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Abstract. The basis of any mobile robot is the chassis of a structure. The
chassis is a set of parts that provide the mechanical energy transfer from
the engines to the engine active elements, combined with the drives in a
functional structural subsystem. The chassis and the applied propulsion
determine both the mobile robot design appearance and its functional
capabilities, the main of which is the ability to move in given conditions.
Omnicycle movement is used in modern robotics to get additional
maneuverability of the device in combination with increasing the
efficiency of using a limited level of energy. Such systems allow for
omnidirectional movement by applying an individual torque to the drive of
each wheel. The main advantage of the kinematics of such robots is the
fact that the complex movement of the entire system can easily be divided
into simple rotational and translational movements. This article discusses
the design features and the mecanum wheel kinematics. We solve direct
and inverse kinematics problems for a four-wheeled mobile robot with this
type of propellers on a flat surface. Based on the got dependencies, we
built a mathematical model in the Matlab Simulink environment using an
additional Mobile Robotics Simulation Toolbox package. Using the
obtained model, we developed the simplest trajectory elements and
synthesized algorithms for managing the mobile platform. Also, we
analyzed the results got during a series of computer tests.

1 Introduction

The basis of any mobile robot is the chassis of a structure. The chassis is a set of parts that
provide the transfer of mechanical energy from the engines to the active ele-ments of the
engine, united with the drives in a functional structural sub-system. The chassis and the
applied engine largely determine both the design appearance of the mobile robot and its
functional capabilities, the main of which is the ability to move in a non — deterministic
environment and adaptability to complex driving conditions [1].

Omnicycle movement is used in modern robotics to get additional maneuverability of
the device in combination with increasing the efficiency of using a limited level of energy.
However, these advantages are inextricably linked either to the inevitably increasing
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complexity of the mechanical design of propellers or to the complexity of the control
algorithm structure [2].

Using roller wheels allows you to find a compromise and simplify the structure of the
control program of the mobile robot. Such systems allow for omnidirectional movement by
applying individual torque to the drive of each wheel. The resulting complex movement of
the entire system can easily be divided into simple rotational and translational movements,
which simplifies the algorithms for analyzing the flow state and controlling the mobile
robot [3].

The advantage of using roller wheels is the ability to turn in place with minimal friction
and low torque, combined with the absence of significant ground defor-mation [4]. Such a
wheel platform is controlled by individually controlling the speed and direction of rotation
of each drive [5]. The contact forces from each wheel even-tually form the resultant force,
which is the robot's motion vector. Because the above-described forces of contact
interaction depend on the spatial orientation of the wheel and the rollers on it, it is
necessary to ensure the preservation of the engine position relative to the support surface
[6]. To perform a maneuver, the drive of such a wheel need not to develop a large moment,
but the weight and cost of the final design are significantly higher compared to the chassis
on conventional engines [7].

2 Methods

2.1 Mecanum Wheel Design Analysis

Most often, the following version of the design of the roller wheel is used in practice — the
so-called mecanum wheel. In such a wheel, rollers are fixed on the periphery (outer rim), so
that the wheel rests on the bearing surface only with one of the rollers. Each roller rotates
freely around an axis that is stationary relative to the disk plane, and the wheel can roll in a
straight line that is a fixed angle with the wheel plane. For mecanum wheels, the roller axis
is fixed at an angle of y=45° to the wheel plane. There are two versions of the design of
such roller wheels (see Fig. 1).

Fig. 1. Mecanum wheel design options.

The difference in the design of mecanum wheels is reflected in their characteristics. The
wheel presented in option a) is capable of handling heavy loads and is more stable than the
wheel of option b), but the possibility of such a wheel on an uneven surface is lower since
there is a risk of hitting the metal attachment on an obstacle during lateral movement.
However, kinematic dependencies are not affected by design differences.

At the initial design stage, wheels are defined with the number of the rollers on the
wheel and their geometric parameters. The peculiar shape of the rollers forms a circular
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silhouette of the wheel, ensuring smooth running in a straight line, despite the discreteness
of contact with the surface. The curve of the forming roller must satisfy equation [8]:

y =1 — kx? (1)

The location of the rollers and their minimum number also significantly affect the
rolling character of the wheel. The initial data for the design are the roller length L,. and the
radius of the wheel R. The design scheme for calculating the parameters of the elements of
the mecanum wheel is simplified in the figure below (see Fig. 2).

Fig. 2. The wheel design parameter calculation scheme.

Let ¢ be the angle between the lines connecting the geometric center of the wheel and
the projection of the roller ends on the disk plane. Then the required number of rollers can
be determined from the ratio:

2

—zr 2
n="= 2)
If the number of rollers n is defined, we can write an expression for the length of the
roller:
sinZ sin®
— 7. . 2 — . . n
Ly=2-R siny 2R siny (3)
At the last stage of calculation, the disk width is determined L,,:
sin%
LW=Lr-cosy=2-R-tany 4)

In the case of a mecanum wheel, the angle y = 45° is defined, which simplifies the
calculation formula for the roller length:

Lr=2\/§-R-sin§ ()
The ratio for disk width is simplified in the same way:
Ly,=2"R-sin— (6)

This article will consider the kinematics of a wheel designed in the research (see Fig. 3).
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Fig. 3. General view of the mecanum wheel under consideration.

We choose a typical configuration of a mobile robot on a mecanum wheel - a four-
wheeled vehicle - as a mobile platform. When installing roller wheels, several requirements
must be met. There are left-hand and right-hand versions of mecanum wheels. The
difference between them is the location of the rollers — on the left — hand wheels, the rollers
are located from the lower right edge to the upper left, and on the right-hand side-from the
lower left to the upper right. A four-wheeled mobile robot must be equipped with two left-
hand and two right-hand roller wheels [9]. It is recommended to install the wheels so that
the axis of rotation of the upper roller points to the center of the platform, which will
facilitate system modeling and control algorithms [10]. As a mobile platform, this article
considers a simplified model of the mobile robot chassis prototype presented below (see
Fig. 4).

Fig. 4. General view of the mobile platform under consideration.

2.2 Kinematic Dependencies Analysis

In Fig. 5 you can see the configuration of the system parameters for an arbitrary robot
position relative to a fixed coordinate system associated with the earth.
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Fig. 5. Mobile robot parameters at any time.

You can see the wheel parameters in the coordinate system associated with the robot's
center of mass in Fig. 6.

Yiob.

O le Xrob.

Fig. 6. Caption of the Figure 1. Below the figure. Fig. 6. Wheel parameters in the robot's coordinate
system.

We have entered the following notation:

e coordinate system XGY — the underlying inertial coordinate system;

e coordinate system X, OY:op — cOOrdinate system associated with the robot's
center of mass;

e coordinate system X;P;Y; — coordinate system of the i-th wheel with the center at a
point P; coinciding with the geometric center of the wheel,;

e L, L, —the distance between the geometric centers of the wheels along the width
and length of the platform, respectively;

e [, L, — the distances from the robot center of mass to the axis of the wheels
geometric centers;

e [; —the distance between the center of the wheel and the robot center of mass ;
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e x,y,60 — current coordinates of the robot's center of mass (x,y) in the base

coordinate system and the orientation angle of the platform 8 — the angle between

the axes X and X,,p ;

Vs, V;, — the robot linear velocity;

w, — the robot angular velocity;

w; —angular velocity of the i-th wheel,

V; — linear velocity of the i-th wheel;

Vroner,i — linear velocity of the roller on the i-th wheel;

OP, — vector of the distance from the robot's center of mass to the geometric center

of the i-th wheel;

®  Twheel — Wheel radius (distance from the wheel geometric center to the roller
geometric center);

®  Troner — Foller radius;

e a; —the angle between vector OP, and axis X,

e f; —the angle between roller linear velocity V..., ; and axis X;.

The system kinematics analysis begins with the consideration of the wheel movement
principle on the surface. The wheel rolling can be represented as the sum of translational
movement and rotational movement. For an ordinary wheel of a standard design, there are
two possible cases of surface movement: non-slip and non-slip movement [11]. In the case
of motion without slippage, the statement about the instantaneous center of speeds and zero
speed at the point of contact is valid (see Fig. 7).
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Fig. 7. Diagram of the wheel movement without slipping.

Each of the mecanum wheel rollers can move independently of the disk. Therefore,
when moving the disk of the mecanum wheel "slips" on the surface of the rotating rollers.
We assumed that the rollers themselves do not slip when they contact the surface. We
should also note that in the absence of an angle between the roller and the disk, the wheel
would have to be rotated in the opposite direction to the movement. This does not happen
because of the presence of an angle and the formation of a kind of stop. This complex
movement can be considered as the movement of a standard-design wheel with a slip (see
Fig. 8).
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Fig. 8. Diagram of the wheel movement in the presence of slippage.
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Configuration in which the wheel disk contacts the surface through a single roller is
convenient to study the wheel movement kinematic dependencies. In this case, the axis
from the point of roller attachment on the disk to the disk geometric center is perpendicular
to the wheel coordinate system (see Fig. 9).

Since each roller is fixed directly on the wheel disk, continuously moves together with the
disk, and is in contact with the surface for a short time, the angular speed of the wheel and
the roller are assumed to be equal [12].

Tivpest

Fig. 9. Diagram of the wheel movement when the roller contacts the surface.

Since we assumed that the roller moves on the surface without slipping, we made the
following expression:

1
cos B

Vroller,i = “Troller " Wi L = 1.4 (7

The wheel disk moves with "slippage”, so its velocity will be determined by the sum of
two components:

Wy, = Twheel " @il = 1.4 (8)
Vx, = Wx; + Violler,i  €OS Bi = Twheel * Wi F Troller * ®W; C))
You can found the projection of the linear velocity of the wheel on the Y; axis as:
Vy, = Wy, = Violler,i * SIn B; (10)
The equation for the wheel linear velocity projections in matrix form is written as:

rwheel Cosﬂl —
[ ] sinﬁl] [Vrollerz - [Vrollerl] (11)

Thus, the matrix Tp, in equation (11) is the transition matrix to the coordinate system
associated with the wheel geometric center. Since in this case of a four-wheeled mobile
robot, there is no angle between the coordinate system associated with the robot center of
mass and the coordinate system associated with the wheel geometric center, the velocity of
the i-th wheel is projected without changes:

V¥ ob.i Vy,
[Vy ] B [é (1)] . [V)}fl] - [Vrollerz] (12)

rob.!t
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Since the movement of the mobile robot occurs in the plane in the presence of both
translational and rotational movements, it is also necessary to take into account the
contribution of angular velocity to the projection of linear velocities of the center of mass:

v |4

Vy ob. L] [ x x
r V=14 (13)

[Vyrob t 0 1 (U); 0 a));

In equation (13), the T, matrix is the transition matrix from the global fixed coordinate
system to the coordinate system associated with the mobile robot center of mass. From
equations (11) and (12), a model can be obtained for calculating the inverse kinematics of a
mobile robot:

[rwheel Cosﬁl] [1
0

sin f5; (14)

Ve
Y
Z

Vroller z] [0 1 x

Since ryheel # 0, the angle between the disk plane and the roller axis lies in the range
0<|Bil < % and the determinant of the matrix det(Tp,) # 0, therefore, by analyzing

equations (12) and (13), we can get a relationship between the linear velocities of the
robot's center of mass (at the point O) and the angular velocity of the i-th wheel:

-1 A
Twheel cosﬁi] 0 =Ly |

[Vroller l] [ sin f3; 0 1 I Zy (15)
Z

2.3 Solving Direct and Inverse Kinematics Problems

Using the direct kinematics problem, the linear and angular velocities of the entire system
can be calculated by knowing the angular velocities of the wheels and the corresponding
linear velocities of the rollers:

Ve
:

Wy

TD K [Vroller z] (16)

The system of inverse kinematics problem is constructed in the same way:

Ve

Yy

Wy

[Vroller l] TI'K‘ . (17)

Where TIK = Tpi_l * To, TD.K. = (TI.K.T " TI.K.)_l : TI.K.T. Than

Twheel Cosﬂi]_l_ 10 _ly

TI.K. = 0 sin .Bi 0 1 lx

Given that all the wheels of the mobile robot are the same size, I, = [; - cos a; and
L, = l; - sina;, we can write a transformation matrix for the inverse kinematics problem:

cos(=By)  sin(=p;) lisin(—a;—pB;)

_ 1 | sinBy sin(B;) sin(B;)
TI K= ~Twheel |_ Twheel _ Twheel _ LiSin(=aj)Twheel (18)
sin(By) sin(B;) sin(B;)
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Similarly, you can get the matrix of a direct kinematics problem:

=2+ (1 - sin(2@)) * Theel =17 - sin(B; + 2a;) = 5 sin(=p;) - i — sin(—f;)
Tow =——|_1 2 _ ;2 12 1 2
DK =241 | =3 Twheel ” (li = ;" cosa;) + 2) -3 l;" - cos(f; + 2a;) + 3 cos(—=f;) - ;" + cos(—B;)
cos(a;) * I * Twheel cos(a; + Bi) - l;
(19)

Assuming that there is no slippage between the rollers of the mecanum wheels and the
movement surface, we can get the final expression for the inverse kinematics problem of

the system:
rcos(=f1)  sin(=f1) lsin(=p1—aq)
sin(f1) sin(B1) sin(B1)
w1 cos(=fz) sin(=fz) lpsin(=fr—a3) v,
Wz| _ -1 | sin(B2)  sin(B2) sin(B2) dv (20)
w3 Twheel [C€0S(=B3) sin(=f3) Iz-sin(-pz-a3) y
Wy sin(Bs)  sin(B3) sin(83) @z
cos(=f4) sin(=P4) lgsin(=Ps—ay)
L sin(B4) sin(B4) sin(B4)

You are free to use colour illustrations for the online version of the proceedings, but any
print version will be printed in black and white unless special arrangements have been
made with the conference organiser. Please check whether or not this is the case. If the print
version will be black and white only, you should check your figure captions carefully and
remove any reference to colour in the illustration and text. In addition, some colour figures
will degrade or suffer loss of information when converted to black and white, and this
should be considered when preparing them.

2.4 Kinematic Model Development

During the mathematical model development, we simplified kinematic dependencies,
taking into account the specific values of the design angles of the mobile robot. These
parameters are summarized in Table 1. The distance from the mobile robot center of mass
to the wheel geometric centers was replaced with the overall dimensions of the platform.

Table 1.

Wheel number a; Bi
s s
1 — _-
4 4

2 s Vs

4 4

3 T

3 e 1
3 T
) 7 3

You can see the final simplified calculation scheme with the parameters used for the
mathematical model in Fig. 10.
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Fig. 10. Calculation scheme of the mathematical model.

Notation on the calculation scheme of the mathematical model:
e V4, V, —mobile robot linear velocity;
e —mobile robot angular velocity;
e 6 —mobile robot orientation (the yaw angle);
e L,, L, —the platform overall dimensions (the distance between the geometric
centers of the wheels);
®  w; ..w, —Mobile robot wheels’ angular velocities.
With this configuration, the transformation matrix for the inverse (equation 21) and
forward (equation 22) kinematics problems will take the following form:

_ _(Lx+Ly)
1 -1 —==]

(Lx+Ly)
o=t 2 21
LK. — R 1 1 _ (Lx+Ly) ( )
2
1 -1 (Lx+Ly)
2
1 1 1 1
_R |-1 1 1 -1
Tpk = 2 2 2 2 2 (22)

T (Uaxtly)  (Letly)  (Lxtly)  (Ly+Ly)

Following equations (21) and (22), we derived the final formulations of kinematics
problems. The direct kinematics problem is defined by the following dependencies:

v 1 1 1 1 w1
I _r |1 1 1 —1| . |®2
Vyl S _ 2 2 2 2 ' w3 (23)
w (Lx+Ly)  (Lx+Ly) (Ly+Ly) (Lyx+Ly) Wy

Mobile robot longitudinal velocity:

V() = (1 + @z + 03+ ) -~ (24)

10
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Mobile robot transverse velocity:
R
V() = (—w; + w; + w3 — wy) >

Mobile robot angular velocity:

R
2(Ly+Ly)

w(t) = (—w; + w; — w3z + @) -
Mobile robot full velocity:
Veun = V2 + 1,7

The direction of the mobile robot's motion vector:

1

Vv
p4
tan(;2)

g =

The inverse kinematics problem is defined by the following dependencies:

[1 -1 _ Uxtly)
2
w
o 1 1 &2
2 1, 2 v
w3 R 1 1 _ (IxtLy) y
Wy 2 w
(Lx+Ly)

1 -1
2

The angular speed of each wheel of the mobile robot:

o= (- (5520)-0)
o=l () .0)
= (- (222).0)
o=t (2 0)

2.5 Mathematical Model Implementation

(25)

(26)

(27)

(28)

(29)

(30)

We performed the implementation of the kinematic model provided in 2.4. in the Matlab
Simulink software environment using an additional Mobile Robotics Simula-tion Toolbox
package. This package provides a Toolkit for the simulation of the mobile robot and the
development of control algorithms. In particular, the Mobile Robotics Simulation Toolbox
provides 2D visualization capabilities, working with the leader model and detecting

obstacles, etc.

As a result, we developed a debugging mathematical model of a mobile robot on
mecanum-wheels, the structural and functional scheme of which is shown in Fig. 11.

11
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o Wheels velosiies  CM velocity oo
-
e €M velocity [vx vy w]
Solution block of direct kinematic problem velocity [ vy w]
" CM velocity  Wheels velocities
CM velocity
vy —
Solution block of inverse kinematik problem MubooiSpd  pome pose | Rebot
Robor coordiates :

= Translation block from a related
mega coordmate system to a global fixed one.

Wheels velocities [w1 w2 w3 wd]

Fig. 11. Debugging mathematical model of robot kinematics

Kinematic dependencies are specified in the blocks for calculating forward and re-verse
kinematics problems using Matlab functions. The model uses the wheel radius, geometric
parameters of the platform, and the initial orientation of the robot as its initial parameters.
Management can be implemented either by using specific parame-ters or by using a certain
law. The control signals are either the velocities of each of the mobile robot's wheels or the
linear and angular velocities of the center of mass. You can see the result of the
mathematical model in Fig. 12. On the left, you can see the result of working with the
model when the trajectory is set explicitly (in this case, for a circle), and on the right, you
can see the result when working with complex par-ametrically defined trajectory elements.

Fig. 12. Modeling results

3 Conclusion

As a result of this work, we describe the main features of the mecanum-wheel design and
analyzed the kinematic dependencies of the four-wood mobile robot using this type of
propellers. We solved direct and inverse kinematics problems for this device configuration
and developed a kinematic model of a mobile robot in the Matlab Simulink software
environment using an additional Mobile Robotics Simulation Toolbox package. According
to the results of 32 computer tests, during which the trajectory elements varied, we accepted
the developed mathematical model as work-able.
Based on the results got, we formed a laboratory work on the course "RTS Design" for
students of the SM7 Department, which is aimed at:
e familiarization with the design features and design methods of mecanum-wheel;
e learning the functionality of the additional Matlab Mobile Robotics Simulation
Toolbox package;
e solution of direct and inverse kinematics problems on the example of a mobile
robot on mecanum-wheels;

12
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e  Dbuilding a mathematical model based on the got dependencies.
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