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Abstract—Feature selection carries significance in the outcome
of any classification or regression task. Exercising evolution-
ary computation algorithms in feature selection has led to
the construction of efficient discrete optimization algorithms.
In this paper, a modified backtracking search algorithm is
employed to perform wrapper-based feature selection, where
two modifications of the standard backtracking search algorithm
are adopted. The first one concentrates on utilizing a particle
ranking operator regarding the current population. The second
one focuses on removing the case of using a single particle on
the mutation process. Then, the implementation of the above
algorithm in feature selection is carried out in terms of two
general frameworks, which originally were developed for the
particle swarm optimization. The first framework is based on
the binary and the second on the set-based particle swarm
optimization. The experimental analysis shows that the above
variants of the backtracking search algorithm perform equally
well on the classification of several datasets.

Index Terms—Backtracking search optimization, feature selec-
tion, binary search, set-based search

I. INTRODUCTION

Feature selection (FS) is defined as the problem of choosing
an optimal subset of features for use in a classification or
regression model. It consists of two main components, namely
a search technique for proposing new feature subsets and an
evaluation function for scoring them.

Evolutionary algorithms have been used extensively to
search through the space of possible features. These algorithms
are based on three key concepts, namely particles, representing
the candidate solutions to the problem, positions, which are
the values of the particles at each iteration and velocities, that
are directions along which particles’ positions are required
to change. In the context of FS particles represent different
feature combinations.

Particle Swarm Optimization (PSO) [1] has been extensively
applied to the FS problem, due to its success in continuous
optimization. Comprehensive surveys on the use of PSO for
solving the FS problem can be found in [2], [3], [4] and [5].
Two well studied classes of discrete PSO algorithms are the
binary PSO (BPSO) ([6], [7], [8], [9], [10], [11], [12], [13])
and the set-based PSO ([14], [15], [16], [17]). In the BPSO
family, particle positions are strings of bits where bit-values of
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1 and 0 mark selected and discarded features respectively. Set-
based PSO algorithms define particle positions and velocities
as sets and construct interactions that lead to new velocity-
position pairs.

Recently, Civicioglou et al, proposed a new continuous
optimization method, called Backtracking Search Optimization
(BSA) [18]. According to authors the algorithm outperformed
several popular evolutionary algorithms including PSO on
a wide range of tests. In [19], Tsekouras et al, proposed
a modified BSA algorithm (MBSA) and successfully used
it to train a neuro-fuzzy network for modelling shoreline
realignment.

In this study, we investigate the feasibility of employing
BSA for combinatorial optimization within the context of fea-
ture selection. As a starting point, we develop two variations
of the novel binary PSO algorithm (NBPSO) in [20], and
the set-based PSO (SBPSO) in [21], where PSO is replaced
with MBSA. The new algorithms are compared against their
PSO counterparts on feature selection for the classification of
datasets from the UCI machine learning repository [22].

The rest of the paper is organized as follows. In section 2,
the PSO, BPSO, NBPSO and SBPSO algorithms are briefly
summarized. Then BSA and MBSA are reviewed and the
proposed binary and set-based versions of discrete MBSA
are described. In the fourth section, the performance of the
two algorithms is discussed. Conclusions and future work are
presented in the last section.

II. ALGORITHM REVIEW
A. Particle Swarm Optimization

The basic variant of PSO [1] starts with a set of randomly
generated particle position-velocity pairs. At each iteration the
current position, the best known position for each particle
1 (Pp;) and the best known position among all particles
(Py), are combined into a new particle velocity-position pair.
Algorithm 1 lists the pseudo code for the basic PSO algorithm
within the context of minimization. Four parameters, namely
w, ¢p, ¢g and [, are used to tune the performance of PSO. The
first three control how the current position and velocity, and
the personal and global best positions, affect the new velocity,
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Algorithm 1: Particle Swarm Optimization

/+ Initialization */
Py U(biow, bup):

Vi = U(biow — bup; bup — biow) 3

Py +— P

Py < Pp; ;

for i = 2 to Nparticles do

P; = U(btow, bup);

Vi ¢ Ulbiow — bup, bup — biow) :

P,; «— P; ;

if Cost(P;) < Cost(Pg) then Py < P; ;

end for

/* Loop until certain termination criteria are met =/
11 while Convergence == false do

S o a9 B W N -

=

12 for i =1 to Nparticles do

13 Tp, g < U(0,1);

14 Vi~ wVi + ¢prp O (Ppi — P;) + ¢grg © (Pg — P;);
15 P; « Py + 1. Vi3

16 if Cost(P;) < Cost(Pp;) then

17 Ppi — P;;

18 if Cost(P;) < Cost(Pg) then Py < P; ;

19 end if

20 end for

21 end while

while the learning rate [,. controls the effect of the new velocity
on the new position.

The first binary PSO algorithm was proposed by Eberhart et
al, in [23]. The main idea is to retain the continuous nature of
the velocity and introduce the sigmoid function as a means to
associate continuous velocities with discrete positions. Then
for all features j equation 15 in algorithm 1 becomes

Plj] = (U(0,1) < 71:0) (D)

1+ e_Vi[j]
where the conditional operator from the C programming
language is used to denote the if-else statement, according
to the following syntax

Var = Condition 7 Value if True : Value if False

Intuitively, in BPSO the velocity can be regarded as the
probability that a particular position element is 1 or 0.
However, such an interpretation is problematic ([8], [20]). In
continuous PSO, velocities direct the current particle position
towards the optimum and big absolute values indicate that
big change is required, while a zero velocity is indicative of
convergence. In BPSO, big velocity values direct, with high
probability, position bits to values 0 or 1, thus hindering explo-
ration. On the other hand, a zero velocity causes completely
random bit assignments to the new position, which adversely
affects exploitation.

A binary PSO algorithm attempting to overcome the draw-
backs of the original BPSO was presented in [20]. The
proposed algorithm, called Novel Binary PSO (NBPSO), com-
bines the probabilistic interpretation of velocity from BPSO
with the physical interpretation as rate of change from the
continuous PSO. This is achieved by introducing two inter-
mediate probability ‘velocity’ vectors, Vf and Vio, for each
particle ¢, which express the probability that a bit should be
flipped (to 1 and O respectively).

At each iteration, both vectors are updated according to the
intuitive rule that, for a given bit value b (0 or 1) of the j;p

bit of a best position (personal or global), the probability of
setting the corresponding bit of the new position to b should
increase, while the probability of setting it to the complement
value b should decrease. Specifically,

17~ 17 1 1
Vi [J] A w‘é [J] + dij,p + dij,g )
VOl < WOl + Y, + dY
where
db.  =c,r
17, W w'w
d?-’- = —CpT @
ij,w wlw

In the above, the subscript w takes values p and g and denotes
the personal best or the global best position, ¢, are positive
user selected parameters and r,, random numbers € [0, 1].
Finally, the new value for every bit is calculated by applying
the equation:
1
1+ eiViC s

where the chosen velocity V;°[j] of the jth bit is the one
calculated for the complement value to its current value i.e.,

Vel = Pilj] == 07 V;*[j] : V2[4 5)

?

Pi[j] = U(0,1) < ? Blj] : Bilj], @

The set-based algorithm in [21] (SBPSO) takes a different
approach to combinatorial optimization with PSO. Here, the
position P; of particle ¢ is a member of the power set P(D),
where D is the domain of discourse, while the velocity V; is
defined as a set of operations, namely element additions and
removals, which lead to a new position. Interactions between
positions and velocities are directed by the following six
operators:

1) Addition of two Velocities, V1 @ Va, is defined as the
union of two operation sets and yields a new velocity,
Vigza = ViUV,

2) Difference of Two Positions, Py © Ps, is defined as the
set of operations, which convert Py to P;, i.e., addition
of elements of P; not in P and removal of elements
of P not in Py, and yields a new velocity
Vigz = ({+} x PL\ P2)U({—} x P\ P2)

3) Multiplication of a velocity by a scalar, «®V , is defined
as a random subset of V with |a|V|| elements. It
follows, « € [0,1], 0@ V =0and 1@V = V.

4) Addition of a velocity and a position, V H P, is defined
as the action of applying all operations in the velocity
set to the position and yields a new position Py g p =
V(P).

5) Removal of elements in the intersection St = PN Py, N
P, from position P, § ®~ Sy, is defined as the set of
deletions (i.e., a new velocity) of N 5,81 elements in Sy
from P, where

Ny g = min(|S|, [5] +1) (6)

and 1 =U(0,1) < g —|B]?1: 0.
6) Addition of elements outside thg union Sy = P U
P, U P, to position P, B ®; Sy, is defined as the
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set of additions of N S elements in S¢; to P, where

. WU
Nﬁ Sy is given from eq. 6. In order to select each new

element, a random element from Sy is added to the
position and the objective function is evaluated. This is
repeated k times, and the element which achieved the
best score is marked for addition. The whole process
is repeated, until all N, 5.5 elements are selected (k-
tournament).

With these six defined operations the continuous PSO can be
readily applied to combinatorial optimization. In particular,
the velocity and position update equations (lines 14 and 15 in
algorithm 1) become:

Vi < ¢prp @ (Ppi © P;) ® dgry @ (Py © F;)

_ 7
B(dara OF Svi) ® (b1 ©~ S14) @

and

where ¢, ¢4 € [0,1], ¢4, ¢, € [0,|U]], i € U(0,1),
SIiZPiﬁPpiﬂPg and SUiZD\PiUPpiUPg.

B. Backtracking Search Optimization

Backtracking Search Optimization (BSA) [18] employs a
historic population, i.e., a set of previous positions, to guide
the evolution of an initial random population. At each iteration
a previous position, which is randomly assigned to each
particle, is used to calculate the particle’s velocity vector as its
difference from the particle’s current position. Then, similarly
to PSO, a new candidate position (Mutant) is obtained by
combining the current position with the calculated velocity.
If any mutated elements lie outside the boundaries of allowed
values, then they are reset to a random value within this range.

Contrary to PSO, the candidate positions are not directly
evaluated. Instead they are further modified by a crossover
phase, which aims to increase the diversity of the new trial
population. In particular, the mutation of a set of randomly
selected elements in the candidate position vector is discarded
and those elements remain unchanged. A coin flip decides
whether the mutation will be accepted for only one or a
larger random number of elements. A second coinflip, at the
beginning of each iteration, decides whether to retain the
previous historic population or to refresh it by replacing it
with the current population. BSA’s behaviour is affected by
two main parameters, namely the learning rate [, controlling
the effect of the velocity on the new candidate position and the
mixrate m,., which influences the amount of mixing between
the mutant and the current position. Algorithm 2 lists the
pseudo code of BSA.

In [19], Tsekouras et al, argue that the use of the historic
population and the lack of a strategy to increase the population
diversity in the mutation phase, might cause the standard
BSA to have an inferior balance between exploitation and
exploration, thus exhibiting poor convergence characteristics,
such as slow or premature convergence. As a remedy they
propose three modifications.

Algorithm 2: Backtracking Search Optimization

/+ Initialization */
1 for i =1 to Nparticles do
2 P; « U(biow bup):
3 Phi + U(biow, bup);
4 end for

/* Loop until certain termination criteria are met «/
5 while Convergence == false do

/+ Coinflip for new historical population */
6 if U(0,1) < U(0,1) then Ph + P;
/% Obtain new historical population x/
7 Ph <+ Permute(Ph);
/% Mutation */
8 for i =1 to Nparticies do
9 €+ N(0,1);
10 Pm; < P; + 1, ¢(Ph; — P;);
/+ Boundary Control */
1 for j =1 to Njcatures do
12 if Pm;[j] < biow!||Pm;[j] > byp then
13 | Pms[j] = biow + U(0,1)(bup — biow)
14 end if
15 end for
16 end for
/% Crossover %/
17 mo < MyNfecatures:
/* Coinflip to allow single element mutation */
18 if U(0,1) < U(0,1) then mg < 0;
19 for i =1 to Nparticies do
20 m; < mo==071:moU(0,1));
/* Random mixing vector with m; zeros and
Nfcatures — M; ones */
21 b < BooleanVector(m;);
22 for j = 1to Njcatures do
z | " Peslj] « blj] == 1 7 B[j] : Pmalj] ;
24 end for
25 end for
26 for i =1 to Nparticies do
27 | if Cost(Pc;) < Cost(P;) then P; + Pc; ;
28 end for

29 end while

The first modification pertains to the mutation operation and
allows the utilization of the particle ranking in the current
population. In particular, a probability p,; is assigned to each
current position P;, according to the formula

Rank(P;)

Npa'rticles

pri=1- ©)

A random number, representing a probability threshold, is
generated and an individual is randomly picked, out of the
subset of particles with probabilities higher than the threshold
probability. This step is repeated, until a new rank population
Pr with Npqrticies 1s formed. For each particle a velocity vec-
tor is calculated as the difference of the current position from
the corresponding position in the Pr population. The mutation
formula (line 10 in algorithm 2) is modified accordingly to
include this second velocity, namely

Pm; + P; + ZTE(Phi — Pz) + ﬁ(P’l’i — Pi),

where 8 € U(—1,1).

The second proposed modification applies to the crossover
operation, where the case of mutating a single element is re-
moved. Specifically, the m assignment in line 18 of algorithm
2 is replaced with

(10)

(1)

Finally, the boundary control of the standard algorithm is
also changed. When a mutated position element is out of

mo < Nfeatures
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bounds, then instead of being randomly placed within the
range of allowed values, it is set to the boundary. Line 13
of algorithm 2 becomes

sz[]} = Pml[]} < blow ? blow :
C. Binary and Set-based Backtracking Search Optimization

The fact that MBS A and PSO share similar update equations
(equation 10 and lines 14, 15 in algorithm 1), allows for the
construction of binary and set-based variations of NBPSO and
SBPSO respectively, by simply replacing the PSO algorithm
with MBSA.

Indeed, both updates yield a new position by combining
a pair of velocities, defined as the distance of the current
position from a previous one. In both algorithms, the previous
positions capture good feature combinations, which influence
the particle evolution. In the case of PSO, the two velocities
utilize the personal and best known positions. In the case of
MBSA, the occasional refreshing of the historic population, by
replacing it with the current population (line 6 in algorithm
2), implies that the historic population gradually improves. In
addition, the rank population contains the best particles from
the current population.

Consequently, the incorporation of MBSA in NBPSO and
SBPSO is straight forward. Specifically, the PSO personal
best and global best positions in equations 2 and 7 are
replaced by the MBSA positions from the historic and the
rank populations, respectively. Henceforth, we refer to the new
variations as NBBSA and SBBSA.

(12)

III. EXPERIMENTAL EVALUATION

We compare the new algorithms, against their PSO coun-
terparts, on feature selection for a series of classification
problems from the UCI repository. The underlying classifier
is a simple neural network consisting of two layers, namely
a full rank linear layer with leaky ReLU activation, followed
by a second full rank linear layer with Sigmoid and SoftMax
activation for the cases of binary and multi class classifica-
tions, respectively. Accordingly, cross entropy is used as the
loss function.

Initially, all datasets are inspected and columns with little
or no information (e.g., ids, large number of missing values)
are discarded. Afterwards, a reference run is performed, where
the network is trained using all features. The performance of
the network is evaluated with either a test set, if it is available,
or 10-fold cross validation. Tables I, II and III list information
on the datasets, the size and network configuration and the
training setup, which were used for the reference run and gave
the best reference performance.

For feature selection, the accuracy of the classification is
used as the objective function of the optimization. In all cases,
the evolving population consists of 16 individuals and the
number of epochs was set to 30 (except for Bands with 100
epochs and Autism with 10). All parameters were set to 1.0
and no tuning was performed. Additionally, for the set-based
version of discrete PSO and BSA algorithms, k-tournament

Table 1
DATASET ATTRIBUTES
Nrecords #Features
Dataset Train Test Total Discarded #Classes
Arrhytmia 452 280 5 13
Audiology 200 26 70 1 24
Bands 540 39 2
Autism 704 20 2
BreastTissue 106 9 6
Dermatology 366 34 6
Glass 214 10 1 6
Hill-Valley 606 606 100 2
Horse-Colic 300 68 36 2 2
Ionosphere 351 34 2
Musk1 476 168 2 2
Myocardical 1700 124 2 8
Adult 32561 16281 14 2
Table II
NEURAL NETWORK CONFIGURATION
Layer 1 Layer2 Loss
Dataset In Out Activation Function
Arrhytmia 281 64  LogSoftMax LogCrossEntropy
Audiology 161 64  LogSoftMax LogCrossEntropy
Bands 39 16 Sigmoid BinrayCrossEntropy
Autism 20 16 Sigmoid BinrayCrossEntropy
BreastTissue 9 9 SoftMax CrossEntroy
Dermatology 130 16 SoftMax CrossEntroy
Glass 9 4 SoftMax CrossEntroy
Hill-Valley 100 16 Sigmoid BinaryCrossEntroy
Horse-Colic 25 16 Sigmoid BinaryCrossEntroy
Ionosphere 34 16 Sigmoid BinaryCrossEntroy
Musk1 166 64 Sigmoid BinaryCrossEntroy
Myocardical 388 64 SoftMax CrossEntropy
Adult 14 8 Sigmoid BinaryCrossEntroy

was not performed as it was found to increase excessively the
runtime of the feature selection process. Instead, N, 5, = ele-
ments out of S;; were randomly picked. All runs were carried
out on an Intel(R) Core(TM) 19-9960X CPU @ 3.10GHz with
16 threads. The code was written in C and parallel processing
was implemented using the OpenMP API [24].

Table V lists the results of the experiments. All four
algorithms were successful in both reducing the number of
features and improving the classification accuracy with respect
to the reference run, even for the datasets with small number
of features and/or high reference accuracy. They all performed
comparably in terms of feature reduction, accuracy improve-
ment and total runtime. Set-based algorithms appear to have
a slight edge as they managed to achieve a bit higher feature
reductions, with similar accuracy to their binary counterparts.
Similarly, PSO variants tend to select less features, while BSA
versions tend to have a bit higher accuracy.

IV. CONCLUSION

In this paper, two algorithms were presented, extending the
BSA continuous optimization algorithm to combinatorial op-
timization, and were applied to the feature selection problem.
Specifically, the similarity in the update equation between PSO
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Table V
FEATURE NUMBER AND ACCURACY AFTER FEATURE SELECTION
. #Features % Feature Accuracy % Accuracy  Elapsed

Dataset Algorithm Excluded Reduction (Mean %) Improvement (m:s)
SBMBSA 98 35.6 76.9 1.3 24:00
Arrhytmia SBPSO 169 61.4 77.6 2.0 24:00
NBMBSA 144 52.3 77.8 2.2 22:00
NBPSO 130 472 77.3 1.8 22:00
SBMBSA 26 37.7 88.5 4.5 06:00
Audiology SBPSO 27 39.1 92.3 8.3 06:00
NBMBSA 25 36.2 92.3 8.3 05:21
NBPSO 42 60.1 88.5 4.5 05:15
SBMBSA 20 51.3 65.3 12.6 18:18
Bands SBPSO 22 56.4 64.8 12.0 18:06
NBMBSA 19 48.7 65.0 12.2 18:30
NBPSO 19 48.7 63.9 11.1 18:06
SBMBSA 14 70.0 100 1.6 05:48
Autism SBPSO 14 70.0 100 1.6 05:15
NBMBSA 14 70.0 100 1.6 05:24
NBPSO 14 70.0 100 1.6 05:18
SBMBSA 4 444 80.8 1.0 30:30
BreastTissue SBPSO 4 44 .4 80.8 1.0 32:15
NBPSO 4 44 .4 80.8 1.0 29:00
NBMBSA 4 44 .4 80.8 1.0 30:30
SBMBSA 20 58.8 99.7 4.5 06:38
Dermatology SBPSO 16 47.0 99.7 4.5 06:23
NBMBSA 13 38.2 100 4.8 06:26
NBPSO 17 50.0 99.3 4.2 06:14
SBMBSA 5 55.5 70.0 8.6 15:31
Glass SBPSO 5 55.5 70.0 8.6 18:24
NBMBSA 5 55.5 70.0 8.6 15:30
NBPSO 4 44 4 70.0 8.6 15:54
SBMBSA 52 52.0 77.2 12.7 02:27
Hill-Valley SBPSO 43 43.0 77.4 129 02:23
NBMBSA 49 49.0 77.2 12.7 02:20
NBPSO 46 46.0 78.5 14.0 02:17
SBMBSA 9 26.5 85.2 4.4 02:08
Horse-Colic SBPSO 11 323 85.2 4.4 02:03
NBMBSA 8 23.5 85.2 4.4 02:06
NBPSO 11 323 83.8 2.9 02:02
SBMBSA 13 38.2 99.4 34 45:03
Tonosphere SBPSO 20 58.8 99.7 3.7 43:28
NBMBSA 13 38.2 99.1 3.1 44:16
NBPSO 13 38.2 99.7 3.7 43:11
SBMBSA 77 46.4 96.2 4.9 37:35
Musk1 SBPSO 47 28.3 94.6 3.2 35:35
NBMBSA 79 47.6 94.4 3.0 33:12
NBPSO 81 48.8 95.1 3.7 32:46
SBMBSA 49 40.1 92.1 0.8 29:24
Myocardical SBPSO 46 37.7 92.2 0.9 30:31
NBMBSA 49 40.1 91.9 0.6 27:32
NBPSO 54 442 92.1 0.8 27:57
SBMBSA 4 28.6 85.1 0.5 35:18
Adult SBPSO 4 28.6 85.1 0.5 34:16
NBMBSA 6 429 85.1 0.5 34:54
NBPSO 6 429 85.1 0.5 34:02




