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Abstract. A Lagrangian form of dynamic equations for nonlinear nonholo-
nomic constraints was studied by the first author in a previous paper. The aim
of this paper is to put these equations in a cotangent form, according to some
regularity conditions. It is particularized as an example to a decelerated motion
of a free particle, when some dual simple equations are obtained.

1 Introduction

The geometrization of nonholonomic systems is a historically outstanding problem in me-
chanics and geometry (see, for example [14]). In the study of nonholonomic systems one
give constraints of motion; most used and studied ones are those linear and affine in veloci-
ties. See, for example, monograph [6] and the citations therein. But nonlinear constraints are
also involved in nonholonomic mechanics; see, for example [20] and the citations therein.

The Chetaev principle, generally accepted in nonlinear constraint case, comes from the
following principle: take the variation before imposing the constraints, that is, not imposing
the constraints on the family of curves defining the variation. In this case we follow similar
arguments as in the linear and affine constraints in the above papers of A. M. Bloch and
we given a new form expressed in Theorem 3.1. Adapting these results in the case of time
dependent nonlinear constraints, we obtain a similar general result that applies in the cases of
generalized Chetaev case [16] or the examples therein.

Some criticism concerning Chetaev’s principle is drawn, for example, in [17, 18], where
some situations (as Appell machine) are presented as examples when Chetaev principle fails
to a real situation. Our goal was not to study the workability of Chetaev or generalized
Chetaev principle, but the possibility to put in an unitary form the dynamics equations coming
from linear, affine and regular nonlinear constraints.

The setting uses foliations. Nonlinear constraints, including linear and affine ones, are
considered for lagrangians, but following the classical bundle setting as used by A. M. Bloch
for linear and affine constraints [6]. The implicit forms of constraints and a link with the
Lagrange multipliers form of Euler-Lagrange equation can be considered.

Given a nonlinear constraint C, then an almost transverse semi-spray gives a C–semispray
S (Proposition 3.3) and a C–semispray S gives rise to an S –curvature R of C (Proposition
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3.4). An S –curvature R of C is considered, in the case of nonlinear constraints, extending the
cases of linear and affine constraints, when the curvature R of C appears more simply defined.

The result stated in Theorem 3.1 gives a synthetic form of linear and regular-nonlinear
cases. This result can be adapted to other situations; for example, in the case of time depen-
dent constraints, or of a time independent lagrangian (as studied in [16] and the examples of
the Appell-Hammel dynamic system in an elevator and the riemannian flow (see [20]).

In order to illustrate the constructions performed in the lagrangian case, some examples
are considered here: the linear and nonlinear Appell machine and a riemannian flow, which
is particularized to a decelerated motion of a free particle, as studied in [12, 22].

The main result of the paper is Theorem 4.1, where an alternative cotangent form to the
lagrangian form from Theorem 3.1 is given. For a decelerated motion of a free particle we
give both tangent and cotangent forms of its dynamic equations.

We notice that the lagrangian setting is based on the source [20].
We use basic constructions and results on vector bundles and foliations from [7, 19].
We notice also that almost all formulas obtained, except for some explicit situations, have

the same form in the simple (i.e. fibered manifold) case, as well as in the foliated case.

2 Preliminaries on foliations

Let us consider an (n+m)-dimensional manifold M, connected and orientable. A codimension
n foliation F on M is defined by a foliated cocycle {Ui, φi, fi, j}.

Every fibre of φi is called a plaque of the foliation. The manifold M is decomposed into
submanifolds, called leafs of F . If U ⊂ M is an open subset, then there is an induced foliation
FU .

We denote by TF the tangent bundle toF and by Γ(TF ) the module of its global sections,
i.e. the vector fields on M tangent to F . The normal bundle of F is NF = T M/TF . A vector
field on M is transverse if it locally projects to the transversal manifold.

A system of local coordinates adapted to F are coordinates (xu, xū), u = 1, . . . ,m, ū =
1, . . . , n on an open subset U, where FU is trivial and defined by the equations dxū = 0, ū =
1, . . . , n.

A particular example of a foliation is a fibered manifold, called a simple foliation. In
particular, a locally trivial fibration.

There are elementary examples of simple foliations that come from no trivial fibrations
and the spaces of leaves are not Hausdorff separated.

3 Linear and affine constraints and Lagrangians

The linear case is a simple transcription to foliations of the fiber bundle case (as for example
Bloch’s monograph).

A linear constraint system of a foliation F is a left splitting of the inclusion TF I0→ T M.
Since there is a short exact sequence of vector bundle morphisms

0→ TF I0→ T M
Π0→ NF → 0, (1)

it follows that the existence of a left splitting C of I0 is equivalent to the existence of a
right splitting D of the projection Π0, thus with an inclusion of NF in T M, via the injective
morphism D, that gives a decomposition T M = TF ⊕ HF , where HF = D(NF ). The
curvature of C is the bilinear map B : Γ(NF ) × Γ(NF )→ Γ(TF ) given by

B (X,Y) = C ([D(X),D(Y)]) . (2)

2

ITM Web of Conferences 34, 03012 (2020)
Third ICAMNM 2020

https://doi.org/10.1051/itmconf/20203403012



The curvature has the form
B

(
X̄, Ȳ

)
= C

([
X̄h, Ȳh

])
. (3)

Using local coordinates: (xu, xū, yu, yū)
C→ (xu, xū, yu+Cu

ū(xu, xū)yū)and the corresponding

D is(xu, xū, yū)
D→ (xu, xū,−Cu

ū(xu, xū)yū, yū).
The curvature B of C has the local form

Bu
ūv̄
∂

∂xu = B
(
δ

δxū ,
δ

δxv̄

)
=

[
δ

δxū ,
δ

δxv̄

]
(4)

=

(
∂Cu

ū

∂xv̄
−
∂Cu
v̄

∂xū +Cvv̄
∂Cu

ū

∂xv
−Cvū

∂Cu
v̄

∂xv

)
∂

∂xu ,

where
δ

δxū =

(
∂

∂xū

)h

=
∂

∂xū −Cu
ū(xu, xū)

∂

∂xu .

The manifold is M = IR3×T 2 and the foliation is the simple foliation defined by the fibers
of the canonical projection IR3 × T 2 → T 2. Consider the coordinates (x1, x2, x3) on IR3 and
(x1̄, x2̄) on T 2. The linear Appell constraints are given by the formulas

C1 = Ry1̄ cos x2̄,C2 = Ry1̄ sin x2̄,C3 = ry1̄. (5)

Using formulas (4), its curvature B has the coefficients

B1
1̄2̄ = −R sin x2̄, B2

1̄2̄ = R cos x2̄, B3
1̄2̄ = 0. (6)

An affine constraint system of a foliation F is a fibered map D′ : NF → T M affine on
fibers. One can decompose D′ as

D′(X̄) = D(X̄) − b,

where D comes from a linear constraint C : T M → TF and b ∈ Γ(TF ) is a tangent vector
field to F . We can also define a map C′ : T M → TF , by C′(X) = C(X) + b. In the affine
case, it can be easily seen that giving C and b is equivalent to giving D and b.

In a similar way one can extend the definition of an adapted Lagrangian L, asking that L
has the form

L (X) = L0(C′(X)) + L̄ (Π0(X)) , X ∈ X(T̃ M), (7)

where C′ is an affine constraint and T̃ M = T M − {zero section}.
According to [6, Ch. 5], a covariant derivative of b, along a horizontal vector field X̄ ∈

Γ(D(NF )), can be considered as a vector field ∇X̄b ∈ X(M) that projects by Π0 on X̄. Using
local coordinates, if a linear constraint has the local form (3), then C (corresponding to D)
and D′ have the forms (3) and

(xu, xū, yū)
D′→ (xu, xū, bu(xu, xū) −Cu

ū(xu, xū)yū) (8)

respectively. If

X̄ = X̄u
(
∂

∂xū −Cu
ū
∂

∂xu

)
,

then (
xu, xū

) ∇X̄b
→

(
xu, xū, X̄ v̄γu

v̄ , X̄
ū
)
,
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where

γu
ū =
∂bu

∂xū −Cvū
∂bu

∂xv
+ bv
∂Cu

ū

∂xv
.

Using nonlinear constraints approach, studied in the next sections, the curvature R of D
can be expressed also by the formula

Ru
ū
∂

∂xu = −
[[
∂

∂yū ,CV

]
,CV

]
=

(
γu

ū + Bu
ūv̄y
v̄
) ∂
∂xu ,

where CV =
(
Cu

ūy
ū − bu

) ∂
∂xu + y

ū ∂

∂xū . According to Proposition 3.4 in the next section, the

curvature is represented by a global tensor R ∈ L(VNF ,TFNF ), while CV is not a tensor,
having only a local vector field form. This curvature and the covariant derivative play an
important role in [6, Sect. 5.2] to express the nonholonomic equations of motion, in the case
of linear and affine constraints.

Let us consider the endomorphism J̃ ∈ End (T NF ), induced by the projection of the
canonical almost tangent structure J ∈ End (TT M).

We say that a map C : NF → T M, viewed also as a section C ∈ Γ(π∗NF T M),

is a nonlinear constraint if J̃ (C) = Γ0. Using local coordinates, (xu, xū, yū)
C→

(xu, xū,Cu(xv, xv̄, yv̄), yū),C = Cu ∂

∂xu + y
ū ∂

∂xū .

Proposition 3.1 [20, Proposition 1]A nonlinear constraint gives rise to a left splitting C′′ or,
equivalently, to a right splitting D′′ of the exact sequence of vector bundle morphisms

0→ π∗NF TF
I′′0→ π∗NF T M

Π′′0→ π∗NF NF → 0. (9)

It follows that there is an inclusion of π∗NF NF in π∗NF T M, via the injective morphism D′′,
that gives a decomposition

π∗NF T M = π∗NF TF ⊕ N′′F , (10)

where N′′F = D′′(π∗NF NF ).
We say that F is a contravariant implicit constraint (or a con–constraint for short) if

• for every x ∈ M and any transverse vector X̄x ∈ NxF , there is a point in TxM ∩ CF that
projects on X̄x;

• the local matrices
(
∂Fu

∂yv
(z)

)
are non-singular in all z ∈ CF .

Analogously one define a covariant implicit constraint (or a cov-constraint for short).
The implicit form of constraints can be used to give an invariant form to the condition that

a covector type be a combination of partial derivatives of functions that give the constraints;
for example, in nonholonomic mechanics, the Chetaev condition reads that the covector giv-
ing the Euler-Lagrange derivative is such a combination.

Proposition 3.2 [20, Proposition 2]Let E : TF → T ∗M be a fibered manifold map over the
base M. If E = Eudxu + Eūdxū has the property

Eu =
∑
v

λv
∂Fv

∂yu (xu, xū,Cu, yū), Eū =
∑
v

λv
∂Fv

∂yū (xu, xū,Cu, yū)

on CF , for a given con-constraint F, or

Eu =
∑
v

λv
∂Fv
∂yu (xu, xū,Cu, yū), Eū =

∑
v

λv
∂Fv
∂yū (xu, xū,Cu, yū)
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on CF , for a given cov-constraint F, then the following identity holds true:

Eū +
∑

u

∂Cu

∂yū Eu = 0.

Nonlinear constraints lift to linear constraints of the natural lifted foliation FNF on NF .
The formulas Cu

ū =
∂Cu

∂yū , Cu
v = 0 give rise to a linear constraint on FNF , i.e. a splitting (left C

or rightD) of the exact sequence

0→ TFNF
I′0→ T (NF )

Π′0→ NFNF → 0. (11)

An almost transverse semi-spray is a (non-necessarily foliated) section S : NF → NNF
that is a section for both vector bundle structures on NNF over NF (one of usual vector
bundle, the other one induced by the transversal component of the differential of the canonical
projection NF → M, as a foliated map). In the case of the trivial foliation by the points of
M, we recover the definition of a semi-spray on M.

Proposition 3.3 [20, Proposition 3]If S ∈ Γ(NÑF ) is an almost transverse semi-spray and
C : NF → T M is a nonlinear constraint, then there is a unique vector field S ∈ X(ÑF ) that
projects by T ÑF → NÑF and T ÑF → T M to S and C respectively.

As a historically representative nonlinear example is the nonlinear Appell constraint, de-

fined as follows. Take the foliation of IR3
0 = IR3\{0̄} generated by

∂

∂z
. Denote x = x1̄, y = x2̄

and z = x1 and consider the nonlinear constraint given by the implicit equation

α2
((
y1̄

)2
+

(
y2̄

)2
)
−

(
y1

)2
= 0, α , 0. (12)

We can consider y1 = C1
(
y1̄, y2̄

)
= α

√(
y1̄

)2
+

(
y2̄

)2

Formula for the nonlinear constraints is

X1 ∂

∂x1 + X1̄ ∂

∂x1̄
+ X2̄ ∂

∂x2̄

C′→

X1 + α
X1̄y1̄ + X2̄y2̄√(
y1̄

)2
+

(
y2̄

)2

 ∂∂x1 .

Let us consider NTF = NF × IR or NTF = NF × S 1 and the foliation F T
on NTF is

induced by the foliation F = FNF on NF , such that the canonical projection NTF → NF is
a diffeomorphism of leaves, thus the new parameter is transverse. A time dependent nonlinear
constraint on M is a map C : NTF → T M, viewed also as a section C ∈ Γ(π∗NTF T M), such
that J̃ (C) = Γ0. Using local coordinates,

(xu, xū, yū, t)
C→ (Cu(xv, xv̄, yv̄, t), yū),C = Cu ∂

∂xu + y
ū ∂

∂xū . (13)

There is an exact sequence, induced by (9):

0→ π∗NTF TF
I′′0→ π∗NTF T M

Π′′0→ π∗NTF NF → 0. (14)

As in the time independent case, a time dependent nonlinear constraint on M gives also rise to
a left splitting C′′ or, equivalently, a right splitting D′′ of the exact sequence (14). Analogous
decomposition as (10) can be obtained.
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Proposition 3.4 [20, Proposition 4]If C : NF → T M is a nonlinear constraint and S ∈
X(NF ) is a C–semispray, then the local formula

−
[[
∂

∂yū ,CV

]
,CV

]
+ S v̄

∂2Cu

∂yū∂yv̄
∂

∂xu = Ru
ū
∂

∂xu , (15)

gives a global tensor R ∈ L(VNF ,TFNF ), R = Ru
ū
(
xv, xv̄, yv̄

) ∂
∂xu ⊗ dxū.

In local coordinates:

−
[
CV ,

[
CV ,

∂

∂yū

]]
=

(
Cv
∂2Cu

∂xv∂yū + y
v̄ ∂

2Cu

∂xv̄∂yū −
∂Cu

∂xū −
∂Cv

∂yū

∂Cu

∂xv

)
∂

∂xu . (16)

The nonlinear constraints effect on Lagrange equations, as for linear and affine constraints
in Bloch monograph has the form:(

d
dt
∂L
∂yu −

∂L
∂xu

)
δxu +

(
d
dt
∂L
∂yū −

∂L
∂xū

)
δxū = 0,

δxu +Cu
ūδx

ū = 0,

where Cu
ū =
∂Cu

∂yū . One obtain the induced constrained Lagrange equations:

(
d
dt
∂L
∂yū −

∂L
∂xū

)
−Cu

ū

(
d
dt
∂L
∂yu −

∂L
∂xu

)
= 0. (17)

As we see below for implicit nonlinear constraints, these equations are concordant to
Chetaev conditions.

A nonlinear constraint C ∈ Γ(π∗NF T M) can be viewed as a map C : NF → T M, thus

any lagrangian L : T M → IR induces by composition NF C→ T M
L→ IR a new lagrangian

Lc = L ◦C on NF , called the constrained lagrangian:

Lc(xu, xū, yū) = L(xu, xū,Cu, yū). (18)

Proposition 3.5 [20, Proposition 6]If the lagrangian L is C–regular, then the integral curves,
solutions of equations of motion of the extended nonholonomic system, are the integral curves
of a C–semispray S.

Let us denote by L the Legendre map of L. The statement below contains the main result
of the paper. It gives all the equations of motion in the same form as in [6], all in presence of
constraints adapted to a regular foliation.

Theorem 3.1 [20, Theorem 4.1]Let L : T M → IR be a lagrangian, C : NF → T M be a
nonlinear constraint and Lc = L ◦ C be the constrained lagrangian. If one of the following
conditions holds:

1. L is C–regular, or

2. C is a linear constraint, or

3. C is an affine constraint
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then the constrained Lagrange equations (17) have the form

δLc = ⟨R,L⟩ ,

or, using local coordinates,

d
dt
∂Lc

∂yū −
∂Lc

∂xū +Cu
ū
∂Lc

∂xu =
∂L
∂yu Ru

ū,

where, in the first case, R is the S –curvature of C and S is the almost transverse semi-spray
canonically associated, and, in the last two cases, R is the curvature of C.

4 Cotangent / Hamiltonian form

Let us suppose that the induced lagrangian Ld is regular and denote by hūv̄ its hessian. The
inverse of its Legendre map has the form

(
xv, xv̄, pv̄

) −→ (
xv, xv̄, yv̄ = hv̄

(
xv, xv̄, pv̄

))
.

We have

∂hw̄

∂pv̄
= hv̄w̄,

∂hw̄

∂xv
= −

(
∂L
∂xv∂yū +

∂2L
∂yw∂yū

∂Cw

∂xv

)
hūw̄ = −h̃vūhūw̄,

∂hw̄

∂xv̄
= −

(
∂L
∂xv̄∂yū +

∂2L
∂yw∂yū

∂Cw

∂xv̄

)
hūw̄ = −h̃v̄ūhūw̄.

Then equation (17) becomes

dpw̄
dt

(
hūv̄ +Cu

ūhuv̄
)

hv̄w̄ − ∂L
∂xū +Cu

ū

((
hvu − h̃vw̄hw̄v̄huv̄

)
Cv

+
(
hv̄u − h̃v̄ūhūw̄huw̄

)
hv̄ +

∂2L
∂yw∂yu

∂Cw

∂t
− ∂L
∂xu

)
= 0 ,

since
dxv

dt
= Cv

(
xv, xv̄, hv̄

)
,

dxv̄

dt
= hv̄

(
xv, xv̄, pv̄

)
.

But hūv̄ =
∂

∂yū

∂L
∂yv̄
=
∂2L
∂yū∂yv̄

+ Cu
ū
∂2L
∂yu∂yv̄

, thus hūv̄ + Cu
ūhuv̄ =

∂2L
∂yū∂yv̄

+ Cu
ū
∂2L
∂yu∂yv̄

+

Cu
ū
∂2L
∂yv̄∂yu +

∂2L
∂yw∂yu Cwv̄ C

u
ū is the restriction of the Hessian of L to the constrained manifold.

Theorem 4.1 Let us denote Hw̄ū =
(
hūv̄ +Cu

ūhuv̄

)
hv̄w̄. If there exists

(
Hw̄ū

)−1
=

(
H̃ū
v̄

)
,then the

constrained Lagrange equations (17) have the cotangent form

dpw̄
dt
+ Hū

w̄

(
∂H
∂xū +Cu

ū

((
hvu − h̃vt̄ht̄v̄huv̄

)
Cv

+
(
hv̄u − h̃v̄ūhūt̄hut̄

)
hv̄ + gwu

∂Cw

∂t
+
∂H
∂xu

))
= 0 , (19)

where H
(
xu, xū, pu, pū

)
= puCu + pūhū (

xu, xū, pū
) − L

(
xu, xū,Cu, hū) and guv =

∂2L
∂yw∂yu

correspond to the inverse of the Legendre map.
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5 An example: a riemannian flow

As an example, one can consider a riemannian flow on a manifold M, i.e. a one-dimensional
riemannian foliation. The Lagrangian is not time dependent, but the constraints are. Thus
there are given on M:

- a one-dimensional distribution (given, for example, by a non-vanishing vector field X0) and

- a bundle-like metric g.

Using local coordinates (x1, xū) on M, adapted to the foliation, the vector field X0 and the
quadratic lagrangian of the metric g have the local forms

X0 = X0
(
x0, xū

) ∂
∂x0 ,

L
(
x0, xū, y0, yū

)
=

1
2
g0

(
x0, xū

)2 (
y0

)2
+

1
2
gūv̄

(
xū

)
yūyv̄,

where Y ū = yū + y0g̃ū
0

(
x0, xv̄

)
. We notice that g0 can be taken 1 only in the case when the

orthogonal distribution to the riemannian flow is integrable.
A quadratic time-dependent constraint has the form

L
(
x1, xū, y1, yū

)
=

1
2
φ (t)

.
This applies in the particular case of a decelerated motion of a free particle, studied ini-

tially in [12] and then in [22], where the explicit form of the trajectories are obtained. In this
case φ (t) = 1

t , when Φ = 2
√

t.
We have

dyv̄

dt
=
yv̄φ′

2φ
. (20)

It follows that yv̄ = cv̄
√
φ. Since yv̄ =

dxv̄

dt
, it follows that the trajectories have the local form

xv̄ = cv̄Φ (t) + dv̄,

where cv̄ and dv̄ are constants and Φ (t) ∈
∫ √
φ (t)dt, i.e. a primitive of

√
φ (t).

In the hamiltonian form, we obtain

dpv̄
dt
=
φ′

2φ
pv̄,

thus in accordance with formula (20).
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