ITM Web of Conferences 34, 03006 (2020) https://doi.org/10.1051/itmconf/20203403006
Third ICAMNM 2020

On the Y-asymptotic equivalence of the V- bounded solu-
tions of two Lyapunov matrix differential equations

Aurel Diamandescu!-*

'Department of Applied Mathematics
University of Craiova
13 A.L Cuza str., 200585 Craiova, Romania

Abstract. Using Schauder - Tychonoff fixed point theorem and the technique
of Kronecker product of matrices, we prove existence results for ¥-asymptotic
equivalence of the W-bounded solutions of two Lyapunov matrix differential
equations.

2010 Mathematics Subject Classification: 34C11, 34D05, 34D10.
Keywords: ¥Y-boundedness, W-asymptotic equivalence, Lyapunov matrix differential equation.

1 Introduction

The purpose of this paper is to provide sufficient conditions for W—asymptotic equivalence of
the ¥—bounded solutions of two Lyapunov matrix differential equations

Z' = A)Z + ZB(@) )

Z' =AWZ+ZB() + F(t,7). )

These conditions can be written in terms of fundamental matrices of the matrix differential
equations

7' =A0)Z 3)

7' = ZB(t) @)

and of the function F.

Here, ¥ is a matrix function who allows obtaining a mixed asymptotic behavior for the
components of solutions of the differential equations.

History of the problem. A classical result in connection with boundedness of solutions of
systems of ordinary differential equations

X = Al)x + f(t, x) (5)

was given by Coppel [5]. The problems of W¥—bounded solutions for systems of ordinary
differential equations or for Lyapunov matrix differential equations have been studied by
many authors. See, for instance [2], [6], [7], [8], [9], [11], and the references therein.

The results of this paper extend known results of W. A. Coppel [5], F. Brauer and J. S. W.
Wong [3], [4], T. G. Hallam [9].
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The main tools used in this paper are Schauder - Tychonoff fixed point theorem and
the technique of Kronecker product of matrices (combined with the variation of constants
formula), which has been successfully applied in various fields of matrix theory. See, for
example, the cited papers and the references cited therein.

2 Preliminaries

In this section we present some basic notations, definitions, hypotheses and results which are
useful later on.

Let R? be the Euclidean d— dimensional space. For x = (x|, X2, ..., x7)" € RY, let ||x]| =
max{|xi|, |x2|, ..., |xq|} be the norm of x (here, T denotes transpose).

Let Myxq be the linear space of all real d X d matrices.

For A = (a;;) € Myxq, we define the norm |A| by formula |A| = sup [|Ax]|. It is well-

IIxll<1

known that |A| = maX]Sisd{i |a;j|}.
=1

In the previous equatiorjls, we assume that A and B are continuous d X d matrices on R,
and F : Ry X Myxg — Muxq 1 a continuous function.

A solution of the equation (2) is a continuous differentiable dxd matrix function satisfying
the equation (2) for all r € R, = [0, 00).

We consider the fundamental matrices X(¢) and Y (¢) for the equations (3) and (4) respec-
tively.

Let¥;: R, — (0,00),i=1,2,...,d, be continuous functions and

Y= d1ag [‘{’1,\1’2, s “Pd].
Let Py, P, € M,«q be supplementary projections and define
Qi(t,s) = YOX)P, X (s)P(s), fori = 1,2.

Definition 2.1 (/6], [7]). A vector function ¢ : R, — R? is called ¥Y—bounded on R, if
Y()(t) is bounded on R, (i.e. there exists m > 0 such that ||Y(@®)e@®)|| < m, for all t € R,).
Otherwise, the function ¢ is Y—unbounded on R ..

Definition 2.2 ([7]). A matrix function M : Ry — Myxy is Y— bounded on R if the matrix
function Y(t)M(t) is bounded on R, (i.e. there exists m > 0 such that |Y(t)M(t)| < m, for all
t € R,). Otherwise, the matrix function M is ¥— unbounded on R..

Remark 2.1 I. These definitions extend the definition of boundedness of scalar functions.

2. For Y = I, we get the notion of classical boundedness (see [5]).

3. It is easy to see that if ¥ and ¥~ are bounded on R,, then the Y—boundedness is
equivalent to the classical boundedness.

Definition 2.3 ([1]) Let A = (a;;) € Myx, and B = (b;j) € Mpxy. The Kronecker product of
A and B, written A ® B, is defined to be the partitioned matrix

a“B CllgB cee alnB

ayB anB -+ ayB
A®B =

amlB Clsz e amnB
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Obviously, A ® B € Mpxng-
The important rules of calculation of the Kronecker product are given in [1], [10] and
Lemma 2.1 [8].

Definition 2.4 ([10]) The map Vec : Myxn — R™, defined by
Vec(A) = (@11, 215"+ 1 Q12,0225 5 G2+ 5 Qlns Qs+ > Aun)
where A = (a;j) € Myxa, is called the vectorization operator.

For important properties and rules of calculation of the Vec operator, see Lemmas 2.2,
2.3,2.51in [8].

For the corresponding Kronecker product system associated with (2), see Lemma 2.4 in
[8].

The Lemmas 2.6 and 2.7 in [8], play an important role in the proofs of main results of
present paper.

3 Main results

The purpose of this section is to give sufficient conditions for W—asymptotic equivalence of
the Y—bounded solutions of two pairs of matrix differential equations, namely (3)-(6) and
(1)-(2). The first result is motivated by a Theorem of Hallam [9].

Theorem 3.1 Suppose that:

1) There are supplementary projections P1, Py € Myxq, a continuous function ¢ : Ry —
(0, o) that satisfies the condition fooo @(s)ds = oo and a constant K > 0 such that the funda-
mental matrix X(t) for the matrix differential equation (3) satisfies the inequality

f¢(S)IQ1(t,S)IdS+f @(8) (1, )l ds < K

forallt > ty > 0, where t, is sufficiently large;
2) The continuous matrix function F : Ry X Myxq — Myxa satisfies the inequality

¢ (O POF (1, 2)| < (1, 1¥()Z])

forallt > ty and Z € Mgxq, where w(t,r) : Ry X Ry — R, is a continuous nonnegative
function and also nondecreasing in r, for each fixed t > t,.
Furthermore, let y,(t) = sup,,, w(s, A) and assume that limy,(t) = 0 for each A € (0, o).
- —o0

Then, corresponding to each Y—bounded solution Zy(t) of (3), there exists a Y—bounded
solution Z(t) of the matrix differential equation

7 =A(Z + F(t,2). (6)

such that
tliglo [P(®) (Z(®) — Zo(1)| = 0. @)

Conversely, to each Y—bounded solution Z(t) of (6), there exists a Y—bounded solution Zy(t)
of (3) such that (7) holds.
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Proof. We prove this Theorem by means of the fixed point theorem of Schauder-Tychonoff
(Coppel [5], Chapter I, section 2).

Let Cy denote the set of all matrix functions Z(¢) which are contiuous and ¥—bounded on
(1o, c) and let S, be the subset of those functions Z() such that |Z|y = sup,,, {'F(NZ(1)]} < p.

For Z € § 5, we define the operator T by

00

(TZ)(t) = Zo(t) + f X(HP1 X~ (s)F(s, Z(s))ds — f X(OP,X N (s)F(s,Z(s))ds  (8)

Iy t

for t > 1y, where Zy(t) is a ¥—bounded solution of (3) such that Z, € S, and #, is such that
Y2p(to) < p/ K.
From hypotheses 1) and 2) , TZ exists and is continuous differentiable on R,.

Indeed, forv >t > 19,

f ' X(OP X" (5)F (s, Z(s))ds

t

"P" 0) f ' YOX(OPX ()P (s)P(s)F (s, Z(s))ds

< || f " (s) [FOXOP X () ()| () [P()F (s, Z(s))] ds
< ¥ f (s) [POXOP X () (5)| (s, [¥()Z(5))ds

< ¥ f o6 [POXOPX (97 (9)] (s, 20)ds

< || f () [POX@OPX" ()P (5)| ya(r)ds

< ¥ f () [P OXOPX ()W (5)] yalto)ds

< |¥'o| f ) [POXOP X (9% (9)] o/ Kds

<

pIK ¥ (@) f () [FOXOP X (0¥~ ()] ds.
t
From the first assumption of Theorem 3.1, it follows that the integral

f N X(P, X" (s)F(s, Z(s5))ds

is convergent for all Z € S, and 1 > 1.
From hypotheses, TZ exists and is continuous differentiable on [#, c0).
This operator has the following properties:

a) T maps S, into itself;
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Indeed, for any Z € S, and for ¢ > #;, we have

WOTZ)DI < [P(NZ(@)l
+ fto f @(5)1Q1 (2, )l ¢~ () [P()F (5, Z(5))| ds
+ [ ) @(8)1Qa(t, )l ™' () () F (5, Z(5))| ds
< Y0Z@l + fm t‘P(S)|Ql(t7 )| w(s, ¥ ()Z(s))ds
+ ft ) @(5) 12, )l w(s, [F($)Z(s))ds
< Y0Z@l + fm ISD(S)|QI(I, )l w(s, 2p)ds

+ f @(8) [Q(1, )l w(s, 2p)ds

< p+f¢(S)IQ1(t,S)|72p(to)dS+f @(8) [€(2, ) y2p(t0)ds

fo t

< p+p/K-K=2p.

This proves the assertion.

b). T is continuous, in the sense that if Z, € §,,, (n = 1,2,...) and Z, — Z uniformly
on every compact subinterval J of [fy, o), then TZ, — TZ uniformly on every compact
subinterval J of [1g, c0);

Indeed, from (8) we have, for any ¢ € J C [fg, 00),

I(TZ,)(@) = (TZ)(@)]

< || f @()Q(t, )¢~ () [¥(5) (F(s, Zy(5)) = F(s,Z(s)))| ds ©)
+[¥ @) f 0(8) (1, )l ¢~ () [¥(5) (F(s, Zu(s)) — F (s, Z(5)))] ds.

Let J = [a, B]. For a fixed € > 0, we choose #; > t, sufficiently large (¢; > ) such that

-1
yop(t) < & (4Ksuy {|\P—1(t)|}) :

Since F, ¥, ¢ are continuous and Z, — Z uniformly on [#y, #;], there exists ny € N such that

-1
¢ () 1¥(5) (F(5,Zu(8)) = F(s, Z(s))] < e(4KsuP {|lP—1(t)|}) ,

for s € [ty, t1] and n > ng.
Thus, for ¢ € J and n > ny, the first integral term of (9) is strictly smaller then /4.
For the second integral term of (9), we write f[ R fz S ft lm ... and have two cases:

i) For t € J, n > ng and for s € [z, #,], similarly, we also deduce that the first integral term
is strictly smaller then g/4.
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ii) Fort € J,n € Nand s > t;, we have

¢~ (9) W (5) (F (5, Zy(5)) = F (s, Z(s)))]

< @) (P()F (s, Za(s))| + [P(5)F (s, Z(5))])
< w(s, [Y()Zu(s))) + w(s, [F($)Z(s)])
< 2-w(s,20) <2 yp(t)

and then, the second integral term is strictly smaller then &/2.

From (9) and these results, we get the sequence (7'Z,), converges uniformly to 7Z on
compact subintervals of [#, o).

¢) The functions in the image set TS, are echicontinuous and uniformly bounded at
every point of every compact subinterval J of [f, o).

Indeed, from a), T'S 5, C S »,. This shows the functions in the image set TS »,, are uniformly
bounded at every point of every compact subinterval J of [y, o).

On the other hand, for V = TZ and for ¢ > t,, we have

Vi) = Zyn)+ f X' ()P X (9)F (s, Z(s))ds + X(OP1 X () F (¢, Z(1))
- f "X OPX (5)F (s, Z(s))ds + XWOP2X N OF (1, Z(0)
= A(t)(Zo(t)+ f X(t)P1X ™ (s)F(s, Z(5))ds — f OoX(t)PzX_l(s)F(s,Z(s))ds)
+X(1) (Py + Py) X~ (F (1, Z(1))
= AWV + F(t,Z(1)).
Since

V'(5) = (A% ) (FOV@) + (e 1) (¢7' OV OF (1, Z(1))),

for t > t, and the matrices A(H)P~' (1), POV (@), o(OF ' (1), o' (1) P () F (t, Z()) are uniformly
bounded on every compact subinterval J of [#y, o), the derivatives of the functions in T'S 5,
are uniformly bounded on every compact subinterval J of [#, c0). This shows the functions
in T'S 5, are echicontinuous on every compact subinterval J of R,.

Thus, all the conditions of the Schauder - Tychonoff theorem are satisfied. We conclude
the operator T has at least one fixed point Z in § 5,,. This fixed point Z is clearly a ¥~ bounded
solution of (6).

To prove that (7) holds, we use the relation ;lgg Y ()X (1)P;| = 0, which is an immediate

consequence of the inequality

k- [
OX(@OP1| < Ne K Jo?O% fort > 1o,

where N is a positive constant (see Theorem 4, [6]; actually, the proof of this result needs to
be modified to include the function ¢).
For a fixed € > 0, we choose t, > #; so that

()X (7)P;]| f | X~ (9)F (s, Z(s))| ds < g fort > t,.

From the choice of #;, for ¢t > t; we can write

f Y(OX@) P, X (s)F(s, Z(s))ds — f ) YOX(OPX " (5)F (s, Z(s))ds| < ;
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From the above mentioned results, we obtain
¥ () (Z(t) — Zo(1))| < &, fort > t,.

This shows that (7) is satisfied.
To prove the last statement of Theorem 3.1, consider a W—bounded solution Z() of equa-
tion (6). Define

Zo(t) = Z(1) — f X(OP1 XN ($)F(s, Z(s))ds + f mX(t)PzX_l(s)F(s,Z(s))ds, t>t.

With the previous arguments, we can show that Zy() is a ¥— bounded solution of equation
(3) that satisfies (7).
The proof of Theorem 3.1 is complete. O

Remark 3.1 If we set

<1 <1 <1 fl(t,Z) fl(t’Z) f](t,Z)
2 a2 2| pg | 26D ALY LD

4 4t fat,2) fat,2) - fu(t,2)

we get a version of Theorem 3.1 for systems of differential equations. In addition, putting ¥
=diag [y, ¥, - - -y, where ¢ : R, — (0, 00) is a continuous function, equation (6) becomes
equation (2) from [9]. Thus, Theorem 3.1 generalizes Theorem 1 in [9], in two directions:
from systems of differential equations to matrix differential equations and the introduction
of the matrix function Y which allows obtaining a mixed asymptotic behavior for the com-
ponents of solutions of the above equations. In addition, the function ¢ satisfies the better
condition fooo @(s)ds = co.

i

The goal of the next theorem is to obtain a new result in connection with ¥—asymptotic
equivalence of the W—-bounded solutions of two Lyapunov matrix differential equations,
namely (1) and (2).

Theorem 3.2 Suppose that:

1) There exist supplementary projections Py, Py € M x4, a continuous function ¢ : R, —
(0, 00) that satisfies the condition fooo @(s)ds = oo and a constant K > 0 such that the funda-
mental matrices X(t) and Y(¢) for the linear matrix differential equations (3) and (4) respec-
tively, satisfy the inequality

f () (YO () & (POXOPIX ()% (5))|ds (10)
+ f N o(s) |(YT(t)(YT)"(s)) ® (‘I’(t)X(t)PZX_I(s)‘I’_'(s))‘ ds <K
t

forallt >ty = 0, where t, is large enough;
2) The continuous matrix function F : Ry X Myxq — Myxa satisfies the inequality

¢~ (O POF (1, 2)| < (1, 1¥(DZ])

Jorallt > ty and Z € Myxq, where w(t,r) : Ry, X R, — R, is a continuous function and is
nondecreasing in r, for each fixed t > t.
Furthermore, let y,(t) = sup, w(s, A) and assume that limy,(t) = 0 for each A € (0, o).
- —o0

https://doi.org/10.1051/itmconf/20203403006
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Then, corresponding to each Y—bounded solution Zy(t) of (1), there exists a Y—bounded
solution Z(t) of Lyapunov matrix differential equation (2) such that

lim [¥(2) (Z(1) = Zo(1)] = 0. an

Conversely, to each Y—bounded solution Z(t) of (2), there exists a Y—bounded solution Zy(t)
of (1) such that (11) holds.

Proof. We will use the version of Theorem 3.1 for systems of differential equations and some
results from [8].

From Lemma 2.6, [8], we know that Z(¢) is a Y—bounded solution on R, of (2) iff z(¢) =
Vec(Z (1)) is a I ® P(r)—bounded solution of the corresponding Kronecker product system
associated with (2), i.e. the system

=(10Am+B & 1)z+ f(t.2). 1210 12)

where f(t,2) = Vec(F(t,Z2)).
We verity the hypotheses of Theorem 3.1 (version for systems of differential equations).
a) From Lemma 2.7, [8], we know that Y7 () ® X(¢) is a fundamental matrix for the
homogeneous system associated to (12), i.e. the system

Z=(IeAn+B &)z (13)

From Lemmas 2.1, 2.3, [8], we obtain that hypothesis 1) in Theorem 3.2 implies hypothesis
1) in Theorem 3.1 (with I ® W(¢) in the role of W(¢) and I ® P; in role of P;).

b) Similar arguments to those above show that the from the hypothesis 2) in Theorem 3.2
it follows that all other hypotheses of Theorem 3.1 hold as well.

Let Zy(7) be a W—bounded solution of (1). Then, zo(¢) = Vec(Zy (¢)) is a [®¥(¢#)—bounded
solution of (13). From Theorem 3.1 (the version for systems), there exists a I ® ¥(t)—bounded
solution z(#) of (12) with the property that

lim [(7 ® P(1) (2(1) - 2(1)] = 0. (14)

From Lemmas 2.5, 2.6, [8], we obtain that (11) holds, where Z() = Vec '(z(t)) is a
Y(1)-bounded solution of (2).

For the last statement of Theorem 3.2, let Z(¢) a W(f)—bounded solution of (2). Then,
2(t) = Vec(Z (1)) is a I ® ¥(¢)—bounded solution of (12). From Theorem 3.1 (version for sys-
tems), there exists a I ® WY(#)—bounded solution zy(¢) of (13) such that (14) holds. From Lem-
mas 2.5, 2.6, [8], we obtain that (11) holds, where Zy(f) = Vec ' (zo(r)) is a ¥(f)—bounded
solution of (1). The proof is now complete. O

Remark 3.2 If the condition (10) is not satisfied, then the conclusion of Theorem 3.2 does
not hold. This is shown by the next simple Example obtained after an example due to O.
Perron [12].

Example 3.1 In equation (2) consider

sinln(¢+ 1) +cosln(z+1) 0 ), B(t)z( -1 0 )

A(t)z( 0 ! 0 -1

and

0 be 10+
Z
0 0 )

F(t,Z) = (
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wheret € Ry, Z € Moy andb eR, b # 0.
In addition, consider

1 0
() =( 0 e%(t+l) )

Then the condition 2) of Theorem 3.2 is satisfied. Indeed, fort € R, Z € Moy, we have

—L@+1)
W(F(,Z) = W(r)(g < )2’
_ 0 be‘%(’”) .
- ‘{’(t)( 0 )\P OW(D)Z
0 be—%(Hl) )
< ‘I’(t)( 0 0 )‘I’ | Y(Z|
—(t+1)
- [0 " Jwoz

= |ble” "D ¥z

and w(t, ) = |ble” VA and y,(t) = |b| e~V A satisfy the conditions of this Theorem.

If condition 1) of Theorem 3.2 is satisfied, then the conclusion of Theorem 3.2 holds. In
particular, corresponding to each Y—bounded solution Zy(t) of (1), there exists a Y—bounded
solution Z(t) of Lyapunov matrix differential equation (2) such that (11) holds.

We find the general solutions of (1) and (2) in a particular case considered here.

Eq. (1) becomes

7 ( sinln(z+ 1) +cosln(z+ 1) — 1 O1 )Z.
0 —2
A fundamental matrix for this equation is

o+ DIsinInG+1)-1] 0
X(@) = 0 e D)

Then, the general solution of equation is Z,, = X(t)C, where C is a real 2 X 2 constant
matrix.
Eq. (2) becomes

: _ —L@+1)
Z’=( sinln(z+ 1)+ cosln(r+1)—1 be 2 )Z.

0 -

A fundamental matrix for this equation is

t t
o= Jw %)

where 1
I+
() = berDlsinn@r =11 f a-ssintns g ¢
1
and
g(l) — e(t+l)[sin In(z+1)-1]
fort>0.
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The general solution of this equation is Z, = Y(t)C, where C is a real 2 X 2 constant
matrix.

Now, we consider the particular solution

0 0
200 =x0( 0 0 )=( ot o |

of (1), where ¢ # 0. This solution is WY— bounded on R ,.
We search Z(t) of the form

Z(t) = Y(t)( 2 Z )z( el f() +c3g(t)  caf (1) + cag(t) )

cle’%(’*l) cze’%(f“)

and then,
W(Z(1) =( cif(0) +cagt)  cf (1) + cag(t) )

C1 €2

Since f(t) is unbounded (see in [5], pp. 71) and g(t) is bounded on R, the solution Z(t)
is W— bounded on R, iff ¢, = ¢ = 0. In this case,

W(1) (Z(0) - Zo(1)) :( C3Z(t) m%(t) )

Because ¢ # 0, it is impossible to make tlim [Y(2) (Z(t) — Zo(1))| = 0. This proves the assertion.

Remark 3.3 This Example shows the importance of hypotheses with regard to equation Z' =
A(Z + ZB(t) in Theorem 3.2.
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