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Abstract. Abstract - In this paper we ﬁnd a numerical solution for the Singular

Boundary Integral Equation (SBIE), with sources distribution, of the compressible ﬂuid ﬂow around obstacles. The numerical solution is obtained by using
linear boundary elements, radial basis functions for the unknown approximation
and the Cauchy Principal Value for the treatment of singularities that appear.
The proposed method is implemented into a computer code, made in Mathcad
programming language, and, for some particular cases, numerical solutions are
found. An analytic checking of the computer code is also made, in order to
validate the proposed approach.

1 Introduction
The problem of the compressible ﬂuid ﬂow around obstacles has been studied by many authors over time and ﬁnding numerical solutions of great accuracy was one of the most challenging problem that arose. There are diﬀerent techniques that can be applied for this purpose,
in fact the same that are used for ﬁnding computational solutions of partial diﬀerential equations (PDEs), as for example: the ﬁnite element method (FEM), the ﬁnite diﬀerence method
(FDM), the boundary element method (BEM) and other.
Boundary integral equations are equivalent models of the problems to be solved and arise
as a consequence of using BEM to solve them. There are many papers describing BEM and
its applications as [2], [3], [4]. This method can be applied in this case, by using any of its
two main techniques: the direct technique and the indirect technique with sources or vortex
distributions. When the direct technique is used, the boundary integral equation is formulated
in terms of the unknown boundary functions and their derivatives. In case of the indirect
boundary element technique, which consists in considering the superposition of the eﬀect
of ﬁctitious functions and their derivatives, the boundary integral equation is formulated in
terms of these unknown boundary ﬁctitious functions. These can be, in case of the problem
of a compressible ﬂuid ﬂow around obstacles, sources or vortex distributions, depending on
the type of fundamental solution chosen for solving the problem.
Both formulations oﬀer the real advantage of the BEM over other numerical methods,
the fact that that they reduce the problem dimension by one, because they lead to equivalent
boundary formulations for the problem involved. The boundary integral equations are further
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solved and so, when ﬁnding numerical solutions, only the boundaries of the domain need
to be discretized. BEM is, therefore, an eﬃcient method which can be used to solve such
problems, because it needs less computational eﬀort than FEM, or FDM.
In this paper we consider the boundary integral equation with sources distribution, obtained in [6] by an indirect technique, and, for obtaining its numerical solution, we use radial
basis function approximation and linear boundary elements for the boundary discretization.
Radial basis functions (RBFs) represent an eﬃcient tool in approximation theory. They
are usually used for interpolating large scatter data, but also in solving PDE, being part of
what we call "meshless methods", because radial functions approximation does not need
nodes on a structured grid, nor requires a mesh.
A radial basis function is a real valued function which depends only on the distance from
its current argument to a ﬁxed point, named center, and sometimes on values of a shape
parameter which is used to scale the radial kernel. A set of linear independent radial basis
functions is usually used as a base for a certain function space, so for represent any of its
functions by a linear combination of radial basis functions. Their properties are transferred
to the function they approximate globally, fact that represents a great advantage in case of
ﬁnding inﬁnite diﬀerentiable functions.
There are diﬀerent types of RBFs, the well-known linear, Gaussian radial basis functions,
multiquadric (MQ) and generalized MQ (GMQ) radial basis functions, the inverse quadric
or multiquadric radial basis functions (IMQ), which are all inﬁnitely smooth RBFs, and others, less known, such as polyarmonic spline, compact supported, Poisson RBFs, LaguerreGaussinan RBFs (generalization of Gaussians), and many other; for more about them see for
example [5], [8]. They were ﬁrst used by Hardy, [16], namely the multiquadric (MQ) ones,
in topography for representing surfaces. They are used in many applications, [17], usually to
interpolate scattered data [18], to solve PDE [8], [9], and weakly singular integral equations
[10], in nonlinear approximations, in neural networks, pattern analysis and recognision and
other computer applications, and these are only some of them.
Their use in solving diﬀerent kind of PDE and the accuracy of solutions they lead to, make
them very attractive in the case of function approximation and represent a good alternative to
polynomial interpolation, dealing with cases when the latter can not be used.
When solving singular boundary integral equations a diﬃcult problem arises when evaluating singular integrals and near singular integrals, [19]. Special treatments for evaluating
these integrals must be considered in order to ﬁnd good numerical results because improper
evaluations of these integrals bring large errors in the numerical solutions. There are diﬀerent
methods that can be used for this purpose: by using special quadrature formulas, orthogonal
polynomials, modiﬁed shape functions [2], truncated Taylor series, changes of coordinates,
and other regularization techniques.
A regularization technique and linear boundary elements were used in [12] to solve the
same problem of the compressible ﬂuid ﬂows around obstacles
In the herein paper we apply two methods in order to overpass this diﬃculty, both taking
into account the deﬁnition of the Cauchy Principal Value: ﬁrst is the truncation method, and
the second uses a Taylor series expansion.
For better understanding the problem to be solved, we brieﬂy present the boundary integral equation the problem is reduced at by following the ideas in [6], where a more detailed
presentation can be found, because it is a singular boundary integral equation (SBIE) and it
is important to well understand the unknowns and the variables that appear in it.
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2 The singular boundary integral equation
A uniform, steady, potential motion of an ideal inviscid ﬂuid of subsonic velocity U ∞ i, pressure p∞ and density ρ∞ is perturbed by the presence of a ﬁxed body of a known boundary,
assumed to be smooth and closed. The objective is to ﬁnd the perturbed motion, and the ﬂuid
action on the body.
In dimensionless variables, the mathematical model of the problem is represented by the
following system of PDE:
β2

∂U ∂V
+
=0
∂X ∂Y
∂V ∂U
−
=0
∂X ∂Y

(1)

together with the boundary conditions:
(1 + U) N x + V Ny = 0 on C,

lim (U, V) = 0.
∞

(2)

√

where U, V are the components of the perturbation velocity, β = 1 − M 2 , M being Mach
number for the unperturbed motion, N x , Ny are the components of the normal vector outward
the ﬂuid. Changing the coordinates as follows: x = X, y = βY, u = βU, v = V , the system of
equations becomes:
∂u ∂v
+
=0
∂x ∂y
∂v ∂u
−
=0
∂x ∂y

(3)

and the boundary condition:
(β + u) n x + β2 vny = 0

on C.

(4)

It is also required that perturbation velocity vanishes at inﬁnity: lim (u, v) = 0.
∞
The boundary integral equation is based on fundamental solution of source type, in fact
the solution of system (3), in which the right hand term in ﬁrst equation is replaced by
δ (x − x0 , y − y0 ), which components have the following expressions:
1
x − x0
,
2π (x − x0 )2 + (y − y0 )2
1
y − y0
v∗ (x, x0 ) =
2π (x − x0 )2 + (y − y0 )2

u∗ (x, x0 ) =

(5)

The obstacle’s boundary, C, is further assimilated with a continuous distribution of sources,
of intensity noted f , presumed to satisfy a Hölder condition, and the expressions for the
components of the perturbation velocity, u, v, are ﬁrst deduced for Q(x0 ) in the ﬂuid domain.
Expressions for the components of the perturbation velocity are then obtained for a regular
point Q0 (x0 ) ∈ C, (referred as x0 ∈ C,), by evaluating the limits in (5) when x0 approaches to
C:
1
u (x0 ) = − f (x0 ) n0x − CPV
2

Z

f (x) u∗ (x, x0 ) ds,

C

1
v (x0 ) = − f (x0 ) n0y − CPV
2

Z
C

3

f (x) v∗ (x, x0 ) ds,

(6)
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Because x0 ∈ C,the integrals that appear in the above
are in fact Cauchy Principal
Z relations
H
Values of integrals and are denoted by CPV: CPV = lim , where c = C(Q0 , ε) is a circle
C

ε→0
C−c

with radius ε centered in Q0 (x0 ), which isolates the regular point.
Introducing the components of the perturbation velocity into the boundary condition (4),
the following singular boundary integral is obtained.
Z
 2
 2 
(x − x0 ) n0x + β2 (y − y0 ) n0y
1
n0x + β2 n0y
f (x0 ) + CPV f (x)
ds = 2βn0x .
π
∥x − x0 ∥2

(7)

C

Starting with this formulation for the 2D problem of the compressible ﬂuid ﬂow around an
obstacle, a numerical solution based on linear boundary elements and radial basis functions
is found.

3

Solving the singular boundary integral equation by using
linear boundary elements and radial basis functions

The above singular boundary integral equation is solved in diﬀerent papers: by a collocation
method in [6], by using linear boundary elements in [11], quadratic in [13], and higher order
isoparametric boundary elements in [14], [15]. The isoparametric boundary elements use the
same functions for making both approximations, of the unknown and of the geometry of the
problem, and obvious, the best numerical results are obtained in case of using higher order
boundary elements, because of the better approximation of the geometry and of the unknown
function.
For solving the integral equation (7) we consider, in this approach, a boundary mesh with
linear boundary elements for approximating the geometry, namely the obstacles boundary,
and radial basis functions for the unknown approximation. We so reduce, by discretization,
the integral equation to an algebraic system, whose unknowns are given by the radial basis
functions weights. The solution of this system, the weights values, is then used to calculate
the perturbation velocity and the pressure coeﬃcient on the body.
For a particular case, when the problem has an analytical solution, we make a comparison
between the numerical solution obtained and the exact one, in order to check the numerical
solution’s accuracy, and to validate the proposed method.
3.1 Discretization procedure

We approximate the boundary, C,with a polygonal line, by dividing it into N linear segments,
noted Li , i = 1, N, each of them with endpoints, situated on C, noted xi , xi+1 , i = 1, N ,
satisfying relation xN+1 = x1 ,as contour C is closed.
Imposing (7) to be satisﬁed in all nodes, x0 = xk , k = 1, N, we get a system of equations
of the following form:
N Z
 2
 2 
(x − xk ) nkx + β2 (y − yk ) nky
1X
k
2
k
n x + β ny f (xk ) +
f (x)
ds = 2βnkx
π i=1
∥x − xk ∥2

(8)

Li

where nkx , nky are the components of the normal vector at xk .
For simplifying the writing we eliminate the sign CPV, which denotes the CPV of an
integral, but when xk ∈ Li we keep in mind that we have the CPV of the integral involved.

4

ITM Web of Conferences 34, 02003 (2020)
Third ICAMNM 2020

https://doi.org/10.1051/itmconf/20203402003

For the unknown approximation we use radial basis functions so we consider:
f (x) =

N
X

λ j φ j (x)

(9)

j=1

where φ j (x)are the radial basis functions and λ j are the coeﬃcients to be found.
Some of the advantages of using radial basis function approximation, over the use of
classical boundary elements are: using radial basis function which are inﬁnitely smooth, we
obtain an approximation of the same type; the approximation is made for the whole domain,
uniform, and not only local, as in case of using boundary elements, so no connection conditions between adjacent elements need to be imposed; because the approximation is global
we do not need diﬀerent systems of notations (local, and global); also the assembly stage is
eliminated, fact that makes easier the procedure implementation into a computer code; and
suitable radial basis functions can also help in eliminating the singularities.
In the herein paper we consider Gauss type radial basis functions, called Gaussians, to
solve the SIBE, which have the following expressions:
φ j (x) = e−α ·∥ x−c j ∥ , j = 1, N
2

2

(10)

Introducing the approximation of f,given by (9), in (8), the discrete form of the SBIE, we
get a linear system of equations in unknowns λ j . After solving this system we can evaluate
f not only on the boundary but everywhere in the ﬂuid domain and so we can evaluate the
perturbation velocity components.
 2
 2 
With the following notation, q jk = nkx + β2 nky φ j (xk ), (8) becomes:
N
X

1X
π i=1
N

λ j q jk +

j=1

Z X
N
Li

λj

φ j (x)[(x−xk )nkx +β2 (y−yk )nky ]
∥x−xk ∥2

j=1

ds = 2βnkx

(11)

Denoting by
Z
cijk =

φ j (x)

(x − xk ) nkx + β2 (y − yk ) nky
∥x − xk ∥2

Li

1X i
c
π i=1 jk
N

ds , d jk =

(12)

we obtain the following system of equations, of unknowns the weights, λ j , j = 1, N:
N
X
j=1

λ j q jk +

N
X

λ j d jk = 2βnkx , k = 1, N

(13)

j=1

The matrix form of the above system is:
A {λ} = B,

(14)

where A = C T + DT , C = (q jk )1≤ j,k≤N , D = (d jk )1≤ j,k≤N , {λ} = (λ1 , λ2 , ..., λN )T , B =

T
2βn1x , 2βn2x , ..., 2βnNx .
In order to obtain the numerical solution a computer code will be used, so we further need
to get detailed expressions for its coeﬃcients, in fact we need to evaluate all coeﬃcients that
appear in terms of nodal coordinates.
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3.2 Coefﬁcients evaluation

For evaluating the integrals we ﬁrst introduce the geometry approximation. For x ∈ Li ,
so for a boundary element, which we consider to be a segement, the following parametric
representation is considered:
x = xi (1 − t) + xi+1 t,

t ∈ [0, 1] , i = 1, N.

Using the above relations we deduce that ds = li dt, li = ∥xi − xi+1 ∥ =
1
(xi − xi+1 )2 + (yi − yi+1 )2 2 ,and introducing the geometry approximation into the coeﬃcient
expressions (12) we obtain:


Z1
cijk

=

ai =

φ j (x)
0
li2 , bki

(nkx (xi+1 −xi )+β2 nky (yi+1 −yi ))t+(xi −xk )nkx +β2 (yi −yk )nky
ai t2 +bki t+cki

li dt,

= (xi − xk ) (xi+1 − xi ) + (yi − yk ) (yi+1 − yi ) , cki = ∥xk − xi ∥2

(15)

Taking into account the going sense on C we have the following relations for the compoyk+1 − yk k xk − xk+1
nents of the normal in xk : nkx =
, ny =
, ∀k = 1, N.
lk
lk
After introducing the following notations:
gki
= (yk+1 − yk ) (xi+1 − xi ) +
β2 (xk − xk+1 ) (yi+1 − yi ), hki = (xi − xk ) (yk+1 − yk ) + β2 (yi − yk ) (xk − xk+1 ) ,we get the
coeﬃcients of the system in terms of nodal coordinates:
Z1
cijk

=

φ j (x)
0

gki t + hki
li
dt
ai t2 + bki t + cki lk

(16)

As we notice the coeﬃcients depend on nodes coordinates and expressions of radial functions involved. In order to obtain the numerical solution a computer code will be used, so we
further need to get detailed expressions for its coeﬃcients, in fact we need to evaluate all
coeﬃcients that appear in terms of nodal coordinates.
3.3 Gaussian type radail basis functions (Gaussians)

If we take a closer look to the Gaussian radial basis functions given by (10), we see that they
depend on the choice of the centers, c j , j = 1, N . In the following paragraphs we consider
x j + x j+1
c j = x j . Other situations can also be considered, as for example c j =
, or cases when
2
c j lies on the real boundary, not on its discretization. So the centers choice can inﬂuence the
numerial solution’s accuracy, as well as the other parameters they depend on.
Considering c j = x j , and using same notations as before, we get the following expressions for the coeﬃcients:
Z1
cijk

e−α ·(ai t
2

=
0

2

+b ji t+c ji )

gki t + hki
li
dt, i, j, k ∈ {1, 2, ..N}
ai + bki t + cki lk
t2

(17)

For k , i, the coeﬃcients are represented by regular integrals, they present no singularities
and can be evaluated with usuall rulles, so we can use the computer for their evalaution, but
we get singular integrals when k = i, case in which we use the deﬁnition of CPV of an integral
for their evaluation.
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For the evaluation of the integrals with singular kernels we can use diﬀerent techniques,
such as: special quadrature formulas, orthogonal polynomials, modiﬁed shape functions,
truncated Taylor series, and so on. In this approach we use two methods for their evaluations, namely: the truncation method, which is a simple method which oﬀers good results, as
mentioned in [1], in case of singular integrals with integrands that do not oscillate near the
singularity, as the integrands in our case, and Taylor series expansions.
Taking into account that gii = (yi+1 − yi ) (xi+1 − xi ) (1 − β2 ), hii = 0, cii = bii = 0,and
using the truncation method, we can consider that, for a well chosen value of eps, the singular
coeﬃcients as:
Z1
ciji

e−α ·(ai t
2

=

2

+b ji t+c ji )

eps

gii
dt, i, j ∈ {1, .., N}
ai t

For the second situation we use the expansion of e−α ·(ai t
write:
2

e−α ·(ai t
2

2

+b ji t+c ji )

2

+b ji t+c ji )

(18)

around 0, and so we can



1
2
2
2
= e−c ji α − b ji te−c ji α + α2 t2 e−c ji α b2ji α2 − 2ai −
2


1 43
−c ji α2
2 2
− α t b ji e
b ji α − 6ai + O(t4 )
6

Taking into account that the domain of integration is [0,1] we limit our approximation to the
above expressions. Of course by considering more terms in the Taylor polynomial we get a
better approximation. Other techniques, as modiﬁed Gauss type quadrature formulas, can be
 1

Z −c ji α2


g
e
1
2
2

ii
also used. We obtain: ciji = 
dt − b ji e−c ji α + α2 e−c ji α b2ji α2 − 2ai  −

ai 
t
4
0



gii 1 4
2
−
α b ji e−c ji α b2ji α2 − 6ai +O(t4 ).
ai 18
Using again the deﬁnition of the CPV of an integral we can eliminate the inﬁnite contribution and we can consider that

ciji =

"

 1

#
gii
1
2
2
2
−b ji e−c ji α + α2 e−c ji α b2ji α2 − 2ai − α4 b ji e−c ji α b2ji α2 − 6ai
ai
4
18

(19)

The coeﬃcients of the system can now be computed because they depend only on nodes
coordinates and on the shape parameter α.We also analyze in this paper how shape parameter,
α,inﬂuences the accuracy of the numerical solution, in order to see which choice is the best.
We can solve system (14) and ﬁnd the unknowns of the problem, in fact the weights of
radial basis functions. After ﬁnding the solution of the system, we proceed to the evaluation
of the velocity components and of the local pressure coeﬃcient.

4 Numerical evaluation of the perturbation velocity components
The numerical evaluation of the velocity components is made in the same manner as in case
of system’s coeﬃcients, by using linear boundary elements for approximating the geometry
of the obstacle’s boundary. Returning to relations (6) introducing relation (9), in which now
the coeﬃcients λ j are known, and considering x0 = xk we obtain:

7
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1X
1 XX
λ j φ j (xk ) nkx −
λj
2 j=1
2π i=1 j=1
N

u (xk ) = −

N

N

Z

φ j (x) (x − xk )
∥x − xk ∥2

Li

ds,

Z
N N
φ j (x) (y − yk )
1 XX
v (xk ) = −
λ j φ j (xk ) nky −
λ j φ j (x)
2 j=1
2π i=1 j=1
∥x − xk ∥2
N
1X

(20)

Li

Introducing into the above relations the expressions of the radial basis functions,
2
, we obtain:

−α2 ·∥ x−x j ∥

e

1 X −α2 ·∥ xk −x j ∥2 k
1 XX
λ je
nx −
λj
2 j=1
2π i=1 j=1
N

u (xk ) = −

N

N

Z
e

∥

−α2 · x−x j

∥2 (x−xk )

(x−xk )2 +(y−yk )2

ds,

Li

Z
N N
2
1 XX
−α2 ·∥ xk −x j ∥ k
v (xk ) = −
λ je
ny −
λj
2 j=1
2π i=1 j=1
N
1X

∥

−α2 · x−x j

e

∥2 (y−yk )

(x−xk ) +(y−yk )2
2

ds

Li

and further the expressions depending only on the nodes geometry, for any kind of smooth
obstacle. Using the same notations as in (15) we have:

u (xk ) = −

1 X λ j e−α ·cck j (yk+1 − yk )
1 XX
−
λ j mijk
2 j=1
lk
2π i=1 j=1

v (xk ) = −

1 X λ j e−α ·cck j (xk − xk+1 )
1 XX
−
λ j nijk
2 j=1
lk
2π i=1 j=1

2

N

N

2

N

N

N

N

(21)

with
Z1
mijk

=

− xi ) t + (xi − xk )
li dt
ai t2 + bki t + cki

e−α (ai t
2

2

+bb ji t+cc ji ) (xi+1

e−α (ai t

2

+bc ji t+cc ji ) (yi+1

0

Z1

2

nijk =

− yi ) t + (yi − yk )
li dt.
ai t2 + bki t + cki

0

(22)

Singular integrals, miji , niji are evaluated in the same way as systems coeﬃcients.
After the components of the velocity are found, the pressure coeﬃcient can be calculate
with the formula:
2
cp =
γM 2



γ

!2  γ−1







M 2 (γ − 1) 
u




 − 1
2
1
+
1
−
v
−
1
+
,M ,0












2
β



(23)

where γ represents a constant for a certain ﬂuid, a constant which represents the ratio
between the speciﬁc heat at constant volume and the speciﬁc heat at constant pressure.
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5 Computation results
No numerical method is useful without a computer program which allows a large amount
of calculus, thousands of iteration necessary for coming closer to the real solution of the
problem. It the following paragraphs we test the boundary element program we built, based
on the herein approach, in order to study the numerical solution’s accuracy. For this purpose
we consider a situation when the problem has an exact solution. In order to test the method
proposed in this paper, we consider the case of the circular obstacle and an incompressible
ﬂuid ﬂow. In this particular case the problem has an exact solution (see [6] , [7]). The exact
solution furnishes the following expressions for the components of the velocity in a point
M (R, θ) situated on the circle C (O, R) (the quantities we use are also dimensionless): u =
− cos 2θ, v = − sin 2θ.
p1 − p∞
V2
The pressure coeﬃcient is given by: C p =
= 1 − 2 ,where V is the global
1
U∞
2
ρ∞ U∞
2


velocity: V = U∞ i + v .
So, after the components of the velocity are found,
the pressure coeﬃcient can be calcu
late with the formula: C p (xi ) = − u (xi )2 + v (xi )2 − 2u (xi ) = −1 + 2 cos 2θ
The computer code is made using Mathcad programming language.
Computer code implementation.
Input data: boundary geometry, N, the number of nodes used for the discretization, parameters involved in this approach as: M,Mach number (used to obtain β), eps, a small real
value for the parameter used in truncation method, shape parameter α, "singular" a variable
used for chosing the numerical treatment of the integrals with singular kernels.
Main steps:
Step 1. Finding values for nodes coordinates, for componenets of the normal vector
inward the obstacels boundary;
Step 2.System coeﬃcients evaluation (matrix A, and B) - made by computing regular
integrals, and by using truncation method, or Taylor serie approach, for the case of singular
coeﬃcients;
Step 3. Solving the linear system of equations for geting the coeﬃcients of radial
basis functions (using a direct method, lsolve or geninv);
Step 4. Evaluation of the velocity components coeﬃcients.
Step 5. Evaluation of the real values of velocity components
Step 6. Errors calculation
Output data:
The numerical values for the components of the nodal velocities and the local pressure coeﬃcient
The exact values for velocity components and for the local pressure coeﬃcient at the
nodal points
Errors values
Graphical representations for the results.
We have used the computer code to ﬁnd numerical solutions based on the proposed
method. We can use it not only for ﬁnding diﬀerent numerical solutions, but also for studying
the inﬂuence of the singularities treatment, of the shape parameter, the inﬂuence of eps, on
the accuracy of the numerical solution.
In order to study the inﬂuence of the singularities treatments on the accuracy of the numerical solution, we ﬁrst need to study the inﬂuence of eps on accuracy of the numerical
solution. First we present a numerical solution obtained for a small number of nodes. In
the following pictures eru, erv, Ercp represent the absolute values of the errors that appear
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in case of the velocity components along Ox, respective along Oy, and for the local pressure
coeﬃcient.
For N = 20, eps = 0.4, α = 1, M = 0 and the truncation method the results obtained are
shown in Fig. 1.

As we notice the numerical results are in good agreement with the exact ones.
In Fig. 2 there are presented the results obtained for: N = 20, eps = 0.5, α = 0.1, M = 0.

In this case the best results are obtained when eps is around 0.5.
The numerical results obtained when using Taylor expansion are presented in Fig. 3.
As we can notice when α = 1,the numerical solution obtained with truncation method
gives better results than that which uses the Taylor expansion used in this approach.
Not only eps inﬂuences the numerical solution but also the shape parameter. For the same
number of nodes we can modify the value of α in order to study its inﬂuence.
In Fig. 4 there are presented the numerical solutions obtained for N = 20, α = 0.01.
If the shape parameter takes values above 1, the results get worst as the shape parameter
grows. If we take smaller values than 0.01, the results do not suﬀer noticeable modiﬁcations. The results in Fig.4 seem to be closer than those obtained for α = 1, but still not as
good as those obtained with the truncation method, considering 20 nodes for the boundary
discretization.
In case of using more nodes the situation changes. In Fig. 5 we present the results, namely
the errors that appear for diﬀerent cases

10

ITM Web of Conferences 34, 02003 (2020)
Third ICAMNM 2020

https://doi.org/10.1051/itmconf/20203402003

We observe that in case of using more number of nodes, for the same value for the shape
parameter, namely α = 1, the numerical results obtained when using Taylor expansion better
ﬁt the exact ones.
In Fig. 6 there are presented the results obtained in case of using 50 nodes for the boundary discretization, α = 0.01, and Taylor method for evaluating the coeﬃcients arising integrals with singular kernels.
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In Fig. 7 we can see, in case when α = 0.01 and when Taylor series expansion is used for
the treatment of coeﬃcients with singular kernels, how the number of nodes inﬂuences the
numerical solution’s accuracy: more nodes, the better the numerical solution is.

The numerical results are in good agreement with the exact ones and this thing validates
in fact the computer code and the method proposed in the herein paper.
As we notice the numerical solutions obtained by using radial basis function approximation and linear boundary element present a high accuracy as reported to the computational
cost, because good results can be obtained for small number of nodes on the boundary, but
there are many factors which inﬂuence the numerical solution’s accuracy, one of them being
the shape parameter. When Gaussians are used for solving the SBIE of the compressible
ﬂuid ﬂow around obstacles and when the centers are same as the nodes used for the boundary
discretization, we also notice that the lower the value of shape parameter, the better the numerical solution is. For obtaining good numerical results small values for the shape parameter
must be used, α ≤ 1. Therefore, by choosing α = 0.01, α = 0.1, or α = 1, the numerical results are satisfactory. A further study can be made in order to ﬁnd the best value for the shape
parameter, or how it inﬂuences the numerical solutions’ accuracy. Finding the best value for
the shape parameter is a problem of great importance, still under current investigation, as its
value inﬂuences a lot the numerical solution’s accuracy.

References
[1] H. M. Antia, Numerical methods for scientists and engineers (Birkhauser, Basel, 2002)
864 pp.

12

ITM Web of Conferences 34, 02003 (2020)
Third ICAMNM 2020

https://doi.org/10.1051/itmconf/20203402003

[2] M. Bonne, Boundary integral equation methods for solids and ﬂuids (John Wiley and
Sons, New York, 1999) 412 pp.
[3] C.A. Brebbia, Boundary element techniques in engineering (Butterworths, London,
1980).
[4] C.A. Brebbia, J.C.F.Telles, L.C. Wobel, Boundary element theory and application in
engineering (Springer-Verlag, Berlin, 1984) 478 pp.
[5] M. Buhmann, Radial Basis Functions: Theory and Implementations (Cambridge Monographs on Applied and Computational Mathematics, pp. I-Vi) (Cambridge University
Press, 2003) 272 pp.
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