and, to this end, we denote by X the the set of nonempty
subsets of the space X. Moreover, for any set J we use the notation R(J) for the set of
sequences with elements in J.
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Definition 2.1 A Tykhonov triple is a mathematical object of the form T = (I, Q,C) where I
is a given nonempty set, Q : I — X is a multivalued mapping and C is a nonempty subset of
the set R(I).

Below in this paper we refer to I as the set of parameters. A typical element of I will be
denoted by 6. We refer to the family of sets {€2(6)}ge; as the family of approximating sets and,
moreover, we say that C defines the criterion of convergence.

Definition 2.2 Given a Tykhonov triple T = (I,Q,C), a sequence {u,} C C(R; X) is called
a T -approximating sequence if there exists a sequence {6,} € C such that u, € (6,) for each
neN.

Note that approximating sequences always exist since, by assumption, C # @ and for any
sequence {#,} € C and any n € N, the set Q(6,) is not empty.

We proceed with the following definition.

Definition 2.3 Given a Tykhonov triple T = (I,Q,C), Problem P is said to be T -well-
posed if it has a unique solution and every T -approximating sequence converges in the space
C(R,; X) to its solution.

We now complete Definition 2.3 with the following comments.

First, we remark that the concept of approximating sequence defined above depends on
the Tykhonov triple 7~ and, for this reason, we use the terminology “7 -approximating se-
quence". As a consequence, the concept of well-posedness depends on the Tykhonov triple
7 and, therefore, we refer to it as “well-posedness with respect to 7" or “7 -well-posedness",
for short.

Second, assume that Problem % has a unique solution u, 7 is a Tykhonov triple and
consider two sets of sequences Ry and Ry, defined as follows:

Rp = {{un} CC(R4;X) : uy > u in C(R4; X) }, (2.5)
Ry = {{u,} € CR4+; X) : {u,} is a 7 -approximating sequence }. 2.6)

Then it is easy to see that the well-posedness of a Problem £ with respect to the Tykhonov
triple 7~ is equivalent with the inclusion Ry C Rp, i.e.,

Problem P is 7 -well-posed if and only if Ry C Rp. 2.7

Therefore, the well-posedness of Problem # with respect to a Tykhonov triple 7 pro-
vides implicitly some convergence results, since it guarantees the convergence of any 7 -
approximating sequence to the solution of . The choice of the Tykhonov triple 7 is crucial
for the analysis of Problem %, since a convenient structure of 7~ could provide an unified
proof for various convergence results, as shown in the next section.

Below in this paper we shall use the following notation:
a) an element of / will be denoted by 8 when / ¢ R, and by 8 = {6™},, when I C R(IR);

b) an element of R(I) will be denoted by 8 = {8"},, (or 8 = {#"}) when I C IR, and by
6 =1{0,}, (or 6 = {6,}) with 8, = {8'},, when I C R(R).

We now construct three relevant triples in the in the study of Problem #.
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Example 2.1 Keep the assumption in Theorem 2.1 and take T = (I}, Q1,C1) where
I =R,, (2.8)
Ci={{6,}, : 6,1, YneN, 6,—-0 as n—o oo} 2.9)
and, for each 0 € I, the set Q,(60) is defined as follows:
u € Q(0) if and only if u € C(R,; K) and
(Au(t), v~ u(t)x + (Su(®),v — u(®)x + 6llo ~ u(®)llx (2.10)
> (f(),v—u(t)x forallveK, telR,.

Note that for each 6 € I, the solution u obtained in Theorem 2.1 belongs to Q(0) and,
therefore, Q1(0) # 0. Therefore, according to Definition 2.1, T is a Tykhonov triple.

Example 2.2 Keep the assumption in Theorem 2.1 and take T = (I, <, C,) where
L =R, 2.11)
Co={{l)n : 6,€l ¥YneN, 6,—-0 as n— oo} (2.12)
and, for each 0 € I, the set Q,(60) is defined as follows:
u € (0) if and only if u € C(R;; K) and

(Au(?), v — u()x + (Su(t),v — u(®))x + 0(lu(®|lx + Dllo — u(t)llx (2.13)
> (f(),v—u()y forallvek, relR,.

Note that, again, using Theorem 2.1 it follows that €,(0) # 0, for each 6 € I,.
Example 2.3 Keep the assumption in Theorem 2.1 and take T 3 = (I3, Q3,C3) where
L={0={0"},, : "R, VYmeN}, (2.14)

C:={{0u)n : 0, =10)}nelz VneN, (2.15)
g -0 as n—oo, YmeN}

and, for each 0 = {08™},, € I, the set Q3(0) is defined as follows:
u € Q3(0) if and only if u € C(R,; K) and

(Au(®), v — u(®)x + (Su(®), v — u(t))x + 8"lv — u(t)llx (2.16)
> (f(H),v—u(t)xy forallveK, te[0,m], meN.

Note that, again, using Theorem 2.1 it follows that Q3(0) # 0, for each 0 € Is.

Our main result in this section is the following.

Theorem 2.2 Assume that (2.1)-(2.4) hold. Then Problem P is well-posed with respect to
the Tykhonov triples T 1, T > and T 3 in Example 2.1, 2.2 and 2.3, respectively.
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Proof. First, we recall that the existence of a unique solution to problem £, needed for the
well-posedness of Problem # with any Tykhonov triple, follows from Theorem 2.1.

Consider now the Tykhonov triple 73 in Example 2.3 and let {u,} be a 7 3-approximating
sequence. Then, using Definition 2.2 we deduce that there exists a sequence {6,}, such that
0, =16}, € RAR,) foralln e N,

" >0 as n—ooo, VYmeN, 2.17)

n

and, moreover, u, € Q3(0,) for each n € N.
Letn € N, m € N and let t € [0, m]. Then, using the definition (2.16) of the set Q3(6,) it
follows that u,, € C(IR,; K) and, moreover,

(Aun (1), v = upy(D)x + (Sup(®), v — u,()x + 6, llv — u, (Hllx (2.18)
> (f(),v—uy(t))x forallveK.

We now take v = u(f) in (2.18) then v = u,(¢) in (1.2) and add the resulting inequalities to find
that

(Sun(t) = Su(@®), u(®) = un(0)x + 0 llun(t) — u@®llx
> (Aup(t) — Au(t), u, (1) — u(?))x.
Therefore, using assumption (2.2)(a) we deduce that
mallun(®) = u®I < 1Sun (1) = Su(@)lIxlluea (1) = u@®)llx + 6 luta(2) = u(@)llx.

This inequality combined with condition (2.3) yields

gnm Lm 5
lun(®) —u@llx < — + —f et (s) — u(s)llx ds
my my Jo

and, using the Gronwall argument, it follows that

o

gr
[l (1) — ully < m—Ae " (2.19)

Inequality (2.19) and convergence (2.17) show that

max ||u,(t) —u(@®)|lx = 0 as n — oo
te[0,m]

and, since m € N is arbitrary, using (1.1) we deduce that
u, > u in CR,;X) as n — oo. (2.20)

The convergence (2.20) combined with Definition 2.3 imply that Problem # is well-posed
with respect to the Tykhonov triple 7 3 in Example 2.3.

We now focus on the Tykhonov triple 7, in Example 2.2 and, to this end we use a claim
that we state here and proof at the end of this section.

Claim 1. Let {u,} be a T >-approximating sequence. Then, for each m € N there exists Z™ > (0
such that

e, (Dllx < Z™ forall r€[0,m], n € N. (2.21)
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Assume now that {u,} is a 7 ,-approximating sequence. Then, using Definition 2.2 and
(2.13) we deduce that there exists a sequence {@,} € R(IR,) such that @, — 0 and, for any
n € N, the following inequality holds:

(Auy (1), v = un(D)x + (Sup (), v = un(D)x + @n(lunDllx + Dllo — w,(D)llx (2.22)
> (f(),v—uy()xy forallve K, teR,.
Consider the sequence {6,} where
0, =1{6}m € RAR,), 6O =a,(Z"+1) forall m, neN. (2.23)
Then, (2.21)—(2.23) imply that
(Aup(1), v — u(®)x + (Sup(1), 0 = up(D)x + 6, llv — un(Dllx
> (f(),v—u,())xy forallve K, m,neN, ¢t € [0,m]

and, since 6 — 0 asn — oo, for any m € N, (2.15) and (2.16) imply that {u,} is a 7 3-
approximating sequence. We now use the notation (2.6) to conclude that

On the other hand, using (2.10) and (2.13) it is easy to see that Q;(0) C Q,(6) for any 8 > 0
and, therefore, (2.6) implies that
R‘T] C R7'2 (2.25)

Finally, since Problem P is 7 3-well-posed, we deduce from (2.7) that
RT} C Rp. (2.26)

The well-posedness of Problem # with respect the Tykhonov triples 7 and 7, is now a
direct consequence of (2.7) and inclusions (2.24)—(2.26). |

We end this section with the proof of the bound (2.21).

Proof of Claim 1. Let {u,} be a T -approximating sequence. Then, using Definition 2.2,
(2.12) and (2.13), we deduce that there exists a sequence {6,} € S(R,) such that §, — 0 and,
for any n € N, the following inequality holds:

(Aun(0), v = up(D)x + (Sun(®), v — un(O)x + On(|lun(Dllx + Dllv — up@llx (2.27)
> (f(),v—u,())x forallve K, reR,.
Letme N, t€[0,m], n e Nand uy € K. Then, (2.27) implies that
(Aun(0), un () — uo)x < (Sun(?), uo — un(1)x
+0,(lun (Dllx + Dlluo — un@llx + (f(©), un(t) — uo)x-
Using now this inequality and assumption (2.2)(a) we write
malluen () = uolly < (Aun(t), un(r) = o)x = (Attg, (1) = o)x
< (Sun(), uo — un(@)x + On(llun@llx + Dlluo — un(®)llx

+(f(0), un(t) = uo)x + (Auo, uo — un(1))x
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which implies that

malluy () = uollx < 1Sun(Dllx + On(llun@llx + 1) + Il @llx + lAuollx

and, moreover,
mallun(8) — uollx < ||Su,(t) — Sug(®)llx + ISuo(®)llx (2.28)
+60,(lun(t) — uollx + lluollx + 1) + [lfFOllx + lAuollx.

Note that here and below in this paper we keep the notation u, for the constant function
t — ug for all t € R and, therefore, notation Suy makes sense.

Next, since 8, — 0, for n large enough we can assume that 6, < % and, therefore (2.28)
yields

%Ilun(t) = uollx < [1Sun(t) = Sug(llx + [ISuo(llx (2.29)

m
+§mmu+n+wmm+MwM
Denote
m ny
F =Q%NB%®M+~TWMM+IHWﬂmh+Mwh) (2.30)

Then, using (2.29), (2.30) and assumption (2.3) we find that

m

20" ! 2F
|mm—mm$——jﬂﬁw—mmw+——.
ma Jo my

We now use the Gronwall argument to find that

m m
2L t

em

llun(£) = uollx <

This inequality implys that there exists Y”* > 0 which does not depend on n and ¢ such that
lleen(2) — uollx < Y™. (2.31)

We now use (2.31) to obtain the bound (2.21) with Z™ = Y™ + ||ug||x, which concludes the
proof. O

3 Convergence results

In this section we use the well-posedness of Problem # with respect to the Tykhonov triples
T 1, 7> and 73 in order to deduce several convergence results in the study of Problem .
These results are presented as corrolaries of Theorem 2.2. Below in this section we keep the
assumptions of this theorem, even if we do not mention it explicitely.

Our first convergence result concerns the dependence of the solution with respect to the
function f. To this end we consider a sequence of functions {f,} such that, for each n € N,

£, € C(R,; X). 3.1)

Moreover, we consider the following variational problem.
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Problem 7’,‘1. Find a function u, € C(R,; K) such that, for all t € R, the following inequality
holds:

(Au, (1), v — u,(1))x + (Su, (1), v — u,())x (3.2)
> (f(),v—u,(®)x forallveK.

Then, using Theorem 2.1 it follows that Problem P}q has a unique solution, for each n € N.
Assume now that

(a) For each n € N there exists 8, > 0 such that
1/ = f®llx <6, forall teR,. (3.3)

(b) 6, > 0 asn — co.

We have the following convergence result.

Corollary 3.1 Assume that (2.1)—(2.4), (3.1) and (3.3) hold. Then, the solution u,, of Problem
7’,1, converges to the solution u of Problem P, i.e.,

u, > u in C(R,;X). (3.4)

Proof. Consider the sequence {6,} provided by assumption (3.3)(a) and let n € N, ¢t € R,.
Inequality (3.2) implies that

(Auy (1), v = up(D)x + (Sun(1), v = uy())x + (f(1) = fu(D), v — un())x
> (f(0),v - un(0)x forall ve K
and, using (3.3) yields
(Aun(1), v = up(D)x + (Sun(1), v = up(D)x + Oullv — un(Dllx (3.5)
> (f(t),v— us(0)y forall veK.

We now combine (3.5) and (2.10) to see that u,, € Q,(6,) and, therefore, (3.3)(b) implies that
{u,} as a 7 -aproximating sequence for Problem #. We now use Theorem 2.2 and Definition
2.3 to deduce the convergence (1.1), which concludes the proof. O

Our second convergence result concerns the dependence of the solution with respect the
operator A. To this end we consider a sequence of operators {A,} such that, for each n € N,
the following condition holds.

A,: X — X is a strongly monotone Lipschitz continuous operator, i.e.,
there exists m,,, M,, > 0 such that
(@) (Agu — Ao, u — v)x > myllu = vll%, (3.6)

(b) ”Anu - AnU”X < Mn”u - U”X’

forallu, v e X.

Moreover, we consider the following variational problem.
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Problem Pi. Find a function u, € C(R,; K) such that, for all t € R, the following inequality
holds:

(Anttn(), v — un(D)x + (Sun(t), v — us())x 3.7
> (f(0),v—u,(t))y forallveK.

Then, using Theorem 2.1 it follows that Problem £, has a unique solution, for each n € N.
Assume now that

(a) For each n € N there exists 8, > 0 such that

l|A,u — Aullxy < 6,(lullxy +1) forall u e X. (3.8)

(b) 8, > 0 asn — oo.

We have the following convergence result.

Corollary 3.2 Assume that (2.1)—(2.4), (3.6) and (3.8) hold. Then, the solution u, of Problem
7),% converges to the solution u of Problem P, i.e., (3.4) holds.

Proof. Consider the sequence {6,} provided by assumption (3.8)(a) and letr € R, n € N. We
write

(Aun(0), v = up(D)x + (Sun(t), v — un(1))x
= (Apun (), v — up(D))x + (Sun(1), v — un(1))x
+(Au () — Ayt (£),v — u,(£))x  forall v € K,
then we use inequality (3.7) to find that
(Auy (1), v = upn(D)x + (Sup(1), v = un(1)x
2 (f@), 0 = un(D)x + (Aun(t) — Aputn (1), 0 — un(0)x
= (f(0),v = un(0)x = lAun(1) = Apunllxllo — up@llx ~ forall ve K
and, therefore, (3.8)(a) yields
(Aun(0), v = up(D)x + (Sun(1), v — un(1))x (3.9
+0,(llunOllx + Dllo — un(Dllx = (f(1),0 — up(0)x  forall veK.

We now combine (3.9) and (2.13) to see that u,, € Q,(6,) and, therefore, (3.3)(b) implies
that {u,} as a 7 ,-aproximating sequence for Problem #. Finally, we use Theorem 2.2 and
Definition 2.3 to deduce the convergence (3.4), which concludes the proof. O

Our third convergence result concerns the dependence of the solution with respect to the
operator S. To this end we consider a sequence of operators {S,} such that, for each n € N,
the following condition holds.

S, : C(I;X) = C(I;Y) is a history-dependent operator, i.e.,
for any m € N, there exists L)' > 0 such that
!
ISpu(®) — Su®)llx < Li’ff llue(s) — v(s)llx ds
0
forall u, ve CR.; X), t € [0, m].

(3.10)

10
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Moreover, we consider the following variational problem.

Problem Pz. Find a function u, € C(R,; K) such that, for all t € R, the following inequality
holds:

(Aun(1), v = up()x + (Spttn (1), v — un(1)x (3.11)
> (f(®),v—u,(t)x forallveK.

Then, using Theorem 2.1 it follows that Problem P,% has a unique solution, for each n € N.
Assume now that

(a) For each m € N and nn € N there exists a); > 0 such that

15
ISu(t) = Su@)llx < (lﬂf llees)lx ds
0
forall u € C(R;;X), t € [0, m].

(3.12)

(b) @) = 0 as n— oo, foreachm € N.

We have the following convergence result.

Corollary 3.3 Assume that (2.1)—(2.4), (3.10) and (3.12) hold. Then, the solution u, of Prob-
lem P?l converges to the solution u of Problem P, i.e., (3.4) holds.

Proof. Letn e N,m € N, t € [0,m] and let v € K. We write
(Aun(0), v = up(D)x + (Sun(1), v — un(1))x
= (Aun(1), 0 = un(D)x + (Snttn(1), v — un(1))x
+(Suty (1) = Sptn(1), 0 — un(0)x,
then we use inequality (3.11) to see that
(Auy (1), v = un(0)x + (Suty(), v = un(1)x
> (f(0), v = un(D)x + (Sun(t) = Spttn(1), v = un(1)x.
Therefore,
(Aun(1), v = up(D))x + (Sun(1), v — un(1))x
+H(Snutn() = Sun(0), v = un(D)x = (f (1), v = uy(0))x.
and, using assumption (3.12)(a), we find that

(Auy(1), v = un(D)x + (Sup(1), v — un(1)x (3.13)

+a fo letn(Sllx ds)llo = un(®llx = (F(2), 0 = un(t))x.

We now use a claim that we state here and proof below in this section.

Claim 2. For each n € N, let u, be the solution of Problem Pi. Then, for each m € N there
exists U™ > 0 such that

lunDllx < U™ forall t€[0,m], neN. (3.14)

11
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We now use (3.13) and (3.14) to see that
(Auy (1), v = un(D)x + (Sun(D), v — un())x (3.15)

+a,, U mllv — uy(Dllx = (f(©), 0 = up(0)x-

Consider now the sequence 8, = {6'},, € R(IR.) where
0y =a,U"m (3.16)

for each m, n € N. Then (3.15) implies that u, € Q3(6,) where, recall, Q3(0) is the set
defined by (2.16), for each 8 = {6"},, € R(R,). On the other hand, assumptions (3.12)(b)
and definition (3.16) imply that 8 — 0 as n — oo, for each m € N. This implies that
6, = {07}, € C3 where Cs is given by (2.15). It follows from above that the sequence {u,}
is a 7 3-aproximating sequence for Problem # where, recall, 73 is the Tykhonov triple in
Example 2.3. We now use Theorem 2.2 and Definition 2.3 to deduce the convergence (3.4),
which concludes the proof. O

We now proceed with the proof of the bound (3.14).
Proof of Claim 2. Letm € N, t € [0,m], n € N and uy € K. Then, using (3.11) we find that

(Aun (1), un () = uo)x < (Sputn(1), uo — un()x + (f (1), un(t) = uo)x.
Using this inequality and assumption (2.2)(a) we write
mallun(5) = vlly < (Aun(0), un(t) = uo)x — (Ao, (1) = uo)x

< (Spttn(), o — un(0)x + (f(0), un () — uo)x + (Autg, uo — un(1))x
which implies that
mallun(t) = uolly < (Spitn(2) = Sua(1), 1o — n(D)x + (Sun(2) = Suo(2), g — (1))x
+(Suo (1), uo — un()x + (f(1), un(t) — uo)x + (Autg, ug — u,(1))x
and, moreover,
mallun (1) — uollx < ISnttn(t) = Sun(Dllx + 1Sun(r) — Suo(d)llx
+HISuo@llx + 1fDllx + lAuollx.

We now use assumptions (3.12) and (2.3) to find that

f
mallun (1) — ugllx < @ f Nl (5)lIxds
0

!
+L" f lltn(5) = uollx ds + ISuo@llx + lf @llx + lAuollx
0

and, therefore,

!
mallun(5) = wolly < (@ + L") f lta(s) — wollxds (3.17)
0

!
+an'"f lluollxd's + ISuo@llx + lf Dllx + lAuollx-
0

12
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On the other hand, assumption (3.12)(b) shows that for n large enough we can assume
that @, < 1 and using this inequality in (3.17) we find that

f
mAllun(l)—uollxS(L'”+1)f lln(s) — uollxds (3.18)
0

+mlluolly + ISuo@llx + lf @llx + lAuollx-

Denote

G" = max (mlluollx +[ISuo@llx + 1/ Ollx + ||AM0||X)~ (3.19)

Then, (3.18) and (3.19) imply that

L,+1
ma

t
Gm
llun () = uollx < f llun(s) = uollx ds + — . (3.20)
0 ma

We now we use the Gronwall argument to find that

mopmyy

[lun(t) — uollxy < — e
ma

t

This inequality implies that there exists V”* > 0 which does not depend on n and ¢ such that
llean(2) — uollx < V™. (3.21)

We now use (3.21) to obtain the bound (3.14) with U™ = V™ + ||lugl|x, which concludes the
proof. O

We end this section with a convergence result which includes as particular cases the con-
vergence results presented in Corollaries 3.1-3.3. To this end we consider two sequences of
operators {A,} and {S,} and a sequence of functions {f,} such that, for each n € N, the condi-
tions (3.1), (3.6) and (3.10) hold. Moreover, we consider the following variational problem.

Problem Pﬁ. Find a function u, € C(R,; K) such that, for all t € R, the following inequality
holds:

(Anun(t)’ v— un(t))X + (Snun(l)s v— un(t))X (322)
> (fu(),v—u,(t))x forallve K.

Then, using Theorem 2.1 it follows that Problem SDf, has a unique solution, for each n € N.
Assume now that
fo— f in C(R4; X). (3.23)

We have the following convergence result.

Corollary 3.4 Assume that (2.1)-(2.4), (3.1), (3.6), (3.8), (3.10), (3.12) and (3.23) hold.
Then, the solution u, of Problem Pﬁ converges to the solution u of Problem P, i.e., (3.4)
holds.

Proof. The proof is similar to that of Corollary 3.3 and, therefore, we skip the details. We
restrict ourselves to recall that it is based on the following ingredients: first, we prove that
inequality (3.14) still holds where now u, is the solution to history-dependent inequality
(3.22), for each n € N. Then, we prove that the sequence {u,} is a 7 3-approximating sequence
for Problem #; finally, we use Theorem 2.2 and Definition 2.3 to deduce the convergence
(3.4), which concludes the proof. |
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4 Examples

In this section we complete the results in Section 3 with some examples. First, we state that
Corollary 3.2 cannot be proved by using the well-posedness of Problem # with respect to the
Tykhonov triple 7| in Example 2.1. Moreover, Corollary 3.3 cannot be proved by using the
well-posedness of Problem # with respect to the Tykhonov triple 7, in Example 2.2. An
evidence of these statements is provided by the two examples below.

Example 4.1 Consider Problem P and the Tykhonov triple T | in Example 2.1 in the parti-
cular case when K = X, Au = uforallu € X, S = 0 and f(t) = tfy for all t € R, where
fo € X, fo # Ox. Note that in this particular case inequalitiy (1.2) becomes

w@®),v—u®)x = (f(©),v—u(t))x forallveX, telR,. 4.1)

Assume now that A,u = Au + % u, for each n € N. Then, inequality (3.2) becomes

(u,(t) + % u, (1), v —u,(®))x = (f(®),v—u,(t)x forallvelX, teR,.

Next, it is easy to see that condition (3.6) and (3.8) hold and, therefore, Corollary 3.2 gua-
rantees the convergence (3.4).

This convergence can be proved directly. Indeed, the solution of inequalities (4.1) and
(4.2) are u(t) = f(t) and u,(t) = ﬁ f (@), respectively, for all t € R, and n € N. Therefore,

1
llta(t) = u(®llx = == IIF Ollx

which implies (3.4).

Nevertheless, we claim that the sequence {u,} is not a T |- approximating sequence for
Problem P. Indeed, arguing by contradiction, assume that {u,}, is a T |-approximating se-
quence. Then, using (2.9) and (2.10) we deduce that there exists a sequence {6,} such that
6, — 0 and, for each n € N and t € Ry, the following inequality holds:

(Un(0), 0 = un(D)x + Oullo — un(Dllx = (F(@), 0 — ua(1))x  forallv e X. (4.2)

We now substitute u,(t) = 25 f(t) in (4.2) then we take v = f(t) in the resulting inequality to
deduce that

1
—_— t <0,.
o If@Dllx <
Moreover, since f(t) = tfy we find that

t
n+1

I follx < 6. (4.3)

Recall that this inequality holds for eachn € N and t € R.. Thus, taking t = n+ 1 we deduce
that || follx < 6, for each n € N and, using the convergence 6, — 0, we find that fy = Ox which
is in contradiction with assumption fy # Ox. We conclude from above that the sequence {u,}
is not a T 1- approximating sequence for Problem P, as claimed. This implies the T -well-
posedness of inequality (1.2) combined with Definition 2.3 cannot be used to prove Corollary
3.2.

Example 4.2 Consider Problem P and the Tykhonov triple T in Example 2.2 in the parti-
cular case when K = X, Au = uforallu € X, S = 0 and f(t) = fy for all t € R, where
Jfo # Ox. Note that in this particular case inequalities (1.2) becomes

w(@®),v—u(@®)x = (fo,v —u®))y forallveX, te€R,. 4.4)
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Assume now that
13
S,u(t) = a/,,f u(s)ds forall u e CR,;X), t€ R,
0

for each n € N, where a, > 0 and, moreover, a, — 0 as n — co. Then, inequality (3.2)
becomes

(un(1) + fo u(s)ds, v — un(N)x = (fo,v = un()x 4.5

forallve X, t € R, andn € N. Then, it is easy to see that conditions (3.10) and (3.12) hold
with L = @)} = @, and, therefore, Corollary 3.2 guarantees the convergence (3.4).

This convergence can be proved directly. Indeed, inequality (4.5) is equivalent with the
differential equation

!
u,,(t)+a/,,f u,(s)ds = fo forall r e R,
0

and, therefore, its solution is u,(t) = e’ fy for all t € R, and n € N. On the other hand, the
solution of inequality (4.4) is u(t) = fy, for all t € R,. Therefore,

llun(®) = u@®llx = (1 = e ™)lifollx forall 7€ R,

which implies (3.4).

Nevertheless, we claim that the sequence {u,} is not a T - approximating sequence for
Problem P. Indeed, arguing by contradiction, assume that {u,} is a T »-approximating se-
quence. Then, using (2.12) and (2.13) we deduce that there exists a sequence {6,} such that
6, — 0 and, for each n € N and t € R, the following inequality holds:

(Un(0), 0 = un(D)x + Op(la(Dllx + Dllo = un(@)llx

> (fo,v— us(t))x forallveX.

We now substitute u,(t) = e~ fy in (4.6) then we take v = fy in the resulting inequality to
deduce that
(L= ™DlIfollx < u(e™ ™ lIfollx + 1).

Recall that this inequality holds for each n € N and t € R,. Thus, taking t = i we deduce
that (1—e Y| follx < 6,(e” ' +1) for each n € N. We now use the convergence 6, — 0 to deduce
that fy = Ox, which contradicts the assumption fy # Ox. We conclude from above that the
sequence {uy,}, is not a T - approximating sequence for Problem P, as claimed. Therefore,
the T »-well-posednes of the inequality (1.2) cannot be used to prove Corollary 3.3.

Examples 4.1 and 4.2 show that the choice of the Tykhonov triple plays a crucial role to
deduce convergence results in the study of Problem #. Indeed, it follows from above that
the Tykhonov triple 77} contains enough approximating sequences to guarantee the proof of
Corollary 3.1 but, on the other hand, it does not contain enough approximating sequences to
be used in the proof of Corollary 3.2. Similarly, the Tykhonov triples 7, contains enough a-
pproximating sequences to guarantee the proof of Corollary 3.2 but it does not contain enough
approximating sequences to be used in the proof of Corollary 3.3. In addition, the inclusions
(2.24) and (2.25) show that the Tykhonov triples 7, and 73 can be used in the proof of
Corollary 3.1 and the Tykhonov triple 773 can be used in the proof of Corollary 3.2. It follows
from here that, among the Tykhonov triples 771, 7, and 73, the Tykhonov triple 773 is the
most convenient in the analysis of the history-variational inequality (1.2), since it can be used
to obtain a large variety of convergence results for this inequality.

We end this section with the following example which arises in Contact Mechanics.
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Example 4.3 Let Q be a bounded domain in R? (d = 2,3) with smooth boundary divided
into theree measurable disjoints parts Ty, T and T's such that measT| > 0. We denote by S¢
the space of second order symmetric tensors on R%, by *“ - the inner product on the spaces
R and S and by L(S?) the space of linear continuous operators from S¢ to S¢. Moreover,
we consider the space

X={veH@OQ)*: v=0 on I}}

and, for every v € X, we denote by €(v) and v, the symmetric part of the gradient of v and
the normal component of v to T, respectively. Then, it is well known that X is a Hilbert space
endowed with the inner product

(u,v)x = fs(u)-s(v)dx forall u, ve X.
Q

Consider a Lipschitz continuous strongly monotone operator F : S¢ — S¢, an operator
B € C(R,; L(SY) and two functions f, € C(R.; L*(Q)%), f, € C(R,, L*(T»)?). With these
data we define the set K, the operators A : X — X, S : C(R;X) —» C(R,;X) and the
function f : R, — X by equalities

K={veX:v,<0 on I3},

(Au,v)x = f?—'s(u) -e()dx forallu, ve X,
Q

(Su(®),v)x = f ( f B(t—s)(s(u(s))ds)-s(v)dx
Q 0

forall ue CIR;;X), ve X, te Ry,

(f(),v)x = fgfo(t)~vdx+ fo(0) -vda
I
forall u, ve X,telR,.

Moreover, we consider the problem of finding a function u € C(R.K) such that, for all
t € R,, the following inequality holds:

(Au(t),v —u(@®)x + (Su(@®),v —u(t)x > (f(1),v —u(t))xy forall veK. (4.6)

This problem represents the variational formulation of a mathematical model which des-
cribes the equilibrium of a viscoelastic body in frictionless contact with a rigid foundation,
under the action of body forces of density f and surface traction of density f,. Here Q
represents the reference configuration of the body, u denotes the displacement field, K is
the set of admissible displacement fields, F represents the elasticity operator and B is the
relaxation tensor. Contact models which lead to inequality problems of the form (4.6) have
been considered in the books [1, 7, 17]. There, besides their variational analysis, the reader
can find the classical formulation of the models, including the mechanical assumptions which
lead to their construction.

All the results presented in Sections 2 and 3 can be applied in the study of inequality
(4.6). In particular, Theorem 2.1 states its unique solvability and Corollary 3.4 provides the
continuous dependence of the solution with respect to the elasticity operator, the relaxation
tensor and the densities of body forces and surface tractions. Consider now a sequence of
relaxation tensors {B,} € C(R,; £(SY) and, for eachn € N, let S, : C(R,;X) = C(R,; X)
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be the operator given by

Suwon= [ ([ B, - $)etw() ds) - @) dx
forall u e CIR,;X), ve X,t € R,.
Moreover, denote by u, € C(R,K) the solution of the inequality
(Auy (1), 0 — un(0))x + (Suua(1), 0 — w,(1))x
> (f(H),v—u,(t)xy forallveKk, teR,.

The convergence result in Corollary 3.3 shows that if 8, — 0 in C(R.; L(S%)) then u, —
u € C(R,; X) where u € C(R,K) is the solution of the inequality

(Au, (), — u,(D)x > (F(1),v —un(t)x forall ve K, t € R,. A7)

Note that inequality (4.7) represents a time-dependent version of the well-known Signorini
problem which models the equilibrium of an elastic body in frictionless contact with a rigid
Sfoundation, under the action of external forces of densities f, and f,. We conclude from
above that the solution of the Signorini problem (4.7) can be approached by the solution of
a viscoelastic contact problem (4.6) for a “sufficiently small" relaxation tensor. This result
is important from mechanical point of view since it establish the link between two different
models of contact. |

5 Conclusions

We considered the history-dependent variational inequality (1.2) for which we recalled an
existence and uniqueness result. Then, we introduced the concept of well-posedness with
respect to a given Tykhonov triple 77, the so called 7 -well posedness. By definition, the 7 -
well-posedness of inequality (1.2) means the convergence of the 7 -approximating sequences
to its solution u. This property suggested us to adopt the following strategy in proving con-
vergence results: given a sequence {u,}, we are looking for an appropriate Tykhonov triple
7 such that the history-dependent inequality (1.2) is 7 -well posed and, moreover, {u,} is a
7 - approximating sequence. Then, using the well-posedness of # with respect 7~ we deduce
that {u,} converges to u.

We used the above strategy to obtain de continuous dependence of the solution of inequa-
lity (1.2) with respect to the operators A, S and the function f. Moreover, we presented an
example arising in Contact Mechanics and provided some mechanical interpretation of these
convergence results. We underline that a continuous dependence result of the solution of in-
equality (1.2) with respect the set of constraints K can also be obtained by using similar argu-
ments. Moreover, the results presented here can be extended to the class of history-dependent
variational inequalities considered in [19], as well as to the class of history-dependent hemi-
variational inequalities considered in [18].

The examples presented in this paper underlie the importance of the choice of the
Tykhonov triple 7~ in establishing convergence results of the form u, — u by using the
above strategy. Indeed, more the associated set Ry of 7 -approximating sequences is large,
more the inclusion {u,} € Ry has the chance to be valid. Nevertheless, this choice has to
fulfil a expenditure condition which arise from the fact that more the set Ry is large, more
it is difficult to prove that the history-dependent inequality (1.2) is 7 -well posed. In fact, a
compromise policy between the two aims (“{u,} € Ry " and “Rs as small as possible") has
to be found and the relative importance of each criterion with respect to the other depends on
the sequence {u,} we consider.

17



ITM Web of Conferences 34, 01006 (2020) https://doi.org/10.1051/itmconf/20203401006
Third ICAMNM 2020

Acknowledgments

This research was supported by the European Union’s Horizon 2020 Research and Innovation
Programme under the Marie Sklodowska-Curie Grant Agreement No 823731 CONMECH.

References

[1] A. Capatina, Variational Inequalities Frictional Contact Problems (Advances in Me-
chanics and Mathematics, Vol. 31, Springer, New York, 2014).

[2] M.M. Coban, P. S. Kenderov and J. P. Revalski, Generic well-posedness of optimization
problems in topological spaces, Mathematika 36, 301-324 (1989).

[3] A.L. Dontchev and T. Zolezzi, Well-posed Optimization Problems (Lecture Notes Math-
ematics 1543, Springer, Berlin, 1993).

[4] C. Eck, J. JaruSek and M. Krbe¢, Unilateral Contact Problems: Variational Methods
and Existence Theorems (Pure and Applied Mathematics 270, Chapman/CRC Press,
New York, 2005).

[5] Y.P. Fang, N.J. Huang and J.C. Yao, Well-posedness by perturbations of mixed varia-
tional inequalities in Banach spaces, Eur. J. Oper. Res. 201, 682-692 (2010).

[6] D. Goeleven and D. Mentagui, Well-posed hemivariational inequalities, Numer. Funct.
Anal. Optim. 16, 909-921 (1995).

[7] W. Han and M. Sofonea, Quasistatic Contact Problems in Viscoelasticity and Viscoplas-
ticity (Studies in Advanced Mathematics 30, American Mathematical Society, Provi-
dence, RI-International Press, Somerville, MA, 2002).

[8] R. Hu, M. Sofonea and Y.B. Xiao, Tykhonov Triples and Convergence Results for
Hemivariational Inequalities, Nonlinear Analysis: Modelling and Control, in press
(2021).

[9] R. Hu, Y.B. Xiao, N.J. Huang and X. Wang, Equivalence results of well-posedness for
split variational-hemivariational inequalities, J. Nonlinear Convex Anal. 20, 447-459
(2019).

[10] X.X. Huang, Extended and strongly extended well-posedness of set-valued optimization
problems, Math. Methods Oper. Res. 53, 101-116 (2001).

[11] X.X. Huang and X.Q. Yang, Generalized Levitin-Polyak well-posedness in constrained
optimization, SIAM J. Optim. 17, 243-258 (2006).

[12] N. Kikuchi and J.T. Oden, Contact Problems in Elasticity: A Study of Variational In-
equalities and Finite Element Methods (SIAM, Philadelphia, 1988).

[13] R. Lucchetti and F. Patrone, A characterization of Tykhonov well-posedness for mini-
mum problems with applications to variational inequalities, Numer. Funct. Anal. Op-
tim. 3, 461-476 (1981).

[14] R. Lucchetti and F. Patrone, Some properties of “wellposedness” variational inequali-
ties governed by linear operators, Numer. Funct. Anal. Optim. 5, 349-361 (1983).

[15] R. Lucchetti, Convexity and Well-posed Problems (CMS Books in Mathematics,
Springer-Verlag, New York, 2006).

[16] P.D. Panagiotopoulos, Inequality Problems in Mechanics and Applications (Birkhéuser,
Boston, 1985).

[17] M. Sofonea and A. Matei, Mathematical Models in Contact Mechanics (London Math-
ematical Society Lecture Note Series 398, Cambridge University Press, 2012).

[18] M. Sofonea and S. Migérski, Variational-Hemivariational Inequalities with Appli-
cations (Pure and Applied Mathematics, Chapman & Hall/CRC Press, Boca Raton-
London, 2018).

18



ITM Web of Conferences 34, 01006 (2020) https://doi.org/10.1051/itmconf/20203401006
Third ICAMNM 2020

[19] M. Sofonea and Y.B. Xiao, Applicable Fully History-dependent Quasivariational In-
equalities in Contact Mechanics, Applicable Analysis 95, 2464-2484 (2016).

[20] M. Sofonea and Y.B. Xiao, Tykhonov well-posedness of elliptic variational-
hemivariational inequalities, Electronic Journal of Differential Equations, 2019 (64),
19 pp. (2019).

[21] M. Sofonea and Y.B. Xiao, On the well-posedness concept in the sense of Tykhonov, J.
Optim. Theory Appl. 183, 139-157 (2019).

[22] M. Sofonea and Y.B. Xiao, Tykhonov triples, Well-posedness and Convergence Results,
Carphatian Journal of Mathematics, in press (2021).

[23] A.N. Tykhonov, On the stability of functional optimization problems, USSR Comput.
Math. Math. Phys. 6, 631-634 (1966).

[24] Y.M. Wang, Y.B. Xiao, X. Wang and Y.J. Cho, Equivalence of well-posedness between
systems of hemivariational inequalities and inclusion problems, J. Nonlinear Sci. Appl.
9, 1178-1192 (2016).

[25] Y.B. Xiao, N.J. Huang and M.M. Wong, Well-posedness of hemivariational inequalities
and inclusion problems, Taiwanese J. Math. 15, 1261-1276 (2011).

[26] T. Zolezzi, Extended well-posedness of optimization problems, J. Optim. Theory Appl.
91, 257-266 (1996).

19



