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Abstract. The semidiscrete complex modiﬁed Korteweg–de Vries equation

(semidiscrete cmKdV), which is the second member of the semidiscrete nonlinear Schrődinger hierarchy (Ablowitz–Ladik hierarchy), is solved using the
Hirota bilinear formalism. Starting from the focusing case of semidiscrete form
of cmKdV, proposed by Ablowitz and Ladik, we construct the bilinear form
and build the multi-soliton solutions. The complete integrability of semidiscrete cmKdV, focusing case, is proven and results are discussed.

1 Introduction
The complex modiﬁed Korteweg–de Vries (cmKdV) equation has attracted a lot of attention due to the wide range of physical applications in ﬁelds like nematic optical ﬁbers [1],
few-cycle optical pulses [2] and also due to the important results obtained such as conserved
quantities, stability of solitary wave solutions, numerical simulations, symmetry constraints,
Darboux transformation, and various solutions [3–6]. The ﬁrst discrete version of cmKdV has
been proposed in 1976 by Ablowitz and Ladik [7] and during the last decades interesting investigations have been made also on other versions of diﬀerential-diﬀerence complex mKdV
in [8–12]: Lax pair, conservation laws, numerical simulations, N-fold Darboux transformation (DT), diﬀerent types of exact solutions (anti-dark soliton, breather, periodic solutions,
rogue wave solution).
In this paper we are going to investigate de integrability of the ﬁrst version of semidiscrete
cmKdV [7], focusing case, and build the multi-soliton solution. There are several ways of
investigating the integrability of a dynamical system such as: a direct computation of the
conserved quantities [13], the computation of Lie symmetries [14–16], the existence of the
Lax pair [17, 21], building the Hirota bilinear form and computing the multi-soliton solutions
[18, 19]. We are going to use the last of the several methods listed above, tool that has gained
a lot of interest in the latest few decades because of the signiﬁcant results obtained [22–25]
even in the supersymmetric context [26–29].
The paper is organized as follows. In Section 2, we brieﬂy present the semidiscrete
complex modiﬁed Korteweg de Vries equation and construct its Hirota bilinear form using a
transformation involving two tau functions. In Section 3, we build the multi-soliton solutions
using the adequate anzats. In Section 4, we perform an asymptotic analysis on the soliton
solution and plot a few graphs. Last section is dedicated to conclusions.
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2 The semidiscrete complex mKdV equation and the Hirota bilinear
form
The semidiscrete complex modiﬁed Korteweg–de Vries equation (semidiscrete cmKdV), introduced by Ablowitz and Ladik in [7] has the following form:
d
Φn = (1 + α|Φn |2 )(Φn+1 − Φn−1 ),
dt

(1)

where we denote by Φn the complex function Φ(n, t), where t is the time variable and n is the
discrete space variable with step 1. We also have to mention that α = ±1 (the focusing case
for (+), the defocusing case for (-)).
In this paper we consider only the focusing case of the semidiscrete cmKdV equation
(α = 1 in (1)):
d
Φn = (1 + |Φn |2 )(Φn+1 − Φn−1 ),
dt

(2)

for which we apply the Hirota bilinear formalism.
Using the nonlinear substitution Φn = Gn /Fn , equation becomes:
F 2 + |Gn |2 Gn+1 Fn−1 − Gn−1 Fn+1
Dt G n · F n
= n 2
·
.
2
Fn+1 Fn−1
Fn
Fn

(3)

Decoupling (3), we cast semidiscrete cmKdV, focusing case, into the bilinear form:
Dt Gn · Fn = Gn+1 Fn−1 − Gn−1 Fn+1 ,
Fn2 + |Gn |2 = Fn+1 Fn−1 ,
where Fn is a real function, while Gn is a complex valued function.

3 The multi-soliton solution
In order to solve this bilinear system we take for the one soliton solution the following ansatz:
Gn = eη1 ,

∗

Fn = 1 + eη1 +η1 +ϕ13 ,

where η1 = k1 n + ω1 t + η(0)
1 (k1 is the wave number, ω1 is the angular frequency and gives the
(0)
dispersion relation and η1 is an arbitrary phase).
From the ﬁrst bilinear equation we get the dispersion relation:
ω1 = 2 sinh(k1 ),
while from the second we get the phase factor:
eϕ13 =

1
.
2[cosh(k1 + k1∗ ) − 1]

Explicitly, the 1-soliton solution of (1) is:
(0)

Φn =

ek1 n+2 sinh(k1 )t+η1
1+

(0)∗
1
(k1 +k1∗ )n+2[sinh(k1 )+sinh(k1∗ )]t+η(0)
1 +η1
2(cosh(k1 +k1∗ )−1) e

2

.

ITM Web of Conferences 34, 03002 (2020)
Third ICAMNM 2020

https://doi.org/10.1051/itmconf/20203403002

Straightforward calculation gives 2-soliton solution of the following form:
∗

∗

Gn

=

eη1 + eη2 + eη1 +η2 +η2 +ϕ12 +ϕ14 +ϕ24 + eη1 +η2 +η1 +ϕ12 +ϕ13 +ϕ23

Fn

=

1 + eη1 +η1 +ϕ13 + eη2 +η2 +ϕ24 + eη1 +η2 +ϕ14 + eη2 +η1 +ϕ23 +

∗

+e

∗

η1 +η∗1 +η2 +η∗2 +

4
∑

1≤i< j

where:
eϕi j

∗

∗

ϕi j

 [
]−1

1
∗

, if i = 1, 2 and j = 3, 4;


2 cosh(ki + k j ) − 1



 [
]
=

2 cosh(ki − k j ) − 1 ,
if i = 1, 2 and j = 1, 2






or i = 3, 4 and j = 3, 4;
k j+2 = k∗j , ω j = 2 sinh(k j ),

η j = k j n + ω j t + η(0)
j ,

j = 1, 2

(4)

We illustrate in Figure 1 the absolute value of 1- and 2-soliton solutions of semidiscrete
cmKdV for some chosen parameters and suitable intervals of n, t.
Long but straightforward calculations give the 3-soliton solution in the form:
Gn = eη1 + eη2 + eη3 +
∗

∗

∗

+ eη1 +η2 +η2 +ϕ12 +ϕ15 +ϕ25 + eη2 +η1 +η1 +ϕ12 +ϕ14 +ϕ24 + eη3 +η1 +η1 +ϕ13 +ϕ14 +ϕ34 +
+ e

η1 +η3 +η∗3 +ϕ13 +ϕ16 +ϕ36

+e

η2 +η3 +η∗3 +ϕ23 +ϕ26 +ϕ36

∗

∗

+ eη3 +η2 +η2 +ϕ23 +ϕ25 +ϕ35 +

∗

∗

+ eη1 +η2 +η3 +ϕ12 +ϕ16 +ϕ26 + eη1 +η3 +η2 +ϕ13 +ϕ15 +ϕ35 + eη2 +η3 +η1 +ϕ23 +ϕ24 +ϕ34 +
∗

∗

+ eη1 +η2 +η3 +η1 +η2 +ϕ12 +ϕ13 +ϕ14 +ϕ15 +ϕ23 +ϕ24 +ϕ25 +ϕ34 +ϕ35 +ϕ45 +
η1 +η2 +η3 +η∗1 +η∗3 +ϕ12 +ϕ13 +ϕ14 +ϕ16 +ϕ23 +ϕ24 +ϕ26 +ϕ34 +ϕ36 +ϕ46

+ e

+

η1 +η2 +η3 +η∗2 +η∗3 +ϕ12 +ϕ13 +ϕ15 +ϕ16 +ϕ23 +ϕ25 +ϕ26 +ϕ35 +ϕ36 +ϕ56

+ e

∗

∗

∗

∗

∗

Fn = 1 + eη1 +η1 +ϕ14 + eη2 +η2 +ϕ25 + eη3 +η3 +ϕ36 + eη1 +η2 +ϕ15 + eη1 +η3 +ϕ16 +
∗

∗

∗

∗

+ eη2 +η1 +ϕ24 + eη2 +η3 +ϕ26 + eη3 +η1 +ϕ34 + eη3 +η2 +ϕ35 +
η1 +η2 +η∗1 +η∗2 +ϕ12 +ϕ14 +ϕ15 +ϕ24 +ϕ25 +ϕ45

+ e

∗

∗

+ eη1 +η2 +η1 +η3 +ϕ12 +ϕ14 +ϕ16 +ϕ24 +ϕ26 +ϕ46 +

∗

∗

∗

∗

∗

∗

∗

∗

+ eη1 +η2 +η2 +η3 +ϕ12 +ϕ15 +ϕ16 +ϕ25 +ϕ26 +ϕ56 + eη1 +η3 +η1 +η2 +ϕ13 +ϕ14 +ϕ15 +ϕ34 +ϕ35 +ϕ45 +
∗
∗
∗
∗
+ eη1 +η3 +η1 +η3 +ϕ13 +ϕ14 +ϕ16 +ϕ34 +ϕ36 +ϕ46 + eη1 +η3 +η2 +η3 +ϕ13 +ϕ15 +ϕ16 +ϕ35 +ϕ36 +ϕ56 +
+ eη2 +η3 +η1 +η2 +ϕ23 +ϕ24 +ϕ26 +ϕ34 +ϕ35 +ϕ45 + eη2 +η3 +η1 +η3 +ϕ23 +ϕ24 +ϕ26 +ϕ34 +ϕ36 +ϕ46 +
+ e

η2 +η3 +η∗2 +η∗3 +ϕ23 +ϕ25 +ϕ26 +ϕ35 +ϕ36 +ϕ56

where:
ϕi j

e

η1 +η2 +η3 +η∗1 +η∗2 +η∗3 +

+e

 [
]−1

1
∗

,


2 cosh(ki + k j ) − 1



 [
]
=

2 cosh(ki − k j ) − 1 ,







3

ϕi j

if i = 1, 2, 3 and j = 4, 5, 6;
if i = 1, 2, 3 and j = 1, 2, 3
or i = 4, 5, 6 and j = 4, 5, 6;

η j = k j n + ω j t + η(0)
j ,
ω j = 2 sinh(k j ),

6
∑

1≤i< j

k j+3 = k∗j

j = 1, 2, 3.
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Figure 1. Plots of the absolute value |Φ(n, t)|2 of the soliton solutions of semidiscrete cmKdV, focusing
case: 1-ss (a) and 2-ss (b) for the chosen parameters: (a) k1 = 1 + 4i, (b) k1 = 1 + i and k2 = 2 + 3i

Although the existence of three-soliton solution in Hirota form is a strong indicator for
the complete integrability [20], we give here the N-soliton solution, which can be proved
using the induction method like in [22]:
 2N

2N
∑
∑
∑

Gn =
D2 (µ) exp  µi ηi +
µi µ j ϕi j 
=

Fn

µ=0,1

i=1

1≤i< j

µ=0,1

i=1

1≤i< j

 2N

2N
∑
∑
∑

D1 (µ) exp  µi ηi +
µi µ j ϕi j 

where:

eϕi j

 [
]−1

1

cosh(ki + k∗j ) − 1 , if i = 1, ...N and j = N + 1, ..., 2N;


2



 [
]
=

2 cosh(ki − k j ) − 1 ,
if i = 1, ...N and j = 1, ..., N






or i = N + 1, ..., 2N and j = N + 1, ..., 2N;

η j = k j n + ω j t + η(0)
j ,
ω j = 2 sinh(k j ),
and where:

η j+N = η∗j ,
ω j+N = ω∗j ,

k j+N = k∗j ,
j = 1, ..., N,


N
N

∑
∑



µi = µi+N ;
1, when
D1 (µ) = 
i=1
i=1



0 otherwise;

N
N

∑
∑


1, when
µi = 1 + µi+N ;

D2 (µ) = 
i=1
i=1



0 otherwise.

As a remark, the multi-soliton solutions of the focusing semidiscrete complex mKdV are very
similar to those of Ablowitz-Ladik [24], only the dispersion relation is, of course, diﬀerent.

4
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4 Asymptotic analysis on soliton solutions
For the semidiscrete cmKdV (1), the 2-ss solution has the form:
∗

Φn=
1+e

∗

eη1 + eη2 + eη1 +η2 +η2 +ϕ12 +ϕ14 +ϕ24 + eη1 +η2 +η1 +ϕ12 +ϕ13 +ϕ23
η1 +η∗1 +ϕ13

+e

η2 +η∗2 +ϕ24

+e

η1 +η∗2 +ϕ14

η2 +η∗1 +ϕ23

+e

η1 +η∗1 +η2 +η∗2 +

+e

4
∑

1≤i< j

ϕi j

.

In order to discuss the scattering process described, we ﬁrst have to extract the initial and
ﬁnal states of the soliton. For this purpose we need to co-move with one of the solitons and
let the other go to inﬁnity as |t| → ∞.
First we consider that we are in the co-moving frame of soliton 1, so we have η1 ﬁnit,
while η2 → ±∞.
η2 → −∞ :

Φn →

η2 → +∞ :

Φn →

eη1
1+e

η1 +η∗1 +ϕ13

,

eη1 +ϕ12 +ϕ14
∗

1 + eη1 +η1 +ϕ12 +ϕ13 +ϕ14 +ϕ23 +ϕ34

,

where eϕi j are given in (4).
Similar, considering that we are in the co-moving frame of soliton 2, we have η2 ﬁnite,
while η1 → ±∞.
η1 → −∞ :
η1 → +∞ :

Φn →

eη2

,
∗
1 + eη2 +η2 +ϕ24
eη2 +ϕ12 +ϕ23
Φn →
,
∗
1 + eη2 +η2 +ϕ12 +ϕ14 +ϕ23 +ϕ24 +ϕ34

We notice that the limits diﬀer only in the exponential, which means that the solitons
are experiencing only a phase shift due to the interaction. From the asymptotic analysis of
solutions, we ﬁnd that the amplitudes, shapes and velocities of the 2-soliton solution remain
invariant before and after the interactions, which means that their interactions are elastic and
the solitons are very stable as the only changes are in their initial phases.

5 Conclusions
In this paper we studied the ﬁrst semidiscrete version of complex mKdV equation, focusing
case, the second member of the semidiscrete nonlinear Schrődinger hierarchy (AblowitzLadik hierarchy). Using the Hirota bilinear formalism, we built the bilinear form and constructed the multi-soliton solutions, proving complete integrability via Hirota method. The
elastic interactions between solitons and their stability is proven through asymptotic analysis.
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