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Abstract. A class of analytic functions is denoted by M . Furthermore,
S M includes of analytic, normalized and univalent functions. The main

-subclasses of S are starlike functions, S® and convex functions, C .
Recently, many mathematicians studied about the g-derivative operator.
Inspired by the ideas from some previous works, we introduce another two
new subclasses of M . The coefficient problems in particular the upper
bounds of the Fekete-Szegd (F-S) functional for these subclasses were
obtained.

1 Introduction

In 1908, Jackson [1] was initiated the ideas of application of g-calculus. Later, in [2], the
authors started to apply these ideas to geometric function theory.

First, we consider the functions g (&) of the form

9(5)= 5+Z'ak5k )

These functions are analytic in the open unit disc U = {§ € C:|6| < 1}. The class of
functions of the form (1) is denoted by M .
From ([1], [2]), they defined
9(a5)-9(9)
D,(9(0))=—"———7—, q%1,6%0,0<q<], (2)

D, (9(0)=9'(0).

Since we have g(&)=45+ za@" , then we can deduce the following result:
2

Dq(g(g)): Dq(5+zak5kj :l"'z‘,[k]qak&kil’ €))
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L
where [k], :11 q

and note that q approaches 1, then [K], approaches k .

For an example, let a function s(&)=k&,

kqs —ks
D, (5(8)) = By (k8) =T 5 =& @
lim(D, (s(5)))=lim(k) =k =s'(5) (5)

q—>1
where s' is the ordinary derivative.
Now, we consider analytic functions m and n, we say that m is subordinate to n,
written as m < n, if there exists an analytic function h , h(O) =0 and | h(5) | <1 such that

m(5)=n(w(5)).1f meS , thenm < n ifand only if m(0)=n(0) and m(U)=n(U).

An earlier time, certain researchers discussed about the coefficient estimate which is F-S
functional for various type of subclasses of M . After that, some of them started to study the
subclasses associated the q -derivative operator (see [3-7]). For example, in [3], they

discussed about the bounds of F-S functional of starlike and convex functions regarding the
g-derivative. While in [4], the authors found the F-S functional for the function belongs to
the class of symmetric and conjugate points. Paper [5] shows the results from some others
interesting subclasses, while the authors in [6] discussed g-starlike and g-convex functions
of complex order. Lastly, in [7], the authors studied about bi-univalent functions with g-
derivative operator.

In this paper, we introduce the subclasses H, (/) and L, () of the class M for

0 < B <1 which as follows

q—1

H,(8)=19€M:Re 5Dqg(5)+aq5 Dq(Dqg((S))

>Baz08eUr, (6)

9(9) 9(9)
o r 220 R (Rg() ||
L,(8)=19eM:R [ 2) ] [1 G J Baz0,6eUr. (7)

We remark that
limH, (8)=H(B),
limL, (8)=L(B).

From the inspiration of the principle of subordination and g-derivative of a function
g € M, we now give the definitions. Let P be the class of all function ¢ . This class is

analytic and univalentin U . ¢ is convex with ¢(0)=1 and Re(¢(5))>0 for 5 €U .
Function g e H, (¢) if it satisfies

8Dq5(8) aq52Dq(Dgg(5))

o 105D < p(8), (9 EP). ®)
Function g e L, (o) if it satisfies
1-a
8Dg2(8) \ ¢ 8qDq(Dqg(8)
(2e£2) <1+%) <9(®, (@eP). ©)
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We remark that
i. Iqlin1 H,(¢)=H(¢) and IqIL'q L, (¢)=L(e),

ii. limH o =H and limL 1o =L.
-1 T 1-68 -1 1 1-5

Now, we may find the bounds of the F-S functional for g e H,(¢) and g €L, (o).
Before that, the following lemma is needed.

2 Lemma

Lemma 2.1. [8] If p(6) = 1 + ¢, 6 + ¢,6% + -+ is a function with positive real part in U
and u is a complex number, then

e, - ue?| < {132 -1} (10)
The result is sharp for functions given by
1+6 1467

p(5):m and p(z) s

3 Results
First, we determine the bound of F-S functional for g e H, (¢).

Theorem 3.1. Consider g e H, (¢) with ¢(8) = 1+ B;§ + B,6% + - € P. Then

B, B, B,  “Bi(1+al3])(2,

a,—pa)’|< ———maxqy1l,|= (11)
| /| q(1+af3], )[2], B q(l+af2],) q(l+af2],) \
Proof.
If g eH, (@), then
5D,g(8) «qs’D,(D,g(s
9(5) 9(9)
Define the function p(&) by
p(8) = 2D g 45 5+ 1,52 + (13)
1-w(8)
Note that W is a Schwarz function, thus p(&) is in the class P . Let
_ 8Dgg(8) | aqs?Dq(Dgs(8)) 2. ..
d(6) = ;6) + ;(6)‘7 =1+d,6+d,6%+ (14)
From equations (12), (13) and (14), we get
p(s)-1
d(o)= . 15
(9) (”[ p(5)+1 (13)



ITM Web of Conferences 36, 04003 (2021) https://doi.org/10.1051/itmconf/20213604003
ICMSA 2020

Since
p@®-1_ 1 RAYY pt _ 34 ..
p(5)+1—zlp15+(l’2 2)5 +(P3+ 2 p1P2)5 + J (16)
thus, we get
p@®-1) _ 441 1 _) 4 1p 2] 87 4.
(p(p(8)+1) - 1+231p1(5+ [231 (Pz 2)-|_4szl](S + (a7)
From the equations (14) and (17), we obtain
1
d, ZEBl P, (18)
and
1 p’| 1
dZZE 1{[32_71] +Zsz12- (19)

Next, we can get

MZ?)S) + uquZng(;[))qg(S)) =1+ (1+a[2],)qa,6 +{(1 + a[3],)[2],a; — (1 + «[2],)a3}qs? + - (20)

Then from (14), we get

d, =(1+a[2], ) ga, 1)
and
d, = (L+al3], )al2], 8, - (1+al2], ) ga? (22)
or equivalently
Bl p]_
a,=— 2 23
2q(1+af2]q) 29
and
— # — Lf B, plz Blz plz
% 20(t+ al3), )12, ( S ] a2, e, ),
Therefore
8- pat =——(p,~\p¢) 25)
2q(1+[3], )[2],
where
1 B, B, 18, (1+a[3], ) 2],

18 . 2 (26)
2 2B, 2q(1+af2],) 2q(1+af2],)

By using Lemma 2.1, then the result is followed. This finalises the proof of Theorem 3.1.

Similar approaches are applied to the class L, (¢) and the result as follows.
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Theorem 3.2. Consider g e L, (¢)with ¢(z) = 1+ B, + B,6% + - € P. Then

|as—,ua2|< B maxdy, B B +y[2]qs3|
2 | = l
as,[2], B, q’[2l,s,’s, 203, |

27)

where

t:a—a(az_l)q(1+[2]q2)+(a—1)[2]q (aq-[2],) and s, = a+(1-a)[K], -
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