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Radial basis functions for solving the singular boundary
integral equation of the compressible fluid flow around ob-
stacles
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Abstract. Abstract - In this paper we find a numerical solution for the Singular
Boundary Integral Equation (SBIE), with sources distribution, of the compress-
ible fluid flow around obstacles. The numerical solution is obtained by using
linear boundary elements, radial basis functions for the unknown approximation
and the Cauchy Principal Value for the treatment of singularities that appear.
The proposed method is implemented into a computer code, made in Mathcad
programming language, and, for some particular cases, numerical solutions are
found. An analytic checking of the computer code is also made, in order to
validate the proposed approach.

1 Introduction

The problem of the compressible fluid flow around obstacles has been studied by many au-
thors over time and finding numerical solutions of great accuracy was one of the most chal-
lenging problem that arose. There are different techniques that can be applied for this purpose,
in fact the same that are used for finding computational solutions of partial differential equa-
tions (PDEs), as for example: the finite element method (FEM), the finite difference method
(FDM), the boundary element method (BEM) and other.

Boundary integral equations are equivalent models of the problems to be solved and arise
as a consequence of using BEM to solve them. There are many papers describing BEM and
its applications as [2], [3], [4]. This method can be applied in this case, by using any of its
two main techniques: the direct technique and the indirect technique with sources or vortex
distributions. When the direct technique is used, the boundary integral equation is formulated
in terms of the unknown boundary functions and their derivatives. In case of the indirect
boundary element technique, which consists in considering the superposition of the effect
of fictitious functions and their derivatives, the boundary integral equation is formulated in
terms of these unknown boundary fictitious functions. These can be, in case of the problem
of a compressible fluid flow around obstacles, sources or vortex distributions, depending on
the type of fundamental solution chosen for solving the problem.

Both formulations offer the real advantage of the BEM over other numerical methods,
the fact that that they reduce the problem dimension by one, because they lead to equivalent
boundary formulations for the problem involved. The boundary integral equations are further
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solved and so, when finding numerical solutions, only the boundaries of the domain need
to be discretized. BEM is, therefore, an efficient method which can be used to solve such
problems, because it needs less computational effort than FEM, or FDM.

In this paper we consider the boundary integral equation with sources distribution, ob-
tained in [6] by an indirect technique, and, for obtaining its numerical solution, we use radial
basis function approximation and linear boundary elements for the boundary discretization.

Radial basis functions (RBFs) represent an efficient tool in approximation theory. They
are usually used for interpolating large scatter data, but also in solving PDE, being part of
what we call "meshless methods", because radial functions approximation does not need
nodes on a structured grid, nor requires a mesh.

A radial basis function is a real valued function which depends only on the distance from
its current argument to a fixed point, named center, and sometimes on values of a shape
parameter which is used to scale the radial kernel. A set of linear independent radial basis
functions is usually used as a base for a certain function space, so for represent any of its
functions by a linear combination of radial basis functions. Their properties are transferred
to the function they approximate globally, fact that represents a great advantage in case of
finding infinite differentiable functions.

There are different types of RBFs, the well-known linear, Gaussian radial basis functions,
multiquadric (MQ) and generalized MQ (GMQ) radial basis functions, the inverse quadric
or multiquadric radial basis functions (IMQ), which are all infinitely smooth RBFs, and oth-
ers, less known, such as polyarmonic spline, compact supported, Poisson RBFs, Laguerre-
Gaussinan RBFs (generalization of Gaussians), and many other; for more about them see for
example [5], [8]. They were first used by Hardy, [16], namely the multiquadric (MQ) ones,
in topography for representing surfaces. They are used in many applications, [17], usually to
interpolate scattered data [18], to solve PDE [8], [9], and weakly singular integral equations
[10], in nonlinear approximations, in neural networks, pattern analysis and recognision and
other computer applications, and these are only some of them.

Their use in solving different kind of PDE and the accuracy of solutions they lead to, make
them very attractive in the case of function approximation and represent a good alternative to
polynomial interpolation, dealing with cases when the latter can not be used.

When solving singular boundary integral equations a difficult problem arises when eval-
uating singular integrals and near singular integrals, [19]. Special treatments for evaluating
these integrals must be considered in order to find good numerical results because improper
evaluations of these integrals bring large errors in the numerical solutions. There are different
methods that can be used for this purpose: by using special quadrature formulas, orthogonal
polynomials, modified shape functions [2], truncated Taylor series, changes of coordinates,
and other regularization techniques.

A regularization technique and linear boundary elements were used in [12] to solve the
same problem of the compressible fluid flows around obstacles

In the herein paper we apply two methods in order to overpass this difficulty, both taking
into account the definition of the Cauchy Principal Value: first is the truncation method, and
the second uses a Taylor series expansion.

For better understanding the problem to be solved, we briefly present the boundary inte-
gral equation the problem is reduced at by following the ideas in [6], where a more detailed
presentation can be found, because it is a singular boundary integral equation (SBIE) and it
is important to well understand the unknowns and the variables that appear in it.



ITM Web of Conferences 34, 02003 (2020)

Third ICAMNM 2020

2 The singular boundary integral equation

A uniform, steady, potential motion of an ideal inviscid fluid of subsonic velocity Ui, pres-
sure pe,and density pis perturbed by the presence of a fixed body of a known boundary,
assumed to be smooth and closed. The objective is to find the perturbed motion, and the fluid
action on the body.

In dimensionless variables, the mathematical model of the problem is represented by the
following system of PDE:

ou oV
2
=+ = 1
ax " ay M
v _ou _
X aY
together with the boundary conditions:
(I1+U)Ny+ VN, =0 onC, lim (U, V) =0. 2)

where U, V are the components of the perturbation velocity, 8 = V1 — M2, M being Mach
number for the unperturbed motion, Ny, N, are the components of the normal vector outward
the fluid. Changing the coordinates as follows: x = X, y = 8Y, u = BU, v = V, the system of
equations becomes:

3_u + @ =0
ox  dy
v Ou
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and the boundary condition:
(B+uyn, +p*m, =0 on C. 4)

It is also required that perturbation velocity vanishes at infinity: lim (u,v) = 0.

The boundary integral equation is based on fundamental solution of source type, in fact
the solution of system (3), in which the right hand term in first equation is replaced by
0 (x — x0,Y — Yo), which components have the following expressions:

v Fy) = o .
»X0) = — s
27 (x — x0)* + (y — yo)*
0" (% %) = — %o )

27 (x = x0)” + (y — o)’
The obstacle’s boundary, C, is further assimilated with a continuous distribution of sources,
of intensity noted f , presumed to satisfy a Holder condition, and the expressions for the
components of the perturbation velocity, u, v, are first deduced for Q(xy) in the fluid domain.
Expressions for the components of the perturbation velocity are then obtained for a regular
point Qop(xp) € C, (referred as xy € C,), by evaluating the limits in (5) when X approaches to
C:

u(xo) = —%f(fo) n} - CPfo X u" (x, %) ds,
C

1
v (o) = =5 f Fo)ny = CPV f f @ (X, %0)ds, (6)
C
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Because X € C,the integrals that appear in the above relations are in fact Cauchy Principal

Values of integrals and are denoted by CPV: CPV f = liII(l) 35 , where ¢ = C(Qy, €) is a circle
ford C—c
C
with radius € centered in Qy (), which isolates the regular point.
Introducing the components of the perturbation velocity into the boundary condition (4),
the following singular boundary integral is obtained.

0

(x-—xo)ng-kﬁz(y-yo)nyds__2Bn0 -

((n?c)2 + B (ng)z) FGo)+ 7—1TCPV f @
C
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Starting with this formulation for the 2D problem of the compressible fluid flow around an
obstacle, a numerical solution based on linear boundary elements and radial basis functions
is found.

3 Solving the singular boundary integral equation by using
linear boundary elements and radial basis functions

The above singular boundary integral equation is solved in different papers: by a collocation
method in [6], by using linear boundary elements in [11], quadratic in [13], and higher order
isoparametric boundary elements in [14], [15]. The isoparametric boundary elements use the
same functions for making both approximations, of the unknown and of the geometry of the
problem, and obvious, the best numerical results are obtained in case of using higher order
boundary elements, because of the better approximation of the geometry and of the unknown
function.

For solving the integral equation (7) we consider, in this approach, a boundary mesh with
linear boundary elements for approximating the geometry, namely the obstacles boundary,
and radial basis functions for the unknown approximation. We so reduce, by discretization,
the integral equation to an algebraic system, whose unknowns are given by the radial basis
functions weights. The solution of this system, the weights values, is then used to calculate
the perturbation velocity and the pressure coefficient on the body.

For a particular case, when the problem has an analytical solution, we make a comparison
between the numerical solution obtained and the exact one, in order to check the numerical
solution’s accuracy, and to validate the proposed method.

3.1 Discretization procedure

We approximate the boundary, C,with a polygonal line, by dividing it into N linear segments,
noted L;, i = W each of them with endpoints, situated on C, noted X;, X;1,i = W ,
satisfying relation Xy, = X,as contour C is closed.

Imposing (7) to be satisfied in all nodes, Xy = X, k = I,_N, we get a system of equations
of the following form:

k

N _ kL@,
(07«2 () ) o L 37 [ SR EUTIO s g
i=1 I

- — 2
[I7 — x|

i

where n’; n’; are the components of the normal vector at Xj.

For simplifying the writing we eliminate the sign CPV, which denotes the CPV of an
integral, but when X; € L; we keep in mind that we have the CPV of the integral involved.
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For the unknown approximation we use radial basis functions so we consider:

N
FE®=) 49, ©)
j=1

J

where ¢; (x)are the radial basis functions and 4; are the coeficients to be found.

Some of the advantages of using radial basis function approximation, over the use of
classical boundary elements are: using radial basis function which are infinitely smooth, we
obtain an approximation of the same type; the approximation is made for the whole domain,
uniform, and not only local, as in case of using boundary elements, so no connection con-
ditions between adjacent elements need to be imposed; because the approximation is global
we do not need different systems of notations (local, and global); also the assembly stage is
eliminated, fact that makes easier the procedure implementation into a computer code; and
suitable radial basis functions can also help in eliminating the singularities.

In the herein paper we consider Gauss type radial basis functions, called Gaussians, to
solve the SIBE, which have the following expressions:

0@ =l ;TN (10)

Introducing the approximation of f,given by (9), in (8), the discrete form of the SBIE, we
get a linear system of equations in unknowns A;. After solving this system we can evaluate
f not only on the boundary but everywhere in the fluid domain and so we can evaluate the
perturbation velocity components.

. . i 2 N
With the following notation, g = ((n’;) +p? (n’;) )go 7 (X0), (8) becomes:

N N N
1 0@ (—xnk 4B y-yiont | X
Jj= =y U=
Denoting by
. (x = x0) ik + B2 (y — i) my 1.
e = f“’f ) —— =ds, dj== ) (12)
J 1% - %l n Zl !

L

we obtain the following system of equations, of unknowns the weights, 4;, j = 1, N:

N N
Z g+ Z Ajdj = 2B, k=1,N (13)

J=1 J=1

The matrix form of the above system is:
A{d} = B, (14)

where A = CT + D',C = (gp)i<juen »D = (di)icjisns 1A} = (A, A, 0)', B =
T
(281}, 262, ... 2pnY ).
In order to obtain the numerical solution a computer code will be used, so we further need
to get detailed expressions for its coefficients, in fact we need to evaluate all coefficients that
appear in terms of nodal coordinates.
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3.2 Coefficients evaluation

For evaluating the integrals we first introduce the geometry approximation. For x € L,
so for a boundary element, which we consider to be a segement, the following parametric
representation is considered:

x=x(1-0)+xt, te[0,1],i=1N.

Using the above relations we deduce that ds = [ldt, I, = |xi—xull =

1
((x,- —xi1)? + (yi — y,-+1)2)2 ,and introducing the geometry approximation into the coefficient
expressions (12) we obtain:

1
i f 0, @ (nE Cxie = x)+B2 1 (i1 =) )1+ (=X 4B (g =y nf Ldr,

Cjk = ;P +bit+cy;
0

ai = by = (x5 = ) (st = %) + Ui = y) Wint — 4) s e = % = %l (15)

Taking into account the going sense on C we have the following relations for the compo-
k= M’ k= w,w{: L.N.
Iy v Iy
After introducing the following notations: gi = Wre1 —Y) (Kip1 —x1) +
B> (5 = Xiet) Wit = i)y b = (%= x0) Waet — i) + B (i — yi) (X — Xew) - We get the
coefficients of the system in terms of nodal coordinates:

nents of the normal in x;: n

|

i - Gulthg
o= ; —— —dt 16
Cjk f‘p'] *) (1,‘1‘2 + byt + ¢y I (16)
0

As we notice the coefficients depend on nodes coordinates and expressions of radial func-
tions involved. In order to obtain the numerical solution a computer code will be used, so we
further need to get detailed expressions for its coefficients, in fact we need to evaluate all
coeflicients that appear in terms of nodal coordinates.

3.3 Gaussian type radail basis functions (Gaussians)

If we take a closer look to the Gaussian radial basis functions given by (10), we see that they
depend on the choice of the centers, ¢;, j = 1,N . In the following paragraphs we consider

Xj+ Xj+

¢; = x;. Other situations can also be considered, as for example ¢; = , Or cases when

¢; lies on the real boundary, not on its discretization. So the centers choice can influence the
numerial solution’s accuracy, as well as the other parameters they depend on.

Considering ¢; = X; , and using same notations as before, we get the following expres-
sions for the coefficients:

1

ciik _ fe—(yz.(u;zz+bjit+cji)2gkit—+hkiﬁdl" i,jke{l,2,..N} (17)
’ J a;t?> + byt + ¢y I
For k # i, the coefficients are represented by regular integrals, they present no singularities
and can be evaluated with usuall rulles, so we can use the computer for their evalaution, but
we get singular integrals when k = i, case in which we use the definition of CPV of an integral
for their evaluation.
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For the evaluation of the integrals with singular kernels we can use different techniques,
such as: special quadrature formulas, orthogonal polynomials, modified shape functions,
truncated Taylor series, and so on. In this approach we use two methods for their evalua-
tions, namely: the truncation method, which is a simple method which offers good results, as
mentioned in [1], in case of singular integrals with integrands that do not oscillate near the
singularity, as the integrands in our case, and Taylor series expansions.

Taking into account that g;; = (yir1 — yi) (xie1 — X)) (1 = 82), hii = 0,¢i; = b; = 0,and
using the truncation method, we can consider that, for a well chosen value of eps, the singular
coeflicients as:

1
¢l = f e*az'@f’z*"ﬂ'“-ﬁ)Z—f;dr, i, j€{l,..N} (18)
1

Jt
eps

. . . —2(a:P+b "
For the second situation we use the expansion of e™® (a’+bjt+ei) around 0, and so we can

write:

—Pa b ey e e 1 Cend?
et ebitee) = et _ o gemei” 4 §a2t2e . (b%iaz - 2ai)_
1 4.3 —cj,-az 2 2 4
- ca*fbje (b3.0? - 6a;) + O(t*)

Taking into account that the domain of integration is [0,1] we limit our approximation to the
above expressions. Of course by considering more terms in the Taylor polynomial we get a
better approximation. Other techniques, as modified Gauss type quadrature formulas, can be
1
. G e i s L, .
also used. We obtain: c’ﬁ:@ f ; dt—bje i Zaze cjia® (b?ia/2 - 2(1,-) -

ai;

0
gi 1 4 —ciid? (12 2 4
~ T8 bjie™ (bﬁa - 6a,-) +O(r).
Using again the definition of the CPV of an integral we can eliminate the infinite contri-

bution and we can consider that

ci‘i = % —bjie_cﬁa2 + Allcyze_cf’”2 (b% 2 2611‘) - %a4bji€_cf’“2 (b?iafz - 6@)] (19)
1

The coefficients of the system can now be computed because they depend only on nodes

coordinates and on the shape parameter @.We also analyze in this paper how shape parameter,

a,influences the accuracy of the numerical solution, in order to see which choice is the best.
We can solve system (14) and find the unknowns of the problem, in fact the weights of

radial basis functions. After finding the solution of the system, we proceed to the evaluation

of the velocity components and of the local pressure coefficient.

4 Numerical evaluation of the perturbation velocity components

The numerical evaluation of the velocity components is made in the same manner as in case
of system’s coefficients, by using linear boundary elements for approximating the geometry
of the obstacle’s boundary. Returning to relations (6) introducing relation (9), in which now
the coeflicients A; are known, and considering Xo = X; we obtain:
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Introducing into the above relations the expressions of the radial basis functions,
2 1= = |12 .
e~ , wWe obtain:

1 i=1 j=1

_ N 1 —“2'”@—3/'”2 k 1 al /l P 2= X/” (x— Xk)d
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and further the expressions depending only on the nodes geometry, for any kind of smooth
obstacle. Using the same notations as in (15) we have:

o) = 1 ZN: e (et — yy) 1 ii
U\ X E Z k 2— L4 jk
N N N
_ 1 T (g = xe1) 1
0 (%) = —521 A _2_2‘21 Q1)
Jj= =1 j=
with
1
mi'k _ f —a? (@i +bbjit+cc;) (i1 = X)) £+ (i — x) Ldt
J a; 2+ byt + ¢y
0
1 Wes =y 1+ i — )
i' — —(tz(aif2+bc'jil+cc-j,) Yiv1 —Yi) 1+ Yi — Yk L.dt 22
njk f@ Clitz + bkit + Cii l. ( )
0

Singular integrals, m' s n'.i are evaluated in the same way as systems coefficients.
After the components of the velocity are found, the pressure coefficient can be calculate
with the formula:

2

) 3 2\17-1
e 2 IHM@ 1)[1_02_(“%)” 1Ym0 23)

YM 2

where y represents a constant for a certain fluid, a constant which represents the ratio
between the specific heat at constant volume and the specific heat at constant pressure.
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5 Computation results

No numerical method is useful without a computer program which allows a large amount
of calculus, thousands of iteration necessary for coming closer to the real solution of the
problem. It the following paragraphs we test the boundary element program we built, based
on the herein approach, in order to study the numerical solution’s accuracy. For this purpose
we consider a situation when the problem has an exact solution. In order to test the method
proposed in this paper, we consider the case of the circular obstacle and an incompressible
fluid flow. In this particular case the problem has an exact solution (see [6], [7]). The exact
solution furnishes the following expressions for the components of the velocity in a point
M (R, 6) situated on the circle C (O, R) (the quantities we use are also dimensionless): u =

—c0s 26, v = —sin 26.
2

The pressure coeflicient is given by: C, = 1?1_19 = 1 - —-,where V is the global
SPeo Uz, ®

velocity: V = Uy (; + 5) .

So, after the components of the velocity are found, the pressure coefficient can be calcu-
late with the formula: C, (%) = — (1 (%)” + v (X)?) — 2u (%) = =1 + 2 cos 26

The computer code is made using Mathcad programming language.

Computer code implementation.

Input data: boundary geometry, N, the number of nodes used for the discretization, pa-
rameters involved in this approach as: M,Mach number (used to obtain ), eps, a small real
value for the parameter used in truncation method, shape parameter «, "singular" a variable
used for chosing the numerical treatment of the integrals with singular kernels.

Main steps:

Step 1. Finding values for nodes coordinates, for componenets of the normal vector
inward the obstacels boundary;

Step 2.System coeflicients evaluation (matrix A, and B) - made by computing regular
integrals, and by using truncation method, or Taylor serie approach, for the case of singular
coefficients;

Step 3. Solving the linear system of equations for geting the coefficients of radial
basis functions (using a direct method, Isolve or geninv);

Step 4. Evaluation of the velocity components coefficients.

Step 5. Evaluation of the real values of velocity components

Step 6. Errors calculation

Output data:

The numerical values for the components of the nodal velocities and the local pres-
sure coefficient

The exact values for velocity components and for the local pressure coefficient at the
nodal points

Errors values

Graphical representations for the results.

We have used the computer code to find numerical solutions based on the proposed
method. We can use it not only for finding different numerical solutions, but also for studying
the influence of the singularities treatment, of the shape parameter, the influence of eps, on
the accuracy of the numerical solution.

In order to study the influence of the singularities treatments on the accuracy of the nu-
merical solution, we first need to study the influence of eps on accuracy of the numerical
solution. First we present a numerical solution obtained for a small number of nodes. In
the following pictures eru, erv, Ercp represent the absolute values of the errors that appear
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in case of the velocity components along Ox, respective along Oy, and for the local pressure
coefficient.

For N = 20,eps = 0.4, = 1, M = 0 and the truncation method the results obtained are
shown in Fig. 1.

Velocity component along Ox Velocity component along Oy
1 T T I

U@
st 1 L
[ 5 10 15 20
i i
Local Pressure Coefficient Errors
1 T T 0.5 T T -
- _ 0.4 ) .
L° eru(i) :.
cp() B B ., 0.3 B -
——1F B — erv(i) B
Cp(i) p E — Y
----- Er(i) 02 ] N
-2 i TN NG
N/ - X i e
-3 LU L WS - el N
2 o > L
o o] 1_0 A 20 o s 10 15 20
i e
" i
Figure 1. —— exact ----- numerical N=20, o=1, eps=0.4

As we notice the numerical results are in good agreement with the exact ones.
In Fig. 2 there are presented the results obtained for: N = 20,eps = 0.5, =0.1,M = 0.

Velocity component along Ox Velocity component along Oy

UG
1 L L i :
) s 10 1s 20 o s 10 1s 20
i i
Local Pressure Coefficient Errors
1 : T os T T T
- - 0.4 —
o 2 eru(i) b
@) o5 _
<1} . erv () )
Cp() = L
..... ) Er(iy 02F 3 - -
-2 s S5 ~
N NS 012 N N i £
e . G / N S/
) s 10 15 20 ob—ly Nl ) N
= . - ) 5 10 15 20
! i
Figure 2 —— exact ----- numerical N=20, o=1, eps=0.5

In this case the best results are obtained when eps is around 0.5.

The numerical results obtained when using Taylor expansion are presented in Fig. 3.

As we can notice when @ = 1,the numerical solution obtained with truncation method
gives better results than that which uses the Taylor expansion used in this approach.

Not only eps influences the numerical solution but also the shape parameter. For the same
number of nodes we can modify the value of @ in order to study its influence.

In Fig. 4 there are presented the numerical solutions obtained for N = 20, @ = 0.01.

If the shape parameter takes values above 1, the results get worst as the shape parameter
grows. If we take smaller values than 0.01, the results do not suffer noticeable modifica-
tions. The results in Fig.4 seem to be closer than those obtained for @ = 1, but still not as
good as those obtained with the truncation method, considering 20 nodes for the boundary
discretization.

In case of using more nodes the situation changes. In Fig. 5 we present the results, namely
the errors that appear for different cases

10
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Figure 3 —— exact ----- numerical N=20, o=1, Taylor
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We observe that in case of using more number of nodes, for the same value for the shape
parameter, namely @ = 1, the numerical results obtained when using Taylor expansion better

fit the exact ones.

In Fig. 6 there are presented the results obtained in case of using 50 nodes for the bound-
ary discretization, @ = 0.01, and Taylor method for evaluating the coefficients arising inte-
grals with singular kernels.

11
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Velocity component along Ox Velocity component along Oy
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e G
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Figure &

In Fig. 7 we can see, in case when @ = 0.01 and when Taylor series expansion is used for
the treatment of coefficients with singular kernels, how the number of nodes influences the
numerical solution’s accuracy: more nodes, the better the numerical solution is.
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Figure 7. Number of nodes influence, on numerical solution’s accuracy

The numerical results are in good agreement with the exact ones and this thing validates
in fact the computer code and the method proposed in the herein paper.

As we notice the numerical solutions obtained by using radial basis function approxima-
tion and linear boundary element present a high accuracy as reported to the computational
cost, because good results can be obtained for small number of nodes on the boundary, but
there are many factors which influence the numerical solution’s accuracy, one of them being
the shape parameter. When Gaussians are used for solving the SBIE of the compressible
fluid flow around obstacles and when the centers are same as the nodes used for the boundary
discretization, we also notice that the lower the value of shape parameter, the better the nu-
merical solution is. For obtaining good numerical results small values for the shape parameter
must be used, @ < 1. Therefore, by choosing @ = 0.01, @ = 0.1, or @ = 1, the numerical re-
sults are satisfactory. A further study can be made in order to find the best value for the shape
parameter, or how it influences the numerical solutions’ accuracy. Finding the best value for
the shape parameter is a problem of great importance, still under current investigation, as its
value influences a lot the numerical solution’s accuracy.
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